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PREFACE

. Imagine it may feem a

' rafb Attempt to write on

the Suéje&' of the Mathe-

| matics, feeing the Book-

o Jellers Shelves are al- -

ready ﬁlled with them ; but confi-
dermg thofe  Books already publifbed,

‘there are none that fhews how to ma-,

nage an Equation bigher than a Qua-
dratic, or at leaff in a wvery tedious,
clumfy, round-about Way.  Upon
thefe Conﬁderatwm I was inclined to
believe, that conld a fmall Tract be com-
piled, fo ds 0 fhew how to manage
Equatlons in a Moethod plainer than

A2 - wfual,



iv - PREFACGCE
ufwal, it wowld meet with a favoura-
ble Reception. ; :
Myr. Ralphfon fome Years ago pub-
lifbed @ Book on this Subjett, called
Refolutio Equationum ; dut as the
ingenious Author wrote it in Latin, and
the Analytic Art being vaflly improved
Jince its Publication, it is but of wvery
little Ufe now, efpecially as he confined
bimfelf chiefly to Quadratics.
I might quote many great Men, did
I not chufe rather. to draw a Vail over
their Defeéts, from whom we daily
reap Advantage in other Things, than
20 triumph over them on. this Account.
My Inclinations therefore led me to
purfue this Part, which I hope
1 bave in fome Meafure anfwered :
Nay, if 1 fbould go no farther than to
‘bring down fome of the beff and moft
" ufeful Things, already known, to be un-
derflood by thofe of an ordinary Capa-
" city, I fbould think this would exempt
mé from Cenfure.
Fitft, I bave given the Reader
Jome choice Examples for ordering
| Equations, -




PREFACE v

Equations, wizh the Rules from Sir
laac Newton’s owrn Words, beginning
n as plain, famzlzar, and eafy Me-
thod .as poffible, leading him on Step by
Step, which I fhould think would en-
courage all thofe that are willing to
venture and proceed with Chearfulnefs.
And, when the Reader bas made him-
Jelf Mafler of Managing Equations,
where the Exterminating of Quanti-
ties, and Dofirine of Surds, are con-
cerned, then let him proceed to our
Umverﬁl Method of Converging Se-
ries, wherein are laid down a great
Variety of Examples in the plainefp
and eaﬁq/} Method imaginable.
Secondly: A the Defire of fome
Friends, to render the Work more ge-
nerally ufeful to thofe that are ac-
quainted with the more fublime Branches
of the Mathematics, I bave added fome
curious Pieces tranflated from the La-
tin of zhe Philofophical Tranfadtions;
.as fome ufeful Propertzes of Conics ;
Sir Ifaac Newton’s Differentials, or
Metliod of Flukions explained ; *Centre

- Sy



vi PREFACE

of Ofcillation, Percuflion, &c. the di-
reft and inverfe Method of the Laws of
Centripetal Forces. And, if I have
- mot rendered the Englifb in fuch o
ﬂowmg, elegant Strain, as fome curious
and ingenious Perfons might wifb for 3

é my Manner of explaining fom:
of thofe great Truths, and a few of the
Confequences 1 have drawn, [bould be
B defeé?we s and perbaps, by forme Links
deing dropt, and from Faults in the
Wordmg, theChain of Req/bnmg may not
- always be clear and ﬂron yet I am
Jure the Foundation_is olid and Jufty
and. perbaps the Method, when ma- .
naged by a clearer . Head, and miore
Jolid 7udgment, may- become a noble
Source in divine Knowledge and fu6-
lime Philofopby. -

Laftly, I have added fome choice
Problems, that were propofed in_ tbe
public Papers by feveral ingenious Ma-
thematicians, that I might make the
Book the more anfwerable to the Title :
" And to the Whole is prefixed, An Eflay
on the Mathematics, y

s




PREFACE i

As to the Work in general, I think
there is nothing left undemonfirated,
that is capable of it 5 and, if any fmall
Miftake may have bappened, which in
a Work of this Vature is not altogetber

unlikely, I am fure the gemerous and

bonef? Part of Mankind will excufe it
and as for thofe Perfons whofe Excel-
lency lies -in finding Fault with every.
Tbing, and wvery often when therg is
no real Occafion, and. of difcovering
Errors where there are novne ; all I
can [y to them is, that they would
produce fomething bester. SU
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[ Place this before the Eday. J

Would have the Reader underftand, that

the following are Tranflations from the
Latin of the Pbilofophical Tranfattions, Motte's
Abridgment,. Vol 1. .

1. Mn Uum/:.‘zso'zz;m ‘Cubic and ¢ Biguadratic

uations analytical) 140
Mgtbodof Jppraxzmtmg in cxtra&’mg the Roeot
of Equations 154
3. Confiruction of Equations . 162
4. Some Pnpertm of Conic Sections, frm My, De*
V) bo‘lvltle 1fure of Ra from M C t I%o
. Of the Meafure of Ratios, from Mr. Cotes I
5 / new Method of Computing Logarithms 20;
7 Sir lfaac Newton’s Differentials, illufirated by
M. Stirling —_— 208

8. To find the Center of Ofcillation

—_— 23x

9. Of the Motion of a Mufical String - 242
Io Of the Laws of Centripetal Force - . 248
11, Of the Lengtb of Curve Lines, by Craig. 284

And alfo, I would have the Reader under-

ftand, that Part of the Effay on the Ufefulnefs of
Mathematical Learning was printed in 1701,

being a Letter from a Gentleman in Town to
his Friend at Oxford: But, as it has been long
out of Print, 'T thought it would not be amifs

to revive it; which I have done, by carrymg
it on much further. ’
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A N

E S S AY

ON THE

"USEFULNESS

OF

Mathematical Learning.

N all Ages and Countries, where Learn-
ing hath prevailed, the Matbematical Scien-
ces have been look’d upom as the moft
confiderable Branch of it. The very Name
Madnois implies no lefs, by which they were cal-
led either ('Por their Excellency, or becaufe, of all
the Sciences, they were firft taught, or becaufe
they were judged to comprehend 7dv]2 78 Madiud]e.
And amongift thofe that are commonly reckoned
to be the Seven Liberal Arts, four are Mathemati-
<al, to wit, Arithmetic, Mufic, Geometry and

onomy.

But notwithftanding their Excellency and Re-
Fntation, they have not been taught nor ftudy’d
o univerfally, as fome of the reft, which I take
to have proceeded from the following Cauf;‘:
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The Averfion of the greateft part of Nankind o Je-
rious Attention and clofe Arguing; their not compre-
bending fufficiently the Neceffty or great Ufefulnefs of
thefe in otber parts of Learning: An Opinion that
" this Study requires a particylar Genius and turn of
Head, which few are fo bappy as to be born with :
And the want “of publick Encouragement and able
Maflers. For thefe, and perhaps fome other Rea-
fons, this Study hath been generally neglected,
and regarded only by fome few Perfons, whofe
happy Genius and Curiofity have prompted them
to it, or who have been forc’d upon it by its
immediate fubferviency to fome particular Art or
Office.

Therefore I think I cannet do better Service
to Léarning, Youth, and the Nation in general,
¢han by thewing, tbat the Mathematics, of all paris
of buman Knowledge, for the Improvement of the
Mind, for their fubferviency 1o other Arts, and their
ufefulnefs to the Commonwealth, deferve moft to be
encouraged. \

I know a Difcourfe of this Nature will be of-
fenfive to fome, who, while they are ignorant of
Matbematics, yet think themfelves Mafters of
all valuable Learning: But their Difpleafure muft
not deter me from delivering an ufeful Truth.

The . Advantages which accrue to the Mind
by Matbkematical Studies, confift chiefly in thefe -
Things 3 . e :

Firft, Inaccuftoming it to Asention. Secondly,

. In giving it-a Habit- of ¢k and demonfirative
‘Reafoning. Thirdly, in freeing it from Prejudice,

Credulity and Superfition. , _
. Firft, the Matbematics make the Mind  at-
tentive to the Objects which it confiders. This
they do by entertaining it with a great variety of
Truths,

A Y



MaTtuematicar LxarNiNGg, 3

Truths, which are delightful and evident, but
not obvious. Truth is the fame thing to the Un-
derftanding, as Mufick'to the Ear, and Bcaut{
to the Eye. ~ The purflit of it does really as muc

- gratify a natural Faculty, implanted in us by out
wife Creator, as the pleafing of our Senfes; only
in the former Cafe, as the Object and Faculty
are more {piritual, the Delight is the'more pure,
free from the Regret, Turpitude, Laffitude and In-
temperance, that commonly attend fenfual Plea-
fures. The moft part of other Sciences confift-
ing only of probablé Reafonings, the Mind has
not where to fix, and wanting fufficient Princi-
ples to purfue its Searches upon, gives them over
as impoffible. Again, as in Mathematical Invefti-
gations 'Truth may be found, fo it is not always
obvigus; this fpurs the Mind, and makes it dili-
gent and attentive. In Geometrid (fays Quintlilion,
Lib. 1. cap. 10.) partem fatentur effe utilem teneris
Htatibus : Agitari namque Animos aique acus ingenia,
et celerisatem percipiends venire inde concedunt, And
Plato obferves, that the Youth, who are furnithed
with Matkhematical Knowledge, are prompt and
quick at all other Sciences, &5 7da 7d Mafiudla
otas gaivorlau. Therefore he calls it xo]d raudaar 6dby.
And indeed Youth are generally fo much more
delighted with Mathematical Studies, than with
the unpleafant Tafks that are fometimes impofed
upon them, that I have known fome reclaimed
by them from Idlenefs and negle@t of Learning,
and acquire in time a Habit of Thinking, Dili-
gence and Attention ; Qualities which we ought

to ftudy by all means to’ beget in their defultory

and roving Minds. .

The fecond Advantage, which the Mind reaps
from Matbematical Knowledge is, a Habit of
: ‘ - B2 clear,

a
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clear, demonfirative, and metbodical Reafoning.
We are contriv’d by Nature, to learn by Imita-
tion more than by Precept: And I believe in
that refpect, Reafoning is much like other infe-
rior Arts (as Dancing, Singing, &¢.) acquired
by Prattice. By accuftoming ourfelves to reafon
clofely about Quantity, we acquire a Habit of
doing fo in other things. It is furprizing to fee,
what fuperficial, inconfequential Reafonings fatisfy
the moKe part of Mankind. A piece of Wit, a
Jeft, a Simile, or a Quotation of an Author,
pafies for a mighty Argument: With fuch things
-as thefe fare the moft part of Authors ftufi’d;
and from thefe weighty Premifes, they infer their
Conclufions, This Weaknefs and Effeminacy of
Mankind in being perfwaded, where they are de-
lighted, have made them the Sport of Orators,
Poets, and Men of Wit. Thofe Lumina Oratio-
nis are indeed very good Diverfion for the Fancy,
but are not the proper Bufinefs of the Underftand-
ing; and where 2 Man pretends to write on Ab-
ftra& Subjels in a {cientifical Method, he ought
not to debauch in them. Logical Precepts are
more ufefal, nay they are abfolutely neceffary fora
Rule of formal arguing, in publick Difputations,
and confounding an obftinate and perverfe Ad-
verfary, and expofing him to the Audience, or
Readers.  Geometers will carry a Man further,
than all the Dialkftical Rules. Their Anabhfis is
the proper Model we ought to form ourfelves
upon, and imitate in the regular Difpofition and
gradual Progrefs of our Enquiries; and even he
who is ignorant of the Nature of Matbematical
Analyfis, ufes a Method fomewhat Analogous to
it. The Compofition of the Geometers, or their

. - Methéd of demonftrating Truths already found

out,
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out, viz. By Defnitions of Words agreed upon, by
Self-evident Truths, and Propofitions that bave been
already demonfirated, is pralticable in other Sub-.
jeéts, though not to the fame Perfection, the na«
tural want of Evidence in the things themfelvey
not allowing it; but it is imitable to a confider-
able Degree. 1 dare appeal to fome Writings of
our own Age and Nation, the Authors of which
" have been Matbematically inclined. I fhall add
no more on this Head, but that one who is ac-
cuftomed to the methodical Syftems of Truths,
which the Geometers have reared up in the feveral
Branches of thofe Sciemces which. they have cul-
tivated, will hardly bear with the Confufion and
Diforder of other Sciences but endeavour as far
as he can to reform them. :
Thirdly, Matbematical Knowledge adds a
manly Vigour to the Mind, frees it from Preju-
dice, Credulity, and Superflition. ‘This it does two
ways. Firft, by accuftoming us to examine, and
not to take Things upon truft. Secondly, by
giving us a clear and extenfive Knowledge of the
-Syftem of the World; which as it creates in us
the moft profound Reverence of the ALMi1GHTY,
and Wife Creator, fo it frees us from the mean
and narrow Thoughts, which Ignorance and Su-
perttition are apt to beget. How great an Ene-
my Mathematics are to Superftition, appears
from this, that in thofe Countries where Ro-
mifp Priefis exercife, their barbarous Tyranny over
the Minds of Men, Afromomers, who are fully
perfwaded of the Motion of the Earth, dare not
fpeak out. But tho’ the Inguifition may extort aRe-
cantaflon, the Pape, and a general Council too, will
" not find themfelves able to perfwade to the con-
trary Opinion, Perhaps this may have given oc-
‘ (Caliep
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cafion to a Calumnious Suggeftion, as if Mashe-
matics were an Enemy to Religion, which isa
Scandal thrown both on the one and the other;
for Truth can never be an Enemy to true Reli-
gion, which appears always to the beft Advan-
tage, when it 1s moft cxamined. .

——8i propias fies,
Te capict magis, ——

.On the contrary, the Mathematics are Friends
¢o Religion, inafmuch as they charm the Paffi-
ons, reftrain-the Impetuofity of Imagination, and

urge the Mind from Error and Prejudice. .
- Vice is Error, Confufion and falfe Reafoning,
‘and all Truth is more or lefs oppofite to it. Be-
fides, Matbematical Studies may ferve for a pleafant
‘Entertainment for thofe Hours, which young Men
are apt to throw away upon their Vices; the de-
lightfulnefs of them being fuch, as to make So-
litude not only eafy, but defirable.

What I have faid may ferve to recommend
Matbematics for acquiring a vigorous Conftitu-
tion of Mind, for which purpofe they are as ufe-
ful, as exercife is for procuring Health and
Strength to the Body. I proceed now to fhew
their vaft Extent and Ufefulnefs in other Parts of
Knowledge. And here it might fuffice to tell
you, that Matbematics is the Science of Quantity,
or the Ar¢ of Reafoning about Things, that are
capable of more and kfs, and that the moft part of
the Obje&s of our Knowledge are fuch, as M-
ttr, Space, Number, Time, Motion, Gravity, &c.

'We have but imperfect Ideas of Things without
- Quantity, and as imperfe& a one of Quantity it-
felf without the help of Mathematics. Aniﬁ t;ltc
. . . vifible

w» -
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vifible Works of G o p Almiglhity, are'made in
Number, Weight, and Meafure ; ‘and therefore t®
confider them, we ought to underftand Aritbme-
tie, Geometry, and Siatics: And the greater
Advances we make in thofe Arts, the more ca-
pable we are of confidering fach things, as ate
the ordinary Objects of our Conceptions. But
this will farther appear from Particulars,
And firft, if we confider, to what perfeGion
we now know the Courfes, Perjods, Orders,
Diftances, and Proportions of the féveral great
Bodies of the Univerf®, at leaft fuch as fall with-
in our View; we fhall have caufe to admire the
Sagacity and Induftry of the Matbematicians,
and the Power of Numébers, and Geometry, well
apply’d. Let us caft our Eyes backward, - and
confider Afronomy in its Infancy ; or rather let:us
fuppofe it ftill to begin; for Inftance, a Colony
ofP rude Country People, tranfplanted into an
‘Mand, remote from the Commetce of all Man-
"kind, without fo much as the knowledge of the
“Kaléndar, and the Periods of the Seafons, with-
out Inftruthents to make Obfervations, or any
the leaft Notion of Obfervations or Inftruments.
When is it, we could expet any of their Pofte-
rity -fhould " arrive at the Art of preditting an
Eclipfe? Not only fo, but the Art of reckoning
all E?clipfa that are paft, or to come, for an
number of Years? When is it we could fuppo
that one of thofe Iflanders, tranfported to any other
Place of the Ealth, fhould bé able, by the Infpec-
tion of the Heavens, to find how much he were
North, ‘or South, Eaft, or Weft, of his own
Ifland, -and ‘to' coridu@ his Ship back thither?
For my part, tho’ I know this may be, and is
daily done by what is known in Afronomy ; gﬂ
Tt when
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when I confider the vaft Induftry, Sagacity,-
Multitude of Obfervations, and other extrinfick
Things, neceflary for fuch a Sublime Piece -of
Knowledge, I fhould be apt to pronounce it im-
poflible, - and never 1o be hoped for. Now we
are let fo much into the Knowledge of the Ma-
chine of. the Univerfe, and Motion of its Parts,
by the Rules of this Science, perhaps the Inven-
tion may feem eafy: But when we refle€t, what
Penetration and Contrivance were neceffary to lay
the Foundation of fo great and extenfive an Art,
we cannot but admire its firft Inventors; as 7bs-
_ les Milefius, who as Diogenes Laertius, and Pliny
fay, firft preditted Eclipfess; and his Scholar
Anaximander Milefius, who found out the Glo-
bous Figure of the Earth, the Equinoctial Points,
the Obliquity of the Ecliptic, the Principles of
Gnomonics, and made the firft Sphere or Image
of the Heavens; and Pythagoras,- to whom we
owe the difcovery of the true Syftem of the
World, and Order of the Planets. Tho’ it may
-be they were affifted by the Egyptians and Chalde-
-ans. But whoever they were, that firft made
thefe bold Steps in this noble Art, they deferve
the Praife and Admiration of all future Ages.

Felices Animae, quibus bec cognofcere primis,
Inque Domos fuperas fcandere cura fuit.
Credibile ¢ff illos pariter vitiifque jocijque
Altius bumanis exfersiffe caput.
Non Venus et Vinum fublimia pecdora fregit,
Officiumque fori, militiaeque Labor :
Non levis ambitio, perfufaque gloria fuco,
" Magnarumque fames follicitavit R
dd:n!‘ovbeer: Oculis difiantia ?dera ;z iris, ¢
theraqua ingenio uere juo. -
: ag xono fage Ovid. 1. Faft. By
) ¢
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But tho’ the Induftry of former Ages had dif
covered the Periods of the great Bodies of. the
Upniverfe, and the true Syftem, and Order of
them, and their Orbits pretty near; yet was
there one thing flill referved for the glory of this
Age, and the bonour of the Englifb Nation, the
gmxd Secret of the whole Machine; which, now
1t is difcovered, proves to be ( like other Contri-
vances of Infinitt Wifdom ) fimple and natural,
depending upon the moft known, and moft com-
mon Property 'of Matter, viz. Gravity. From
this the incomparable Sir Ifaac Newton has de-
monftrated the Theories of all the Bodies of the
Solar Syftem, of all the Primary Planets, and
their Secowdaries, and among others, the Moon
which feem’d moft averfe to Numbers: And not
only of the Planets, the floweft of which com-
pleats its Period in lefs than half the Age of a
Man, but likewife of the Comets, fome of which
its probable, fpend more than 2000 Years in one
Revolution about the Sun; for whofe Theory he
has jaid fuch a Foundation, . that After-ages affi-
fted with more Obfervations, may be able to cal-
culate their returns. In a word, the Preceflion of
the Equinoctial Points, the Tides, the unequal
Vibmtion of Pendulous Bodies in different Lati-
tudes, &F¢, are na more a Quettion to thofe, that
have Geometry cnoogl: to upderftand, what he has
delivered on thofe Subjects. A Perfeétion in Pbi-
lofopby, that the boldeft Thinker durft hardly
have hoped for; and, unlefs Mankind turn bar-
barous, will continue the Reputation of this Na-
tion, ‘as,long as the Fabric of Nature fhall endure.
After this, whac. is -it- we ‘may not expec from
Geomptry join'd to Obfervéztiom and Experiments?
S LA . The.
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The next confiderable Objet. of .natural Know-
ledge, I take to be Light. How . unfuccefiful
Enquiries are about this glorious Body without
the Help of Geometry, may appear from the
empty and frivolous Difcourfes and Difputations
of a fort of Men, that call themfelves Pbilofo-
phers, whom nothing will ferve forfooth, but the
Knowledge of the very Nature, and intimate .
Caufes of every Thing; while on the other hand,
the Geometers not troubling themfelves with thefe
fruitlef Enquiries about the Nasure of Light,
have difcovered two remarkable Properties of it,
in the Reflettion and Refraction of its- Beams:
and from thofe, and - their Streightnefs in other
Cafes, have invented the ‘noble Arts of Optics, -
Catopirics, and Dioptrics ; teachitig 'us to manage -
this fubtile’ Body for the improvement. of que
Knowledge, and ufeful purpofes. of Life. They
have likewife' demonftrated. the Caufes of feveral
czleftial Appearances, that.arife from the In-
flexion of its Beams, both in-the- Heavenly Bodies-
themfelves, and other Phenomena, as Parbelia, the
Iris, &c. and by a imodern. Experiment, - they
have difcavered the Celerity. of its Motion.-- And
we have had furprizing Properties of Light, fince
the great Sir Jfasc Newton has been. pleas’d to
gratify the World -with- his Book of Light and:
Colours. S R

The Flwds, which invalve our Earth, vz, -
Air and Water, are the next great and -confpicuous
Bodies, that Nature prefents to our View, andI.
think we know little of. either, but what is owing!
to Mechanics and Geometry. ‘The two chiofeft
Properties of Ar, its Gravity and Elaftic Foree,
‘have been difcovered by mechanical: in
¥rom thence the decreafe of the Air's Denfity

according

"
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according to the increafe of the Diftance of the
Eartb,  has been demonftrated by Geomesers, and
confirmed by Experiments of the Subfidence of
the Mercury in the Torricellian Experiment. From
this likewife, by Affiftance of Geometry, they have
determined the Height of the Atmofphere, as
far as it has any fenfible Denfity; which agrees
exa&ly with another Obfervation of -the Duration
of the Twilight. 4r and Water make up the
Objet of the Hydroftatics, though denominated
only from the lattér, of which the Principles
were long fipce fittled and demonftrated by -
chimedes, in ﬁ: Book #spt 7ér Oxsiivey, where are .
demonftrated the Caufes of feveral furprizin
Phenomenc . of Nature, depending only on ¢
AEquilibrium-of Flgids, . the Relative Gravities of
thele Flaids, ‘and of Solids fwimming ‘o finking
therein.  Here alo the Mathematicians confidet
the different Preflures, Refiftances, and Celeritics
of Solids moved in Flaids; from whence they ex-
in a great many Appearances of Nature, un-
intelligible to thofe who are ignorant of Geomerry.
-.Next, if we deftend to the Awmmal Kingdom,
thete we may fee the brighteft Strokes of Divine
Mecbanics. And ‘whether we confider firft the
Animal Occonomy in general, either in the internal
Motion, and Circulation of the Juices forced
through the feveral Canals by’ the Motion of the
Heart, - or their external Motions and the Inftru-
ments wherewith thofe are perform’d, we muft
reduce them to MechanicaFeRulcs, and confef3
the neceflity of the Knowledge of Adechanics to
underftand them, or explain them to others. Bo--
relli, in his excellent Treatife de motu Animalium,
Stewo in his admirable Mjyologie Specimen, and
other Mathematical l\gen on the one hand, and
2 the
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the nonfenfical, unintelligible Stuff that the com-
mon Writers on thefe Sabje&t have fill'd their
Books with, on'the other, arg¢ fufficient Inftan-
ces to fhew how neceflary Geometsy is in fuch -Spe-
culations. The only Organ of an Animal Bogc,
whofe Structure and Manner of Operation is ful-
Jy underftood; has been the only one, which the
Geometers have taken to their Share to confider.
It is incredible, how fillily -the greateft-and
ableft Phyficians talked of the Parts of the Eye,
and their Ufe, and of the Modus Vifionis, before
Kepler by his Geomeiry found it out, and put it
paft difpute, tho’ they apply’d themfclves par-
ticularly to this, and valued themfelveson it: And
Galen pretended a particular Divine Commiffion
to treat of it. Nay, notwithftanding the full
Difcovery of it, fome goon in topying their Pre-
deceflors, and talk as much Ungeometrically as
ever. Its true, we cannot reafon fo clearly of
the interpal Motions of an Animal Body,- as of
the external, wanting fufficient data, and decifive
Experiments: But what relates to the latter (as
_ the Articulation, Struure, Infertion, and Vires
of the Mufcles) is as Subject to ftri&® Mathematical
Difquifition,”as any thing whatfoever: And even
.in the Theory of Difeafes, and their Cures, thofe
- who talk Mechanically, talk moft Intelligibly 3
which may be the Reafon for the Opinion of the
ancient Phyficians, that Mathematics ave necef-
fary for the Study of Medicine itfelf 3 for which
I could bring long Quotations out of their
Works. Among the Letters that are afcrib’d to
Hippocrates, there is one to his:Son Theffalus, re--
commending to him the Study of Arithmetic,
and Geometry, as neceffary to Medicine. Galew
- © in
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in his Book entituled 371 des@- iapds xad #inboop@-s
begins thus, : - :

Oiby 71 mexbrSagty oi Toarol 7 A SmSvpivles &
Orvumiorinas Yaridew, undiv ¥ xedelew op TéTe Toxdy
Emrnd'svorless TokToL T4 X Toic woAAOTE THY Inwedr Wik
CiConmr ixanviae (o 38 Iawonegrln xai weoTir dvdiley
mysrrar yevidar § avric € duolosg W,wif:;f'\o\v
# 7870 wod7luai. 6i 4 33 4 pinedy poipar o ia  gued

. ovuCdrasdm ¥ deepropiar, nai Snnerbre Tl TalTHs Won-
#Blw SE dvdynns Tewueraiay. oi & & ‘whvor ad7od pavip-
xola TiTew idiTeedr, dAd xal Tois pemsier pdpgerlar.

If one of the Reafons of the Ancients for ¢his be
now fomewhat unfathionable, viz. becaufe they
thought a Phyfician fhould be able to know the
Situation and Afpe&s of the Stars, which they
believed had Influence upon Men and their Dif-
cafes (and pofitively to deny it, and fay, that
they have none at-all, is the effe& of wantof
Obfervation) we have'a much better and un-
doubted one in the Room, wviz. That Mathe-
marics are found to be the beft Inftrument of
promoting natural Knowledge. Secondly, If we
confider, not only the animal (Economy in ge-
neral, but likewife the wonderful StruGure of the
different forts of Animals, according to the dif-
ferent purpofes for which they were defign'd,
the various Elements they inhabit, the feveral
ways of procuring their Nourifbment, and pros

gating their Species, the different Enemies they

ave, and Accidents they are fubjett to, here s
ftill a greater need of Geomerry. It is pity, that
the Qualities of an expert Anatomif and fkilful
Geometer, have feldom met in the fame Perfon.
When fuch a One fhall appear, there isa v;{xole

: orre

\
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Terra incognita of delightful Knowledge to employ
‘his Time, and réward his Induftry. ‘
As for the other two Kingdoms; ' Borelli and '
other Mathematical Men, feem to have talked ve-
ry-clearly of Kegetation: And, Steso, another Ma-
thematician, in-his excellent Treatife de Solido in-
#ra Svlidum naturdliter comtento, has applied this
‘ %értof Learning very handfomely to Foffils, and
Tome other Parts 'of Natural Hiftory, I fhall add
only one thing more, that if we confider Motion
_itfelf, the.great Inftrument of the Actions of
Bodies upon one another; the Theory of it is en-
tircly owing to tlte Geomsters,:. who have dempn-
ftrated its Laws both-in hard aod elaftic Bodies s
. éhew'd how to meafure it Quantity, how .to
comiound and refolve the feveral Forces, by
which Bodies are agirated, and po. determine. the
Lings which. thofe compound Forces make them
defcribe; of fuch Forces,: Gravity, being: the
moft; conftant -and uniform, affords a great, vas
riety of ufefyl Knowledge,. in;confidering feveral
Motions that happen upon the Earth, viz. Asto
the free Defcent of heavy Bodies, the Curve .of
Projetiles; the Defcent and Weight of the hea-
vy Bodies when they Iye on inclined Planes; the
Theory of the Motion of Pendulous Bodies, &5e.
gll'which are very ingenioufly. and methedically
treated of by ‘the imcomparable Mathematician
Mr. Thomas Simpfon, who has exceeded all Men
(.in Mathematical Scieices ) fince Sir Jjaac
Newton. - - .
" . From what I have faid, I fhall draw but one
Corollary, that a natral Philofopher without:
Mathematics is a very odd fort of a Perfon,
‘that reafons about things that have Bulk, Figwre,
Motion, Number, Weight, &c. without Arithme-

tic,

o
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tic, Geometry, Mechanics, Statics, &c. I muft
needs fay I have the laft Contempt for thofe Gen--
tlemen, that pretend to explain how the Earth |
was framed, and yet can hardly-Meafure an Acre
?’fh i(].?‘rfomtxld u{gon l:he, Surface of it. And II:IS tl;;. ,

ofopher sy, Qui repente us illotis
Philofo difv[;?llnt, n%( m’ﬂ}"ﬁnﬂmm om;:
#ino ddskgnzor, dueods, yswpizeurer, fed egem esiam
dant, qud philofopbari difcant, .

The, Ufefulnefs of Matbematics in feveral. other.
Arts and Sciences i fully as plain. They were
look’d upon by the antient Philofophers, as the
Key to all Knowledge, Therefore Plato wrote
upon his School, ‘viz.

 Oldes dytepirinr© dkrm. i.c. .
* Let-none unskilled in Geometry enter.

And Xewocrates told one ignorant in Mathematics,
whodéfired to-be his Scholar, that he was fitter to
cird Wool, AaCdc 334x Exes ®inooopias, you want the
bandle -of Philofopby, viz. Geometry. - There is no -
underftanding the Works without it.” ¥beo Sopyr-"
nus ‘has wrote a Book entituled, an Explanation.
of thofé things in Mathematics, that 'are neceffa:”
ry for -the réading of Plata.  Ariffotle illuftrates.
hisPrecepts and -other Thoughts by Mathematical,
Examples, and that not only in Logit, 8&c. but:
evén in Btbics; where e makes ufe of Geome:’
trical, and Arithmetical Propottion,  to explain®
Commnutative and Diftributive Juffice.«

i Bvery Body knows; that Chrosalgy and Gea-'
graphy-are indifpenfible Preparations for Hiftory:y
A relation of Martér of Fact, being a very life-*
1¢f5. infipid -thing "witHout the * Circamdnces of°
Tine-and Phice. & Nor 3 ¥ fuffiutént for ogé’,‘

that
\

!
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that would underftand things thoroughly, that
he knows the To fpogra.phy, where fuch a Place
lies, with thofé of the near adjacent Places, and
bow _thefe lie in refpect of one another, but it
will become him .likewife to underftand the Sci-
entifical Principles of the Art; that is, to havea
true Idea of 2 f’lacc, we ought to know the re-
Jation it has to any other Place, as to the Diftance
and Bearing, its Climate, Heat, Cold, Length
of Days, f:?c. which things do much enhven the
Reader’s Notion of the very Art itfelf. Juft o
it is neceffary to know the Technical or Do&ri-
nal Part of Chronology, if a Man would be
throughly fkill’d in Hiftory, it being impoffible, .
without it, to unravel the Confufion of Hiftori-
ans, [ remember the late Dr. Halley has deter-
. mined the Day and Hour of . Fulius Cefar’s land-
ing in Byitain, from the Circumftances of his
Relation. .And kpnows how great
ufe I\E/IE Dodwell hasfma;dc ofy ltlhc calculated Times
of Eclipfes, for fettling the Times of
Evcnts,pwhlch before were, as to this M~
w;oﬁ?;mﬁlm& fab?ilo?;se ply, and alfo th

th Cbhronology an , the
Knowledge ofbfhc Sun an?]fgzx's Motions, fo
far as thcy relate to the Conftitution of the Ka-
lendar and Year, are neceffary to a Divine, and
how fadly fome otherwife Eminent have blundered,
when they meddled with things that relate to
1thefe, and border on zbem, is too apparent.

obody, I think, will c{hon the Intereft; ,
that Mathematics havc in Painting, Mufic and
Arcbitediure, which are all found on Numbers.
Perfpective, and the Rules of Light and Shadows
are owing to Geomtay and Optm And I think
thofe two comprcbc pretty near the whole A.?f
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of Painting, except Decorum and Ordinance, which
are only a due Obfervance of the Hiftory and
Circumftances of the Subject you reprefent. For
by Perfpeftive may be underftood the Art of
defigning the Out-lines of your Solid, whether
that be a Building, Landskip, or Animal; and the
Draught of a Man is really as much the Perfpec-
tive of a Man, as the Draught of a Building is
of a Building; tho’ for particular Reafons, as be-
caufe it confifts of more crooked Lines, &c. it
1s hard to reduce the Perfpective of the former
_ to the ordinary, eftablifhed Rules.

If Mathematics had not reduced Mufic to a
regular Syftem, by contriving its Scalks, it had
been no Art, but Enthufiathic Rapture, left to
the roving Fancy of every Prattitioner. This
appears by the extraordinary Pains which the
Ancients have taken to fit Numbers to three
Sorts of Mufic, the Diatonic, Chromatic, and En-
barmonic : Which, if we confider with their Nice-
ty in diftinguifhing their feveral Modes, we fhall
be apt to judge they had fomething very fine
in their Mufic, at leaft for moving the Pafions
with fingle Inftruments, and Voices. But Mufic
had been imperfe¢t fhll, had not Arithmetic
ftepp’d in once more, and Guido Aretinus, by in-
venting the Temperament, making the Fifth
falfe by a certain determined Quantity, taught
us to tune our Organs, and intermix all the three
kinds of the Ancients; to which we owe all the
regular and noble Harmony of our modern
Mufic.

As for Civil Arckiteure (of Military I fhall
fpeak - afterward) there is hardly .any Part of
Mathematics but is fome Way fubfcrvient to it.
Geometry and Aritbmetic, for the due Meafure l(:f

o D ‘ the
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the feveral Parts of a Building, the Plans, Mb-
dels, Computation of Materials, Time and Char-
ges; for ordering right its Arches and Vaults,
" that they may be both firm and beautiful : AMe-
chanics, for its Strength and Firmnefs, tranfport-
ing and raifing’ Materials;.and Optics for the
Symmetry and Beauty. And I would not have
any affume the Charalter of an Archite2?, with-
out 2 competent Skill in all thefe. You fee
« that Vitruvius requires thefe and many more for
.making a compleat Architesz, 1 muft own, that
fhould any one fet up to practice in any of thefe
fore-mentioned Arts, furnifhed only with his Ma-
thematical Rules, he would produce but very
¢lumfy Pieces. He that thould pretend to draw
by the Geometrical Rules of Perfpettive, or com-
pofe Mufic meerly by his Skill in Harmonical
Numbers, would fhew but aukward Perform-
ances. In thofe compofed Subjetts, befides the
ftiff Rules, there. muft be Faney, Genius, and
Habit. Yet neverthelefs thefe Arts owe their
Being to Matbematics, as laying the Foundation
of their Theory, and affording them Precepts,
. which being once invented, are fecurely rely*d
upon by Practitioners. ‘Thus many defign, that
know not a Tittle of the Reafon of the Rules
they practice by ;3 and many, no better qualified
in their Way, compofe Afufic better perhaps
than he could have done that invented the
Scale and the Numbers upon which their Har-
mony is founded. As Muathematics taid the
Foundation of thefe Arts, fo they muft improve
them ; and thofe that would invent muft be fkilled
in Numbers. Defides, it is it a-Man thould know
the true Grounds and Reafons of what he ftudies;
aud he.that does fo, will certainly practice in Aais'
) . rt

N
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Art with greater Judgment and Variety, where
the ordinary Rules fail him. 4
I proceed now to thew the more immediate
Ufefulnefs of Matbematics in Civil Affeirs. To
begin with Arithmetic, it were an endlefs Tafk
to relate its feveral Ules in public and private
Bufines. The Regulation and quick Difpatch
of both, feem intirely owing to it. The Nations
that want it are altogether barbarous, as fome
Americans, who can hardly reckon above twenty.
And T believe it would go near to ruin the
Trade of the Nation, were the eafy Prattice of
Aritbmetic abolibed: For Example, were the
Merchants and Tradefmen obliged to make ufe
of no other than the Ramss Way of Netation by
Letters, inftead of our prefent. And if we
fhould feel the Want of our Aritbmetic in the
eafiet Calculations, how much more in thofe
that are fomething harder, as Intereft, Sim-
ple and Com , Annuities, &, in which it
is incredible how much the ordinary Rules and
Tables influence the Difpatch of Bulinefs. Arith-
metic is not only the great Inftrument of private
Commerce, but by it are (or ought to be) kept the
public Accounts of a Nation: I mean thofe that
regard the whole State of a Commonwealth, as
‘to the Number, Fruification of its People, In-
creafe of Stack, Improvement of Lands and
Manufa&ures, Balance of Trade, Public Reve-
nues, Coinage, Military Power by Sea and Land,
&3c. Thofe that would judge or reafon truly,
about the State of any Nation, muft go that
Way to work, fubjeiing all the fore-mentioned
Particulars to Calculation. This is the true, po-
Jitical Knowledge. In this Refpect, the Affairs of
a Commonwealth differ from thofe of a private

D2 Family
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Family only in the Greatnefs and Multitude of
Particulars that make up the Accounts. Macbi.
avel goes this Way to work in his Account of
different Eftates. What Sir #illiam Petty, Dr.
Halley, and feveral others of our Countrymen,
have wrote in Poltical Aritbmetic, does abun-
dantly thew the Pleafure and Ufefulnefs of fuch
Speculations. .

Laftly, Numbers are applicable even to fuch
Things as feem to be governed by no Rules I
mean fuch as ‘depend on Chance. The Quantity
of Probability, and Proportion of it, inany two
propofed Cales, being fubject to Calculation as
much as any Thing elfe. Upon this depend the
Principles of Game, which has been thoroughly
handled by the fagacious Mathematician, Mr.
Thomas Simpfon, in his Doltrine of Chances.
‘We find Sharpers know enough of this to cheat
fome Men that would take it very ill to be
thought Bubbles: And one Gamefter exceeds
another, as he has a greater Sagacity and Rea-
dinefs in calculating his Probability to win or
lofe in any propofed Cafe. To underftand the
Tbeory of Chance thoroughly, requires a great
Knowledge of Numbers, and a pretty compe-
tent one in Algebra.

The feveral Ufes of Geometry are not much
fewer than thofe of Arithmetic. It is neceflary
for afcertaining of Property both in Planes and
Solids, or in Surveying and Gauging. By it Land
is fold by Meafure as well as Cloth; Workmen
are paid the due Price of their Labour, accord-
ing to the Superficial or Solid Meafure of their
Work : And the Quantity of Liquors determined
for a- due Regulation of their Price and Duty.
All which do wonderfully conduce to the eafy

Difpatch.

——
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Difpatch of Bufinefs, and the preventing of
Frauds and Controverfies, I need not mention
the meafuring of Diftances, laying down of Plans
and Maps of Countries, in.which we have daily
Experience of its Ufefulnefs. Thefe are fome
Familiar Inftances of Things to which Geomerry
is ordinarily apply’d. ° _

From Afronomy, we have the regular Difpo-
fition of our Time, in a due Succeffion of Years,
which are kept within their Limits, as to the
Return of the Seafons, and the Motion of the
Sun. This is no fmall Advantage for the due
Repetition of the fame Work, Labour, and Ac-
tions. For many of our public, private, military
and Country Affairs, Appointments, &¢. de-
pending on the Produ@s of the Ground, and
they on the Seafons, it is neceflary that the
Returns of them be adjufted pretty near to the
Motion of the Sun; and we fhould quickly find
the Inconveniency of a Vague, undetermined Year,
if we ufed that of the Mabometans, whofe Be-
ginning, and every Month, wanders through all
the Days of ours or the Solar Year, which
fhews the Seafons. Befide, the adjufting of the
Moon’s Motion to the Sun’s is required, for the
decent Obfervation and Celebration of our Church
Feafts and Fafts according to the ancient Cuftom
and Primitive Inftitution; and likewife for the
Knowledge of the Ebbing and Flowing of the
Tides, the Spring and Neap Tides, Currents,
€. So that whatever fome People may think
of an Almanack, where all thefe are fet down,
it is oftentimes the moft ufeful Paper that is pub-
lithed the fame Year with it; I‘?: » the Nation
could better fpare all the Voluminous Authors
in the Term Catalogue than that fingle Sheet.
, Befides,
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Befides, without a regular Cbronology, there can
be no certain Hiftory; which appears by the |
Confufien amongft Hiftorians before the right
Difpofition of the Year, and at prefent among
the Turks, who have the fame Confufion in their
~ Hiftory as in their Kalendar, Therefore a
Matter of fuch Importance might well deferve
the Care of the Gregt Emperor, to whom we
owe our prefent Kalendar; who was himfelf a
Proficient in Afronomy. Pliny has quoted feveral
- Things fram his Books of the Rifng and Swting
of the Stars. Lib. 18, c. 25, 26. and Lucan
makes him fay, :

———r-Mudid inter Prelia fomper
o Stellarum, Calique plagis,’ fuperifque vacavi,

The Mechanics have produced fo many ufe.
ful Engines fubfervient to Conveniency, that it
would-be a Tafk too great to relate the feveral
Sorts of them; fome of them keep Life itfelf
from being a Burden. If we confider fuch as
are invepted for raifing Weights, and are em-
ploy’d in Building, and other great Works, in
which no Impediment is too great for them; or
Hydravlic Engines for raifing of Water, ferving
for great Ufe and Comfort to Mankind, where -
they have no other Way to be fupply’d readily
with - that neceflary Element; for fuch as by
making Wind and Water work for us, fave
Animal Eorce, and great Charges, and perform
thofe Actions which require a vaft Multitude of
Hands, and without which every Man’s Time
would be tqo little to prepare hjs own Aliment
and other Neceflaries; or thofe Machines that
bave beep invented by Mankind for Delight and

. Curiofity,
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Curiofity, imitating the Motions of Animals, or
other Works of Nature, we fhall have Reafon to
admire and extoll fo exeellent an Art. What
fhall we fay of -the feveral Inftruthents which:
are contriv’d to meafure Time? We fhould
quickly find the Value of them, if we were re-
duced to the Condition of thofe barbarous Na-
tions that want them.. The Pendwium Clock, in-
vented and compleated by that famous Mathe-
matician Monfieur Hugens, is an ufeful Invention.
Is there any thing more wonderful than feverak
Planetary Machines, which have been invented to
thew the Motions of the Heavenly Bodies, and
their Places at any Time ? Of which the moft in-*
genious, according to the exacteft Numbers, and
true Syftem, was made by the fame M. Hugm,
to which we may very juftly apply Claudian’s
noble Verfes upon that of Archimedes,

Jupiter in parvo cum cerneret Aethera vitro,
Rift, et ad fuperos talia diffa dedit.
Huccine mortalis progreffa potentia cure ?

Fam meus in fragili heditur orbe labor.
Fura Poli, rerumque fdem, legesgue Doorsm
Ecce Syracuftus tranflulit arte fenex. .

- brlufus varsis famulatur Spiritus afris,

Er vivum certis motibus wrget Opus.
Percarrit proprium mentitus Signifer Anmum,
E: fimulata movo Cynthia menfe redit.

- Famque fanm .volvens audax indufiria mundum
- Gandes, &t bumand fidera Mente regis.

Q«cd fn{ﬁ infontem tomiiru Salmonea miror 2.
: emlla nature parva reperia mans.

Herc I ought to mention the Sciatberical Irv-
Rrumcnts, for Want of which thére was a Time
when
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when the Grecians themfelves were forced to
meafure the Shadow, in order to know the. Hour '
- of the Day. To thisought to be referr’d Sphberes,
Globes, Aftrolabes, Projetions of*the Sphere, &,
Thefe are fuch ufeful and neceflary Things, that
alone may recommend the Art by which they
are made., For by thefe we are able in our
Clofet to judge of the Celeftial Motions, and to
vifit the utmoft diftant Places of the Earth,
without the Fatigue and Danger of Voyages;
to determine concerning their Diftance, Situation,
Climate, Nature of the Seafons, Length of their
Days, and their Relation to the Celeftial Bodies,
as much as if we were Inhabitants. To thefe I
might add thofe Inftruments which the Mazbe-
maticians have invented to execute their own Pre-
cepts, for making Obfervations either by Sea or
Land, Surveying, Gauging, &c.

The Catoptrics and Digptrics furnith us with
Variety of ufeful Inventions, both for the pro-
moting of Knowledge and -the Conveniences of
Life; whereby Sight, the great Inftrument of
our Perception, is fo much improved, that nei-
ther the Diftance, nor the Minutenefs of the
Object, are any more Impediments to it. The
. Telefeope is of fo vaft Ufe, that befides the de-
lightful and ufeful Purpofes it is apply’d to here
below, as the defcrying Shigs. and Men, and
Armies at a Diftance, we have by its Means
. difcovered new Parts of the Creation, frefh In-
ftances of the furprizing Wifdom of the adora-
ble Creator ; we have by it difcovered the §a-
tellites of Fupiter, the Satellites and Rimg of Sa-
turn, the Rotation of the Planets about their own
Axes, befides other Appearances, whereby the

Syftem of the World is made plain to Senfe, as
‘ it
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it was before to Reafon. The Telefeope has alfo
" improved the Manner of 4fronomical Obfervations,
and made them much more accurate, than it
was poffible for them to be before. And thefe
Improvements in Afronomy have brought along
with them (as ever) correfpondent Improvements
in Geograpby. From the ggfcrvation of Fupiter’s
Satellites, we have a ready'Way to determine
the Longitude of Places on the Earth, On the
other hand, the Microfcope has not been lefs ufe-
ful in helping us to the Sight of fuch Objects,
as by their Minutenes efcape our naked Eye.
By it Men have purfued Nature into its moft re-
tired 'Recefles;- fo that now it can hardly any
more hide its great Myfteries from us. How
much have we learned by the Help of the AM;-
crofcope, of the Contrivance and Struéture of
Animal and Vegetable Bodies, and the Compo-
fition of Fluids and Solids? But if thefe' Sciences
had never gone further than by their fingle Spe-
cula and Lentes to give thofe furprizing Appear-
ances of Objeéts and their Images, and te pro-
duce Heat inimitable by our hotteft Furnaces,
and to furnith infallible, eafy, cheap, and fafe
Remedies for the Decay of our Sight, arifing
commonly from old Age, and for Purblindnefs;
they had . merited the greareft Efteem, and in-
vited to the clofeft'Study : Efpecially, if we con-
fider, that thofe who naturally are almoft blind,
and either know not their neareft Acquaintance at
the Diftance of a Room’s Breadth, or cannot
read in order to pafs their Time pleafantly, are,
by Glaflcs adapted to the Defet of their Egyes,
fet on a Level again with thofe that enjoy their
Bye-fight beft, and that without Danger, Pain

or Charge.
Again,
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Again, Mathematics are highly ferviceable to
a Nation in Mikitary Affairs. 1 believe this will
be readily acknowledged by every Body. The
Affairs of War take in Number, Space, Force,
Diftance, Time, &¢. (Things of Mathematical
Confideration) in all its Parts, in Tafics, Cafira-
metation, Fortifying, Aitacking and Defending.
The Ancients had more Occalion for Mechanics
in the Art of War than we have : Gun-powder
readily producing a Force far exceeding all the
Engines, they had contrived for Battery. And
this I reckon has loft us a2 good Occafion of im-
iroving our Mechanics : The Cunning of Man-

ind never exerting itfelf fo much, as in their
Arts of deftroying one another. But, as Gun-
powder has made Mechanics lefs ferviceable to
War; it has made Geometry more neceffary;
there being a Force or Refiftance in the due
Meafures and Proportions of the Lines and An-
gles of a Fortification, which contribute much
towards its Strength. This Art of Fortification
has been much ftudied of late, but I dare not
affirm that it has attained its utmoft Perfection,
And tho* where the Ground is regular, it admits
but of fmall Variety, the Meafures being pretty
well determined by Geometry and Experience,
yet where the Ground is made up of natural
Strengths and Weakneffes, it affords fome Scope
for thinking and Contrivance. But there is ano:
ther much harder Piece of Geometry, which Gun-
powder has given us Qccafion to improve, and
that is the Doérine of Projectiles, where-
upon the Art of Gunnery is founded; and I
think no One has given neater Inveftigations ‘of
the Fundamental Principles of Projetiles, than

the acute and ingenious Mathematician, Mr.

Thomas

P
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Thomas Simpfon, from Page 143 to 163, in his ex-
cellent Treatife of Fluxions.

As for Ta&ics and Cafirametation, Mathema-
tics retain the fame Place in them as ever. And
fome tolerable Skill in thefe is neceflary for
Officers as well ds for Engineers. An Officer
that underftands Fortification, will ceteris pari-
pus much better defend his Poft, as knowing
wherein its Strength confifts, or make ufe of his
Advantages and Difadvantages in defending
and attacking, how to make the beft of his
Ground, &, And hereby can do truly more
Service than another of as much Courage, who,
for want of fuch Knowledge, it may be, throws
away himfelf, and"a Number of brave Fellows
onder his Command ; and it is well, if the Mif-
chief reaches no further. As for a competent
Skill in Numbers, it is fo neceffary for Officers,
that no Man can be fafely trufted with 2 Com-
pany that has it not. And I dare appeal to all
the Nations in Ewrope, whether, ceteris paribus,
Officers are not advanced in Proportion to their
Skill in Matbematical Learning, except that fome-
times great Names and Quality carry it; but ftill
fo as that the Prince depends upon a Man of
Matbematical Learning, that is put as Director
to the Quality, when that Learning is wanting
in it.

Laftly, NavicaTion, which is made up
of ARronomy and Geometry, is fo noble an Art,
and to which Mankind owes fo many Advan-
tages, that upon this fingle Account thofe ex-
cellent Sciences deferve moft of all to be ftudy’d,
and merit the greateft Encouragenent from a
Nation that owes to it both its Riches and Secu-
rity. And not only the common Art of Navi-

E 2 gation
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gation depends on Matbematics, but whatever Im-
provements fhall be made in the Architefiura Na-
valis, or building of Ships, whether they are
defigned for Merchant Ships, or Ships of War,
whether fwift running, or bearing a great Sail,
or lying near the Wind, be defired, thefe muft
all be the Improvements of Geometry. Ship Car-
penters indeed are very induftrious ; but in thefe
Things they acknowledge their Inability, con-
fefs that their beft Produtions are the Effes of
Chance, and implore the Geometer’s Help. Nor
will common Geometry do the Bufinefs, it re-
quires the moft abftrufe to determine the diffe-
rent Seétions of a Ship, according as it is de-
fign’d for any of the a[%refaid Ends. .

The great Objettion that is made againft the
Neceffity of Mathematics in the forementioned
great Affairs of Navigation, " the Art Military,
&c. is, that we fee thofe Affairs are carried on

and managed by fuch as are not great Mathe-
" maticians, as Seamen, Engineers, Surveyors,
Gaugers, Clockmakers, Glafs-Grinders, . and
that the Mathematicians are commonly fpecula-
tive, retir’'d, ftudious Men; that are not for anac-
tive Life and Bufinefs, but content themfelves to
fit in their Studies, and pore over a Scheme or
Calculation. To which there is this plain and
eafy Anfwer. The Mathematicians have not
only invented.and order'd all the Arts above
mentioned, by which thofe grand Affairs are
managed, but have laid down Precepts, ‘con-
trived Inftruments and Abridgments fo plainly,
that common Artificers are capable of praitifing
by them, tho’ they underftand not a Titde of
the Grounds on which the Precepts are built.
~"And in this they have confulted the Neceffities of
Mankind.
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Mankind. Thofe Affairs demand fo great a
Number of People to manage them, that it is
impoffible to breed fo many good, or even tole-
rable Muthematicians. The only Thing then to
be done was, to make their Prccepﬁgfphin,
that they might be underftood and pradtifed by
a Mulditude of Men. This will beft appear b
Examples. Nothing is more ordinary than Dnlz- .
patch of Bufinefs by common Aritbmetic, by the
Tables of Simple and Compound Interef}, Amnuities,
&c. Yet how few Men of Bufinefs, nay pretend-
ed Teachers themfelves, underftand the Reafons
of common ritbmetic, or the Contrivance of
thofe Tables, now they are made; but fecurel
rely on them as true, They were the good an
thorough Mathematcians that made thofe Pre-
cepts fo plain, and calculated thofe Tables, that
facilitate the Practice fo much. Nothing is more
univerfally neceflary than the meafuring of Plains
and Solids ; And it is impoffible to breed fo many
Matbematicians, as that there may be one
that underftands all the Geometry requifite for
Surveying and Meafuring of Prifms and Pyra-
mids, and their Parts, and Meafuring Fruflrums
of Comoids and Spheroids in every Market Town,
where fuch Work is neceffary. The Mathema-
ticians therefore have infcrib’d fuch Lines on
their common Rulers, and flipping Rulers, and
adapted fo plain Precepts to them, that every
- Country Carpenter and Gauger can do the Bu-
finefs accurately cnough ; tho’ he knows no more
of thofe Inftruments, Tables and Precepts he
makes ufe of, than a Hobby-Horfe. So in Na-
wigation, it is impoffible to breed fo many good
Mathematicians, as would be neceffary to fail the
hundredth Part of the Ships of the Nation. Bﬁt
v the
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the Masthematicians-have laid down fo plain and .
diftiné Precepts, calculated neceffary Tables, and
contrived convenient Inftruments, fo that a Sea-
Man, that knows not the Truths on which his
Precepts and Tables depend, may practice fafely
by them. They refolve Triangles every Day,
that know not the Reafon of any one of their
.(l)ﬁperations. Seamen, in their Calculations, make
of Artificial Numbers or Logarithms, that

know nothing of their Contrivance. And in-
deed all thofe great Inventions of the moft fa-
mous Mutbematicians, had been almoft ufelefs for
thofe common and great” Affairs, had not the
Praftice of them been made eafy t thoft who
cannot underftand them. From hence it is plain,
that it is to thofe fpeculative, retir’d Men we owe
the Rules, the Inftruments, the Precepts for
ufing them, and the Tables which facilitate the
Difpatch of fo many great Affairs, and fupply
Mankind with fo many Conveéniencies of Life.
‘They were the Men that taught the World to
apply Aritbmetic, Afironomy and Geometry to Sail-
ing, without which the Needle would be fill
ufelefs. Juft the fame Way in the other Parts
of Matbematics, the Precepts thatare praifed by
‘Multitudes without being underftood, were con-
trived by fome few great Matbematicians ; as for
Inftance, ‘ ’

¢ How few underftand this allow’d for Truth
*¢ in the kmown common Way of proving Multi.
¢ plication and Divifion by cafting away the
¢ Nines, that

v N

PROPO:
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PROPOSITION.

¢ The Number g has that Property, that any = °
* Number whatlocver divided by it, fhall le:v{ -

¢« the fame Remainder, as if the Sum of the
¢ Figures compofing the faid Number, were di-
¢ vided by 9.

¢¢ For the clear Demonftration of this Pro-
¢ pofition, I fhall premife two felf-cvident

LEMM A%

1: ¢¢ The Local Value of any Figure is equal
¢ to the Rettangle of its fimple Value; and
¢ the Denomination of its Place.

LEMM A,

2, ¢ To multiply or divide one Number by
«¢ another, is in Conclufion the fame Thing with
 multiplying or dividing refpetively the Sum
¢¢ of the Parts of the former by the latter.”

Since then it has been fhewn how much Ma.
thematics improve the Mind, how fubfervient
they are to other Arts, and how immediately
ufeful to the Commonwealth; there needs no
other Arguments or Motives to a Government
to encourage them. This is the natural Con-
clufion from thefe Premifes. Plto, in his Re-
public, takes care, That whoever is to be educated
for Magifiracy, or any confiderable Poft in the Com-
monwealtb, may be infirusted frft in Arithmetic,
then in Geometry, and thirdly in Aftronomy.

~—
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The prefent - Lords Commiffioners of the Ad-
miralty know that there are ftill- two great
Defiderata in Navigation, to wit, Tbe Tbeory of
the Variation of the Magnetical Needle, and a
Method of finding out the Longitude of amy Place,
that may be praticable at Sea by Seamen.

And now what can.I fay more to recom-
mend the Study of the Matbematics? It not only
makes a Man of Quality and Eftate his whole
Life more illuftrious and more ufeful for all Af-
fairs, Icoetws ¥ perizeo gof @ xa? Twwusrenis & Aerd-
Bigross 4 3 ubrvor, gto xad 7 Blov sWrrie xad §wl
aornd xeioipor & drfpamivin polelw ixirenise, drre
xed 7l Juxlw Eurigln 76 ) THAauyscielws But in
Particular, it is the beft Companion for a Coun-
try Life. Were this once become a fafhionable
Study (and the Mbde exercifes its Empire over
Learning as well as other Things) it is hard to
tell how far it might influence the Morals of
our Nobility and Gentry, ‘in rendering them
ferious, diligent, curious, taking them off from
the more fruitlefs and airy Exercifes of the Fancy
which they are apt to run into.

The only Objection I can think of, that is
~ brought againft thefe Studies, is, that Mathe-

matics require a particular Turn of Head, and a
happy Genius that few People are Mafters of,
without which all the Pains beftowed upon the
Study of them are vain. They imagine, that a
Man muft be born a Mathematician. 1 anfwer,
that this Exception is common to Matbematics,
and other Arts. That there are Perfons that
have a particular Capacity and Fitnefs to one
more than another, every Bodyowns: And from
Experience I dare fay, itis not in any higher De-
gree true concerning Mathematics than th;ft}s‘/?s'

/ an
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A Man of good Senfe and Application is the .
Perfon that 1s by Nature fitted for them, efpe-
cially if he begins betimes; and if his Circum-
ftances have been fuch, that this did not hap}xn
by prudent Direétion, the Defet may be fup-
ply’d as much as in any Art whatfoever. ‘The
only Advantage this Objetion has, is, that it is
on the Side of Softnefs and Idlenefs, thofe pow-
erful Allies.

There is nothing further remains, but that I
could wifh they were practifed more in our great
Schools, to inftruét the brave, heroic Minds of our
Englifp Youth in them, rather than ftupify and
debauch their Morals and Underftanding by that
nonfenfical Ribaldry, the ecffeminate, foppith,
French Language, which is got to fuch a Cuftom
amongft us now a-days, that MasTer muft
have his Monfieur forfooth, and fo the poor
School-mafter is forced to teach.that which he is
himfelf a Foreigner to. Let me therefore re-
commend the Study of the Greek and. the old
brave Roman’s Difcipline, with Philofophy, i. e.
Mathematical Studies: Byt perhaps,

Grecum cft, non off legi,

A Saying in all Refpeds fit enough for the
Times of Darknefs, and Monkith Ignorance,
may, I am afraid, without much Impropriety,
be applied to the prefent Age: The great In-
- difference, or rather the general Averfion, I have
obferved in thefe latter Years to the Greek
Tongue, has fuggefted to me the followin
- Thoughts. If we look back into Antiquity, anﬁ
trace the liberal Scicnces up to their Source, we
thall find perhaps theFﬁrﬁ Dawnings of Learning

amongft
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" amongft the Egyptians and Chaldeans. Its next
Ctep was into Syria and Phanicia, but here its
Advancement was but fmall, its Progrefs flow,
and its Improvements not very confiderable,
But when it had extended itfelf as far as Greece,
then it began to increafe and flourith. Here it
met with univerfal Encouragement, was cultivated
with wonderful Succefs, and grew up to Maturity.
Then arofe with unufual Splendor the City Atbens,
that illuftrious Patronefs of Letters, and Metro-
polis of the learned World : Then were thofe
celebrated Academies eftablifhed, and thofe fa-
mous Schools of Pythagoras, Socrates, Zeno,
- Plato, Arifiotle, inftituted ; which have been the
inexhaufted Treafures of Philofophy to all Pofte-
rity. From hence proceeded the learned and
eminent Heroes of Antiquity, that have done
Honour to human Nature, and left fuch Traéts
of Glory behind them, as diftinguifh the Years
in which they acted their Parts from the ordina~
ry Courfe of Time. From this Part of the
‘World, notwithftanding all the Fury and Op-
pofition of Ignorance and Barbarity, have de-
fcended down to us thofe elaborate and excellent
‘Writings, which have been the perfect Copies of
whatever is great or noble amongft us. How can
we then defpife thofe glorious Models ?

That no Exceptions can juftly be alledged
againft the Matter of the Greek Tongue, is very
evident, firft, from the general Encouragement
that was given to the Grecian Philofophers, who
being invited over to Rome, and reforting thither,
brought away with them a great Share of the
Politenefs and refined Arts of their Country :
Witnefs the famous Pobbius, Carneades, Diogenes,
Critolaus, and others, whofe eloquent Difcou}:fc;

) ’ a

. -
~
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had even altered the very Nature and Genius
of the Roman Youth. For they were fo ena-
‘mour’d with Philofophy, and heard its LeGures
with fuch Pleafare, that at length they fhew’d as
-much Application in their Purfuits after Know-
ledge, as ever they hud done before in the Ex-
ercifc of Pomp and War. Secondly, from the
vaft Improvements that have been made on thofe
ancient Foundations, not only in the Roman
Empire, but alfo in this and moft other Nations
of Earope.

By imitating thofe bright Examples, by tran-
feribing thofe Originals, and as it were tranflating
Mtbens mto herfelf, Rome at length became the
Seat of Learning, as well as of Empire. Thus,
by Reflettion, thone forth with unparallel’d
Lauftre that Meridian of the elegant Sciences the
great Augufian Age. From whence did we de-
rive ‘thofe Streams of Oratory, Poetry, Hiftory,
Philofophy, and, in a Word, the whole Circle
of Arts and Sciences, but from the firft Authors
and Improvers of them, the Schools of Greece ?
Can we then look upon the Caufes of fuch valua-
‘ble Bleflings to our Natién with an Eye of In-
difference? Shall the lofty Homer be buried in
Oblivion, and the great Jfiad be no more? Shall
the eloquent Demofthenes, the inimitable Pindar,
the great Sepbocles, Euripides, Thucydides, Arif-
totle, lic negleted and forgotten? Shall the
Divine Plato be loft for ever ? Shall one of the
nobleft of the learned Languages be defaced and
obliterated for a little mercenary Fremch? Noj
for if fuch an unhappy Change as this thould
ever fucceed, what muft be the fatal Confe-
‘quence, but a Return of that Night of Ignorance
and Error we formerly labour’d under 3 and that

F2 we
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we muft of Neccﬂity degcneratc agam into hor-
rid Barbarity ?

Another forcible Argumcnt for maintaining
and fupporting the Greek Tongue, is the Study
of the Scripturés and primitive Fathers: When-
ever this Language is out of Date, our Rclngnon
muft of Confequence expire along with’ it, and
be extinguifhed. :

Pofterity wifely regulates the Recompences due
to learned Men, which puts thern on Foot with
the grcateﬁ Princes ; their Glory fhines out three
thoufand Years after they have render’d up their
Spirit, and cannot be_eclipfed by the Fame of
the greateft Heroes. Homer is as well known to
the Learned as Achilles, and the Name of Firgil
as renowned as that of Augufius; and therefore lét
us prize Horace and Wirgsl in our Days, as thcy
were in the Courts of Auguflus. -

Si quia Graecorum funt antiqufina quaeque
Scripta vel optima ;' Romani penfantur cadem
Scrzptom Trutina. ,

I fhall only add one gcneral Head more upon
this Subjec, and thence make a Tranfition to
my intended Work.

This Life is a public Theatre, on which
Men are to aét “their Parts. A- Thirft after
Glory, and an Emulauon of whatever is great
and’ excellent, is implanted in our Minds to

quicken our Purfuits afpter real Grandeur, and to
cnablc them to approach, as near as our finite
Abilities will admit, to Divinity itfelf, Upon
thefe Principles we account for the vaft Stretch
and Penetration of the human Underftanding 3
to thefe: we: afcrlbe the Labours of Men of

‘ Gemus ,
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Genins; and by the Predominancy of them in
our Minds, afcertain the Succefs of our Attempts. -
In the fame Manner we account for that Turn
in the Mind, which biaflfes us to admire more
what is great and uncommon, than what is ordi-
pary and familiar, however ufeful.

Yet the telling us we were ‘born to purfue what
is great, without informing us what is fo, would
avail but little. Ars Mathematica declares for -a
clofe and attentive Examination of all Things,
Outfides and Surfaces may be fplendid ‘and allur-
ing, yet nothing be within deferving our Ap-
plaufe. He that fuffers himfelf to be dazzled with
a gay and gaudy Appearance, will be betray’d
into Admiration of what the Wife contemn; his
Purfuits will be levelled at Wealth and Power,
and high Rank in Life, to the Prejudice of his
inward Tranquillity, and perhaps the Wreck of
.his Virtue. The Pageantry and Pomp of Life
will be regarded by fuch a Perfon as true Ho-
nour and Glory, and he will neglect the nobler
Acquifitions, which are more fuited to the Dig-
.pity of his Nature, which alone can give Merit
to Ambition, and centre in folid and fubftantfal
Grandeur.

" The Mind is the Source and Standard of what-
ever can be confider’d as great arnd illuftrious in
any Light: From this our Alions and our
Words muft flow, and by this muft they be
-weighed ; we muft think well before we can a&
or fpeak as we ought; and it is the inward Vi-
-gor of the Soul, tho’ varioufly exerted, which
forms the PhilofoPher, Poet, or Orator. Yet
this inward Vigor is chicfly owing to the Bounty
of Nature, is cherithed and improved by Edu-
cation, but cannot reach Maturity without other
B ' ‘ " concurreht
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-¢oncerrent Canfes, fuch as public Liberty, and
‘the friékeRt Pratice of Virtue. ;

That the Seeds of a great Genins in any kind
mef be implanted within, amd cherifhed and im-
‘proved by “Education, are Points in which the
whole World dgrees: But the Importance 1o
Liberty iti Bringing it to PerfeCtion, may perhaps
be more liable to debate. Ars Matbemmatica is .
clear orr the Affirmative Side. The Scope of
the s Mabématiea is this; -that Genius can
“never exert itfelf, or rik to Seblimity, where
Virtve is neglected, and the Morals are de-
praved. Men of the finelt Geniss which have
-hitherto appeated in the World, have been for
‘the' moft part not very defeCtive in their Morals,
«and lefs in their Prineiples. I am fenfible there
are Exceptions to this Obfcrvation, bet little to
-the Credit of the Perfons, fince their Works be-
-come the {evereft Satyrs on themfelves, and the ma-
-nifeft Oppofition between their Thought and
"Prattice detra&ts its Weight from the one, and
marks out-the other for public Abhorrence.

An inward Grandenr of Soul is the common
Centre, ‘ffom whenee every Ray of Sublimity,
either in Thought, or A&ion, or Difcourfe, 4s
“darted out : -For all Minds are mo more of the
Yame Complexion, thin all :Bodies of the fame
“Texture. In the latter Cife, our Eyes would
meet only with the fime Uniformity of Coleur
in every Objet. In the former, we fhould be
-all Orators or Poets, -all Philofophers, or all
"Blockheads. This would break in upon that
ufeful . and ‘beautiful Variety, with which the
"Author of Nature has adermed the rational, as
‘well as the rfiaterial Creation. There is in eve-
vy Mind 2 Tendency,  tho™ perhaps dif?rccl-gtlg

: inclin’
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“inclin’d, to what is great and excellent. Happy
they, who know their own peculiar Bent, wﬁo
have been blefled with Opportunities of giving
it the proper Culture and Polifh, and are not
cramped or reftrained in the Liberty of thewing
and declaring it to others. There are many
fortunate Concurrences, without which we can-
not attain to any Quicknefs of Tafte or Relith
for the fublime Branches of Learning.

ALGEBRA.
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ALGEBRA

S the Art of abftra& Reafoning upon Quanti
I indefinite and general Reprefentations, in otdz lz

folve Problems, invent Theorems, and demonftrate

both : It is a Science of Univerfal Quantity, which
properly implics thefe three Things. ’

irft, Analyfis, which teaches us to folve Queftions,
and to demonftrate Theorems, by enquiring into the
Bottom, into the Fundamental Conftitution and Nature
of the Thing, and in this Senfe Analytical Demonftra-
tions are oppofed  to Synthetical ones: Ancients had
fome Knowledge of this Art, but kept it concealed, whofe
Invention Theo afcribes tor Plato, and he defined it (ac-

cording as Vieta renders it) affumpti quefiti tanquam con-
¢effi per Confequentia ad verum conceffum, i. e. a taking

that as granted or confefled, which is enquired after,
and thence going back by Confequences to what is con-
fefledly true.

Secondly, Synthefis, which is a Method of Enquiry or
Demonftration in Mathematics, is, when we purfue the
Truth chiefly by Reafons drawn from Principles before
eftablithed, and Prepofitions formerly proved, and pro-
ceed by a long regular Chain, till we come to the Con-
clufion, as is done in the Elements of Euclid, and in ale
moft all the Demonftrations of the Ancients: This is
called Compofition, and is oppofed to the Analytical Me-
thod, which is called, Thirdly, '

olution, a Method of Invention, whereby the Truth

or Falthood of a Propofition, or its Poffibility or Ime
poffibility is difcovered, in an Order contrary to that of
Synthefis or Compofition: For in this Analytical Method
the Propofition is propofed as already known, granted ot
done; and then the Confoequences thence deducible are
G - examined
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examined, till at laft we come to fome known Truth or
Falthood, or Impoflibility, whereof that which was pro-
pofed is a neceflary Confequence, and from thence juftly
conclude the Truth or Impoflibility of the Propofition ;
which, if true, may then be demonftrated in a Synthetical
Method, This Mecthod confifts more in the Judgment,
Pepetration and Readinefs of the Enquirer or Artift,
than in any particular Rules ; tho’ thofe of Algebra are
of neceflary Ufe, and-a good Treafure of Geometry in his

Head will be of great Advantage to him in all Manner
of Inveftigations. . - .
" And therefore, * when any Problem or Queftion (as
¢ IVard has it) is propofed to be Analytically refolved ;
it is very requifite, that -the true Defign or Meaning
thereof be fully and clearly comprebended (in all- its
Parts) that fo it may be truly abffratted from fuch
ambiguous Words, as Queftions of this kind are often
difguifed with, otherwife it will be very difficult, if
¢ not impoffible, to ftate the Queftion right in its fub-
¢¢ Rtituted Letters, and ever to bring it to an Equation,”
which the great and incomparable Mathematician, Sir
Ifaac Newton, in his Univerfalis, fays, that Eguations
are Ranks of Quantities, either ¢qual to one another, or
taken together, equal to Nothing. Thefe are to be con-
fidered chiefly after two Ways ; either as the laft Con-
clufions to which you come in the Refolution of Pro-
blems ; or as Means, by the Help whereof you are to ob-
tain final Equations.

An Equation of the former kind is compofed only out
of one unknown Quantity involved with known ones,
if the Problem be determined, and propofes fomething to
be found.out. But thofe of the latter kind involve feve-
ral unknown Quantities, which, for that Reafon, muft

compared among one another, and fo conneéted, that
out of all thete may emerge a new Equation, in which
there is only ‘one unknown Quantity, which we feek,
mixed with known ,Qixantitis. Which Quantity, that
it may be the more eafily difcovered, that Equation muft
-be transformed moft commonly various Ways, untill it
becomes the moft fimple that it can, and alfo like fome of
‘the following Degrees of them, in which x denotes the
.Quiantity fought, according to whofe Dimenfions the
: ST Terms,

[13
(13
113
K13
3

~

0 . o <
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Terms, asyou fee, are ordered, and p, ¢, r, 5, t, &c.-
denote any other Quantities, from which, being known’
and determined, x is alfo determined, and may be invefti-
gated by Methods in the enfuing Treatife hereafter to be
explained.

-

x=p Or, x—p—o

xx=px-{q xX—pX—g=—0

x3—px?-|-gx4-r X3—pxi—gr—r—0

¥—px3tgxr4rxts X4—p3—gxt —rx—5=—0
&ec. ~ &c.

After this Manner therefore the Terms of Equations
are to be ordered according to the Dimenfions of the ur:
known Quantity, fo that thofe may be in the firft Place,
in which the unknown Quantity is of the maft Dimen-
fions, as x, xx, x3, x4, &c. and thofe in the fecond -
Place, in which « is of the next greateft Dimenfions,
as p, px, px?, px3, &c. Asto what regards the Signs,
they may ftand any how ; and one or more of the Inter-
mediate Terms may be fometimes wanting.

Thus x3%—~p2x)-b3—0, or ¥3—b2x—43, is an Equa-
tion of the third Degree, and z¢4-a2z3—bz3%4-ab3—5b4
= is an Equation of the fourth Degree. For the De-
gree of an Equation is always eftimated by the greateft
Dimenfion of the unknown ({gantity, without any Re-
gard to the known ones, or to the intermediate Terms.
But by the Defe& of the intermediate Terms, the Equa-
tion is moft commonly render’d much more fimple, and
may be fometimes deprefled to a lower Degree. For
thus x4=—gxx_|-s is to be reckon’d an Equation of the fe-
cond Degree, becaufe it may be refolved into two Equa-
tions of the fecond Degree. For fuppofing xx —y, and .
y being according writ for ax in that Equation, there will
come out in its flead yy—gy4s, an Equation of the fe- "
. cond Degree, by the Help whereof, when y is found, the
Equation xx—jy alfo of the fecond Dzgree will give x.

And thefe are the Conclufions to which Problems are
to be brought. But before I go upon their Refolution by
Converging Series, it will be neceflary to fhew the Me-
thod ot transforming and gducing Equations into Order‘i =

2 and.
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and. the Methods of finding the final Equations, according

to Sir Jfaae Newton, viz.

RULE 1

If there are any Quantities that may deftroy one ano-
ther, or may be joined into one by Addition or Subtrac-
tion, the Terms are that Way to be diminifh’d.

ExaMPrLe 1.

Suppofe=| 1| b~ 3a}- 20 = 584 3%
1430 (2] sbt20=8a+43x 5
2—2x | 3|8t x=35b
3—8as | 4] ¥x=56—8a.

Again,

Suppofe = | 1 ?fij—'—lf —b=a+5
IXa 2| 2ab+-bx — ab=aa -} ab
24 ab | 3| 266 4 bx = aa - 2ab
3—2ab | 4| bx = aa
4+ |s5lx= ———.a: Q.E.D.

Again,

Suppofe ==| 1 | abx-}-a3—a?x == ab2—~20by—x3 .
1 -|-a3 | 2| x34abrd-a3—ara=—abi—2abx
2+4-2abx | 3 | ¥3-3abrd-a3—arx = ab?

3 —ab* T4 | x34-3abx-{-a3—abr—arw=s g ﬂwr'uhg
Or, § | x3+4-3abx—adx—ab*—a3. m ’

Hence the fame Equation may be folv’d by Converging
Series, when we come to the other Part of this Treatife,
where the Learner will meet with Pienty of Examples.

RULE IIL

If there is any Quantity by which all the Terms. of
the Equation are’ multiplied, all of them muft be divided
by that Quantity, or if all are divided by the fame Quan-
tity, all muft be multiplied by it too,

Suppefe

/

/




-

. et a==32, p5=24. c3zB.
=[] E-Br_2
Suppofe= |1 « o ﬂ-;—
== ) -L’——-__f_r_-_-_-xg
. e €
Thatis {3]em oo B
3in Num- 4> X% 73x = — 1153
4c0 [g] s=eyart1296 mm39b—r152 =144
Saw 2 |6] w36 =144 =12 :
6436 |7] x=12-4363c 48, QE.D,
RULE IIL ’

If there be any irreducible Fra&tion in whoff Denomi-
nator there is found the Letter, according to - whoe Di-
menfiens the Equation is tobeordmd,?l.thg Terms of
the Equation muft be multiplicd by that Denominator, or
by fome Divifor of it. :

Suppole |1 - ir=s

1Xa—x {2 cx-{-ab—-bx;:ax—&a

a2y | 3] #taxfab—br=ax

ge—ax J4| #*Fab—br=0 -
4—ab |5 r—bx:-,—-cb:a%udnﬁnoﬂhe;dl’qm
scO 6] ¥ —bxt-3 8 =z bp—ab T
6mz 712 —32b= —ab . .
ytis B8la=is£VFE  QED.

RULE Jv.

If that partieular Legter, accopding t60 whafe Dimen-

fions the Equation is to be qr&. be involved .with

an irreducible Surd, all the other Terms are tp he-tran{-
pofed to the other Side, their Signs being changed, and
each Part of the Equation muft be once multiplied by
itfelf, if the Rogt bga Squaye one, or twice, if.it bea
Cubic one, &', ’

Sﬂmﬁ;



Suppofe—=
I—a
262
3+ax

4 —— aa
s+w

6-}-a

Suppofe —
1@ 2
2t

“«—a
29’ 2
5+
62y

Suppofe =
1+4a—x
263
g—a*x
4%
5144a’x
6—a3
7—2ax®
8-+a
9+ 4ax
10¢0

ITw2 |
12424

N oMb Do

?‘3

N OB W N et
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I

b
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Vas—ax } a==«
Vasg—ax — x—a ... ,
aa—ax = x?*—zaxtaa
a8 — x*—ax4ap.._ .. ... .
xr*—ax=—o : :
X—a=—o o .
x—=a. T Q.E.D.

‘ Again.‘ .
N ey
y= Vlay-b"r—a a/afy‘;:zl
n=aty—s gy
2y =a Jay—yt
y=day—pr .. .7
» = gy—y?
292 — ay . .
y= Lt " QOE. D.

2
Again,

. L |
43 ¥ 2P —28 — adx = o
Vasfzai—x3 — g—x o
% 4-24%2—%3 = a3em3ax |- 3ax2—x3
2ax3—x3 = a3~—4a*xf-3ax1—-x3
a3—4a%x - 30x* = 202
a3 4-'3ax* o= ga*x. 4 20x* .
3ax* == 4a*x < 2ax*—q3 .
axt == fa*x—q3 .
x% e pgx—gt ' P
¥*=—4ax = — g% = a Quadratic of the 3d

Form. - Co

XV W+ 44.‘_::_. 4""—"“. = 34$

r20== Y37

* =221 34 Q. E.D.
RULE V. :

“The Terms, by Help of the preoéding Rules, being dif-
according to the Dimenfions of fome one of the
ers, if the higheft Dimenfion of that Letter be mul-

tiplied

L
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tiplied by any known Quantity, the whole Equation muft

be divided by that Quantity.
Suppofe = | I | 2acx3 — c*x3 -}~ a3x*-}-atcx — 2ac3x-4-
a*ctx—alct =0 L ’
3xt | a*cxt—2ac3x |- a*cix—a3cs
1=-2a0m—c? 2 83+a X a®c¢ 2 Ax /3
a3tatc, ., _a% __
Or, 3 M"I"zac—o:c"r e 28—¢ =0
. 2
Subftitute p =‘-’ﬂ1§; —aqt ==y, and
, 3ac—<
—2_ ——N.
fprogz—N = o. Hence by C
uation is | 4| ¥34-pat—gr—N —o. y Con-
F.Al verging Series the Value of » may be
found, and is thewn in the enfuing
Treatife. QE.D..

RULE VL

Sometimes Redu&ion may be performed by dividing
the Equation by fome compound Quantity, -

: . B. But I muft beg leave to acquaint the Reader,

that this Way is very difficult by inventing proper

Divifors.
Suppofe =1} y - 2¢* 4 3bey — b2
1 + 2|y —by*—3bey4-b*c =0
2==y—b {3}y =0
3tbe 4y e
4 0 sly | r=be4e*
5wz |6]y+c=bctc
6—c¢ 7|y = betc*V —e. Q.E. D.

Here I fhall vgive the Explanation of the 4th Step, vig.
1—8) y'taeyr—byr—3peyAbc (" taey~-be.
zi_ﬁz t - N

2

:20:—;31;0
- beyHbre
bﬁz—{r—b't
o o

RULE
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RULE VIL

. _-Sometimes alfo the Redu@ion is performed by Ex-
traction of the Root out of each Part of the Equation.

Thus == J 1| 2% — ax—5*

I—ax 2| at—ax == —p*

zem  |F[eeetiee = i
Fwse 4 *""f'l‘-"-"-. a—‘:-‘—-b‘
stia ls :=;ai."-.-"4£—b-.

And thus univerfally, if you have s = p. ¢ ; » will be
2= $p+ /3ppg. where § patid ¢ dre to be affe@ed with
the fame Sigms a8 p and ¢ in the former Equation, but
‘#pp muft alwaysbeapade Affirmative.

. For ExampLE.

'Thls = [1]s*=pxrFyqg

I—px 2| d—px—T ¢

260 | 3fat—pr-t-ipp==ippyg

3w2 |4l s—3ip=dappyg

4t ip tsla=gpt oippg QE\D.

And this Example is-a- Rule, accordinig to which all
Suadratic Equations may -be redused: to the Formis of

Simple ones. :

‘ For Exaspsr. o
- S“PP"&.?«‘"':'-—’?’— -+, to extra& the Reat y, com-
pare —z-f-’-“ﬁ?‘} anj a+'=Eyg 5 that s, wifé‘-if-“’fot £
?,.a!;d%-l-x‘ forgp*:q; and. thére will arik",—_-
55—+’I-’:-:-+=°, or:ﬁ%—vg:x:um

the fame Way, the Equationyy =uy = 2cy -} a*— 41-:,
. . y




[ 49 ]
by comparing @ — 2¢_with p, and a* — ¢ with g, will
give y=sa—c 1 y S ar—ac.
Moreover, the Biquadratic Equation x4 — —ats* |-
ab, where odd Terms are wanting, by Help of this

X S SN

Rule becomes xx — — ¥ a* 4 ¢/ {a+-\-ab?, and again ex-

tralting the Root » = ¥ —}a*+ vatfabi. And o
in others. Q. E.D.

Here follows a few Examples promifcuoully fet for clear-
ing Equations.

ExaMPLE I.

Suppofe = | 1| 3»* -} 5+ =232

Cr3 |2 e= 222

. 3 3

2c0 3|l S, 25 =232 4 25
tyr = T

Thatis |4 x‘—l—--sz—x-{- %.—:31%:64‘:25
S = 2809 _ 4 2

qu 2 5 x+6x—'i‘/36 —iT

hence 6].x ="'_56 53 —8. or—g —.

Q.E. D.

ExAaMPLe 2.
Suppofe== | 1| 7#* 4 g¥ = 1498.
§ - 7 2 xt+_9._x-=£ﬂ§
: 7 7

1.9 81 _ 1408 81
2¢0 3x+7‘+196_ 7 +196

That is, {4 xr_.[--‘;—-x-l« B 420%5

196 196
_2_= 42028 __ 208§
4w 5| =+ 14 v xgo,—i 14

91205

. 2
Hence |6 = == 14y Of — 15—

‘ g PROOF.




Ergo
And
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PROOF.
Here let us prove, that x —— 13 -;'—‘-.
7 7
x":,‘i}ﬂ
49
xt — 11449
7 7

‘And

Confequently

Suppofe —
I-9
20
that is

4wz

hence

~ Now we ‘will prove, that x=— 3 —.

.

10 —96
for=ogx—=T==03
11449—g63_ 10486 __

7atbgr=—— =1498.
Q.E.D.
Exampre 3
Qx* —x == 140 .
x* -—...x_. f—] I—4’?..
9 9
x I __ 140 I

1 _dy
T T8
=1t — 2.8

PR OOF.

x=—3-%-, or ;,35. Ergo;*: x—;—:s, and g2

. I228

— 3

Y




[351]

1225 _ =35 _ 2 E
—.__—_.—-md—wﬁ._'—l’(-‘-——v . rgogx
9’ 6 9 '9 g9
1225+4-35 __ 1260 _
9 9 .

ExamMPLE 4,

— 45 + ‘116 —
Suppole ” N2tz wts !
ixavd-3 | 2 4_5+"L3iﬂ:53__.—,4x_‘_u
<13 180x+225+232x-}.348—-56xz ox
BX4ES + 843\ 105 +7
svie. | 4] 41axt225+348 =56 f154x105
4, viz. 5} 412x-}-573=56x24 1542} 105
s+ 6| 258x 4 468 = 5642
6+ 7] 56x2—258* = 468
. .__'5__ 468
7-~56 | 8| * =
2‘8 66564 468 66564
8¢ (@] : X:— = x
?J 50 RYTvi 12544 + 12544
re] a2 — 258 +féi£4-_—!°_4.83 +66564
Thatis Sb 12544_ ; l254,4,
0 xz_z<8 +66564 171396
50 12544 12544
—258_ jae |
1nmw?2 122 ==t
Hence |13 w=T2s8Fare o o _ 11

112 28 °

PROOF, that x is =— 3 JL_,
\ 28
1X

X e [ e

_—29 — —29
28" or = —o=. Ergo 28 = -;-;-,and

2% {—3— ';9+ 42 ——, or +—3-. Therefore —43__
14 273
== 45, divided by -;, or (which is the fame thing) ==

H . 45 X
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45 % ._3_ by Fra&tional Divifion — -6--';0 = z210. Again
4x = —5 and 4x 4§ = J'9+‘3i—'?’ and

116 = 116, divided by —71' = 116 % '_}?‘:—-203.

4xts
Thcrefore 45 —l- 4;:: s—— =210 =203 =17.
Q.E. D.
Examrpre ;.
1 ﬂ axt | ct\ T — ga%® | &
Suppofe - a 4b2 z+ 4? 4b2y2 4
182 |, aby a*c? + o
a’ 452"2 4y*
x a* _ ot e
2xa" 13| 4byr = e + >
34 |4 | 16yt = gar . 2V
4
4% 4]’ 5 64_5476._. 4atcty? _l_ 451 1g%¢%
sy* | 6] 64b4yt = 4atc* | 4b2a7c
64 7 | 16844 = a4cr 4 ba2cr
N 4 — atci-brarc?
1
; ‘/n4c=+b2a2t‘ — asc*4-bra*c?) 7
Bug 9. 1064 1654
Q. E. D.
Examrre 6.
o
Suppofe = | & I L—:,::VF"—”; =a—x
: ‘1_’ - * S——
162 2! L 2b€x+x X bt—xt = a‘—qzax.*_‘-i
That is 3 4 —xt a‘-—zax-}-.;’

3x 8
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3 x 5* 4 123 _‘_ zblx—szs — = "6"—2“6“

A4 b2x®

or thus |[g| —a4— 26x3 4 2b32)- b4 = G2}  am 200
- brat

s+ 6| —xt— 2bx3—b*x* - 2b3x } 28b%0 =
a*br—b4,

Which is an Equation of the fourth Power, or of four
Dimenfions, and may be folved according to our Method,
that we fhall lay down for Converging Series,

ExamrPLE 7.

Equation, { I |.25*—a*42ax—x*=a*—2ax-}-x*—4ber
or 2 | x* — zax — gbx4-a* = —x* 4 20v }-
26* — a* .
1,2 ; 3 | 2x2—4ax—4bx = 2b*—24*
32 4] *s*—r20x—2bx = b*—a*
4c 0 5 | ¥*—2ax—2bx\-a*-|-b*—2a*b-4-2bb
5w 2 6 | x—a—b=1V 2ab+25bb
6 1 7l # = a} b+ &/ 2ab4-206. QE.D.
Examrre 8.
Suppofe = | 1 | axr—rt—b v a*—2axf2x*
162 2 | x—2ax3-}-a*s* = b*a*—aabrx-|-25%5"
2+ | 3| ¥t—2ax3}atyr—2brxt ) 20b0x=ba"
Add to both Sides a*b24-5+
cO | 4| xt—zax’tatxr—28302 - 2ab3x |- a?b*-
3 1. s=arprdde
4w 2 5 x‘f-ax—b’ = —b4a ‘—{—0":“0’51@
§+5 6| xt—gr = P—bi/ar | b
6c0 7| #—ax+ } aa = } aa - b*—b 35
w2 8| x—1a=Via4b—b Yyl B
9gFials x={-a:tt’ia'+b‘-6¢a—":T—'F
Q.E.D.

ExaMPLE.
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Examrre .

.

28—x== o/ 4ax—4xx | ¥ 4ax—33x—aa

4" —4axtxt = qaxr—4xix2V gar—gxr
X ¥ 4ax—3x'—gi+ 4ax— 3x*—a*

§5a*—12ax -} 82 = 3 4/ 4ax — 422 X
Vaax—3x2 g% ' '

2564 — 120a%% -}~ 2244%x% —1q2ax3 |-

. 64xt =

4 X 4ax—4px* X gax—3x*—gt = §0a*x*
—112ax3—16a3x}48x4

1654 — 80413 |- 1444*** — 10403 |-
25a4% == o .

8x3—36ax* |- 54a*r—2543" = o, hence

by Converging Series the Value of 4
will be found,

ExAMPLE 10.

Bpabxt % | Pk —cr
=a

P2l =a— [ LIy o e

br—2bxtx*—c* = a*—2a ¥ F2bxT-
Xiemet bt 2bdxt —c*

a*-4bx =20 /bt f-2bxf-x*—c*

a4-8a2bx - 166%x* = 4a*b? | 8athx 4

4.4’#‘-—44"("
g = 4AbI—4at P —at
T 16k —4a*
_ /i“b""‘W'"“—Q“.
N _
Q Eg D.
ExaMmrr ) 3
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Then -
2t

3c¢0d
4uw 2

Equation
Then

2 +

becomes
4.-1-2
562
6+

qu;ation

“vibw N
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ExamrPLE II.
29yt e st
2 X o ey a =3 iy famte
Seeing the Divifors are both alike
they vanifh,
2y*{-4ay+2a* = 3*
y'—4ay = 24*

y'—4ayt-4a’ = ba®
y = 2a~} 4/6a*.

EXAMPLE 12
b cr—mr -2y ¥ A3 4*
L Y =4 ‘
brer—mi L2y x /F—F 1y =12d X
&yt
2y X 21/:*—‘1,'-1-;;* = 2dc* - 24yt bt

m

Subftitute 21:"—!5’—-'(’+n" = 2g, then
the Equation

2y X Jc’—b‘E' = 2g{-2dy*

3 x Ver—bidy* =g\ dyr

yyet—ybiyt=gr - agdy*4-d*ys -

d'yv—y™2gdy* by cly*=gg. By
putting the Equation into Numbers,
the Value of y will be found, by com-
. pleating the Square,

~ExXAMPLE 13

. -

a‘xd

L - 2 . atx?
- ebateby ¥ T o
zcbx+2e74'+~- 2dc ' 28 -
dc S : -‘—-x
. b N ) . ’ -

. em— -
. . 1
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1 xde

2Xc¢

2¢ Van,

Then

| EXxt-c

Reduced

Equation

162

at

4

’da ‘x‘—-—dt‘ 2%

" darxr—dcte® + elw + ebc

datxy dee® :
ebxt-ebe _crxt gyt

2¢ebx-|-2¢bc + 2de ~ 2bcx

—— e X

2¢
datxt—dcter + ebx—]—ebt __ cx—a'x
aebcxt-2ebc* 2dc 2bc .

L oy 4

2¢
datxt—dc2er +ebx--—ebc _ Cx—a’x
ebxN-ebe d - b
bz
3 ¥
Tranfpofe —efT ¥, and fubﬁitute m, for
cr—a*—b* b
) 4

ebc
ebx |- ebr + ™

._.._.. m x*

eb
4= mex

| d2arxr—drcre* -4 bt cxt-e*b*c* = ebdmx*

+ ebdemx.

Hence the Value of x may eafily be found,

by compleating the Square. Q. E. D.
ExamrrLt 14.
V= T S D VT
x*-4-34* — wa W —3a‘+

4 4 4
L i g
4 - b
xa ax?

—;—-—-—-.:V:A_’_y x V.\"-—.sat

362
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+ T

[ 3

6-—a ?
7=

8 w4 9

Suppofe | I

1t 2
282 |3
3t

4@2 |5

5t 6

6 reduc’d | 7

7= |8
8 v at 9
gcO .Fxo
w2 (I

x4 aﬂ- a*x4
S TP m etz x
4 4 4
Pt et o
& &. o & -
40 ¥ —gabit = —qatb*
4l 4zt = gaSH”
P
'4#-4'
_ V9% E.D
X = —T——e o Lao (Y
ExaAMPLE 15
KX ; &4 F-l- t—*- 22
- . I
2 e gam ¥ = —_"1)‘
” ———
g Xaa = x%
= x"—it
xx
)'_
»i‘{_ aa 2x Xaa__a*x
aa o2 xx
6
L aat— 25 gt ot ok
= gxt—4a*x*
xs ]
2 T i,
w824 xb6—gxtt- 24557 {-a®
Wh——gaxx—at =o0.
xh—q®x? = a*
xt— a*x* {-Lagaa = at e kot = ‘%— a4
‘-
x‘-—-’;a’:-‘% a4 "

1 : nk
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Il'i 12 x’=-:-.a¢+-4s.-a4'l

) .
nwz 13 s =jatS A That is

o= J “,,,J%' RN "‘;‘J%m-l-J—f—a‘. Both which

= V3
are the fame, but a different Way of Expreffion, the lat-
ter is called the old, and the former new Method.
But left the Learner fhould be non plus’d how I divide
the feventh Step, I thought proper to give him this
' EXPLANATION.
4 2 642 | 48 2emggh
xl—-—a*x’--al ).,-1:8_.‘z x‘-—-a;xﬁ-{-za %% }-a8(x4—arx
—a?, x6 Pzasxl .
—a*x64-g4x44-q0x*
—'a"-"’"jr'd6x"+as
o o o

"ExaMPLE 16,

Given 1| dVi—s= ———

: [ s2a®

. — G —
E 16 2 2 {Id X1—ss=T"__
‘» . ssaa

That i dss = —————
f is 3| dd—d. —aa

3x |4 drstedistat—d*st—d*a* = s'q*

) s2a* '

4=d |5 :‘-l-‘-s*q‘—s*-—a’ =

5 . 6 ] Shomstemmsigh ag? v ‘%: =0,

ExaMPLE

-

4
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Examprre 17

Given 1 b‘-]-axa';‘ x c‘+ax'F' X s=dxx bz

o e

162 2| B  raxt xcP - ax* x5t = drxr x
5‘—x‘+c’—x‘+zdxxbmf
% c"—xa’.'

That 18 3 $* X a"’“‘l‘b;‘:::’i“""‘f"f‘ + P,

bt ——c® = 2dx X x4 h2x? == (2x2
F 5. Henceby involving both
$Sides of the Equation, and ordering and tranfpofing the

Terms you will find the Value of » will arife to an ad-
foted Equation of the eighth Power. Q, E. D,

Of Transforming and Exterminating
the Unknown Quantities,

'W'H E N in the Solution of any Problem, therc are
more Equations than one to comprehend the State
of the Queftion, in each of which there are feveral un-
known Quantities, thofe Equations (two by two, if there
arc more than two) are to be fo conne&ed, that one of
the unknown Quantities may be made to vanith at each of
the Operations, and fo produce a new Equation.

And to exterminate Quantities, you muft obferve.

Firft, to know whether the propofed Equations be re«
ally diftin&, and depend on one another : And Secondly,
whether they are more or fewer, or whether they be equal
in Numbers with the unknown Quantities, which are
contained in them ; for, if you have never fo many un-
known Quantities, yet, if you have as many Equations for
them, they may very aﬁg' by Reduétion be brought to .
one Equation, where only one unknown Quantity fhajl

I12 - * 2 remain,
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remain, for all the unknown you may caft out at diffe-
rent Subftitutions in your Operation, except one, which
you may find in known Quantities, and then after this, or
any one, is found, you may fipd the ofhers by the Rels-
tion you will find them to have by your Operation.

But fuppofe you cannot find the faveral unknown Quan-
tities in-the feveral Equations, their Expreffions may be
difcoxered by a Procefs not much-alike, I mean, By find-
ing divers Ways by avhich the fame unknown may be ex-
prefs’d in the Terms of the others unknown and given
Quantities : Therefore the incomparable Sir ffaac Newtop
has given us the following Rules, - o
© 1. When the (%Jantity 10 be exterminated is only of
.one Dimenfien in both Fquations, &pth its Values are to
be fought by the foregoing Rules, and the qne made equal
to the other; as Example 1. 2. 3. &c. :
1. Whaen at.lealt in ane of the Equatiops the Quantity
to be.exterminated is only of one Dimenfion, its Value 13
to be fought in that Equation, and ¢hen to he fuhftituted
in its Room in the othér Equation ; as Example 5. &c. '

" IIl. When the Quantity to be exterminated is of more
than one Dimenfion in both the Equations, the Value of
its greateft Power muft he-fayght in both, then ¥ thofe
Powers are pot the fame, the Equation that involves the
lefler Power muft be multiplied by the Quantity to be
taken away, or by its Square, Cube, &c. that it may be-
come of the fame Power with the other Equation: ‘Tiyn
the Values of thofe Powers are to be made equal, and
" there will come out a new Equation, where the greateft
Power or Dimenfion of the Quantity to be taken is diou-
nithed ; and by Repetition the Quantity will be exter-
minated. ‘ ' .
' ' ExampLE 1.

Thus { 1] aty=b4= }Qlefcb‘y, and how to ex-
Suppofe ¢ {2| 2y4-z=73b terminate g.
a—b 3 a+4-y—b—z7Now {esing we have the

1 4 = g Value of 2 in both Steps
2t 41T 2k D fubfitute its Value,

fy—b =2, L

Thq;s [ K ll—b— 2 -
5im.61=ﬁ§i Q.E.D.

- ExamMprr g




sappoic $ 13 | o
142 3
3—ab 4
4t &c. |5
§x ¥ 6
C6x2 |7
hence 8
Suppofe \®
and 2
1+z |3
2 - X 4
— 4 5
16
Suppofe 1 ;
1—5* |3
3= S
4=3 |5
3=s |6
This |7|.

(6]
ExAMPLE 2,

ar--zby—-d}Q"mex her¢ y is to be
extemminated.

¢a-—z57+*7 ab--b*

ax=aqb—2by4xy =b*

ax—ab __ W

=I=5

ax*—abx _ 1.

ax‘-z-l:abx=263, which redueed by ¢ O
s=30% 2 4 50
Q.E.D.
ExaMPLE 3.

;}'_____’ g }utexminzte %
xfy=12
ay =z
X
-2 —siy. Hence by Reduion we get
‘+xy=ay . Q.E. D.

ExAMPLE 4.
;,,'ti;;ﬁ’ }Qt_lerex and }.
w=—s5¢+3"

3’:&—&{“‘*‘“34
3

sehSteps

are = Subft. its Value,
,-tﬁ' = g xafegy? ,:«lucd we get
‘%Now we have got the Va-

X =

lue of x, we i{mt its Va-
23415

Jue in xhe it Step, an
the Equation is

per
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persub, |8] SEZ2 16 4 qurbao

4y‘+6oy+2zs 2rp1s
- Which reduced out. of Fraftions is

-}o 69y‘-—9°y3+7zy‘+4°:+3t6=0- _

Examep L r 5

Suppofe |1 |my: =103 :

« and 2 x"-l-]‘—by—-a.r .

Ty - 3| ¥ -.—y—fub&tute—;—for ¥ then the

fecond Step. o

bocomer |4 9" = by 22—, w:.,cmma
RN [ AT

EkAMgLs '6.

1} 3-]-,3‘ — |
Suppofe 2 ;S—xs—b Erequ,n'ed # andy.
1—ax3 3| P =a—a3 :
Al i Eatars
5 a-—u'3_=b+x3
5+x3 6| a=5-422
6% 7| 2% =a—b
72 8| a3 =f-E-b .
8w 3 9 x=:/€._2;b :—_Ez—}'. Q.E.D.

UnivErsarLry.
Let m = the Power of the unknown Quantity.

Then §|1 = flwandy =1

I—)* 3| —ag—ym
2—y= |4} —x" = b—y"
v —2a" |5l —"=g—am

5+am




s+
5=6

7+
83— b

92

0wy 2

10

‘Ow\la

11

Q.E.D.

Three unknown Quantitics, how to find their Values,

Sapi)OTe 3

12
22—
4=5

6xa

7x¢e

8Y-caz
5
3

£ =12
13 reduced

ExaMPLE 7.

-ﬂ- =~L-—-z

a c
-9 .
zy == az
€Ty = ay—caz
zy\-caz —ay

— b
I, . . |
< = )
y—bez=cz4Y

=%
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!4-2-"_’_' Is'zz ct-be ~ >.
= 9 __ - :
=15 s m—%—é"
16red.  |1y] acy 4 abey = beyr—c® * e abcyemiray -
17—abey |18| aty = bey* — cYy2— c2ay ‘
18- |ligl a=by——0s-.
20 4 of 20 8at-ca =5y—-¢y

. atac ‘
20+ P.p:m.- R Q.E. D,
' ‘ EXAQPLB 8. |
1| ned-my—pz —a
Suppofeg 2| ra—gy{-sz =& g uere ¥, y, and z,
. 3| gx-+-by—Iz =c ~Q ) ~".’"
14pz | 4 nx—l-my=a+pz
4—my | 5| =atpz—my
. . 6 a--pz—my.
5~—n xr = - -
2_‘_t , 7 rx=b+iy-—.5z
9 ==r 8 x=éi9:i2,;
ro.
3+ 9| gx = r—hy=Iz
g+~g |0 x=‘—\g—lz S
6=8=10|;;| t3—mr _ bhoyy—sz __ c—hy—Iz

n . r . g
6=38 [|ra] attr—my _ttgp—s=
n o
12 reduc’d |13 7@ 4 prz—mry = bn - gny — nsz
131 14| prz == snz = bn - qny — ra = mry
14 15| z = brdem—ratmry
4= - prd-sn
6=10 [16]2%2 a—my __ —hytlx

n g T
16reduc’dliy | ga - gpz— gmy = cn—bny 4 Inz
7t




37+ 18
18 =~ 19
15=19 [20

22 == 2317
1

Suppofe ;
' 2
1+ 5
2+ 6
6~—m 7
§=7 8
8 reduced | 9
9:t 10
. JO = i!
3% 12
T2 = 13
=13 |14
34 reduc’d lts

[ 65] ,

Inz—gpz—'-"-ga—zﬂl-cn-}-nby
= gﬂzgngy—-tn-{-nb,

b"“" 1’9""M+mty _ ga—gmy—n T by
pr—{-m In—gp

bin* +gnz1y—alnr + Imnry—bgpn—qgnpy
of-ragp—mgpry=ragp—prgmy—pren
+P’ nb]—l-ansg—-gm,”y_u.,,a +, b nty

Hn’—-alnr—bgpn Arpren—ansg L scnr =
praby—gmnsy +sbny—gn* ly—imnry

+ 2ty
__ biw—alnr—bgpndpron—ansg=tson*
ﬂ.—-gmnﬂ-sbﬂ—-qu‘l—lmnr-]-qu.
Q.E.

" ExaMrrLe g

2tnztnylmu=a .
Jz—-ll—;x—l-fs«{-t: :—.=¢ Quere x, 5, %, &.
stgetgnfp=4d)

X = a—n%—ny—"nu
mx = b—sg—my—mu
H-—m——mn
m
G—NZ—Wy—NY = I’_"“-:Z-—mu
“”’—mz—mﬂ}—mnu = H""’Q——ﬂl‘
4 ny—mnsi—b+my\-mu=mnz~a

= am—mny—m ny—b~-my~-msu
mn—I
pr= t-;y—-}z—pu
X = __._t‘—?—p E—E
b2ty —mu o I pa—pu
” ?

mipu
K 25 4



15+

16 +—
4t
t18-+-q
,\=19

" 20reduc’d

——

24 reduc’d
25 &
26 =

23=27

: 28 red, %

24+ &e.

’30‘

22

23

24

25
26

27

29

[66]
mpz—-—pz:tnt—pb*,-pmy-—my
. =‘pyc—p5+pmy—m!' ' S |
- omp—p
gx—d—-u-—qz~gy
x = LAy

b-z-—m:y—gmu — 'd—-u—qz-qz
m . . q
bq—qz-—mqy — mqu=md— mu ~ mgz%
— myy =

mZ—gz=md—my—mgy—>bq -gmu
md—mu—>bg-\-qmu

mg—q : S
d—t—qz—gy

‘q
94— gn%—qny—qnu = d—u—qz—qy
9a—qhy—7"u—d+u—l -y = qnz—qz
z = (10— —qnu—d~ul-gy

gn—q o

md—mu—bgtgmu __ qa— gny—

z =

a—nz—ny —ny =

mi—q §n—q-
qrm——-d—{—u-l—qy -

”—9
mgnd — mgnu — bg'n\- qzmrm — qmd +
gmu —+bg*— g*mu = mq*a—mgq*ny-—
g mgd - mqu + mgty—g*a -
q*ny-}-g2nu +gd—qu—q*y

y= mand—mqnu— bg*n. + bgr—mg*a 4-

¢*'m+-g*n—g*—myg*n
2mg*nu--g*a—g*nu —gd+- qu—grma
lm-}-q n—g*—mg*n
Q.E.D.

- R, -

Ak

~. Examrrs




ExaMPLE 10, -
wr ey =w3Y
yE—XY = x%. .
y = —Z2_. Putthis for yin the firft
Z—X,

[ P 1

Step, then it will ftand,
. xiz? X3z
22— 22x+4-x* + —_ %
2x 2 —x4g = 25—2ztxf-zixt
2032—x4 = z4 — 223x J-22x*
z4—2z’x+z‘x‘——zx’z+w4 =e.
Q.E.D,

ExamMrprLe 1r1.
¥ixyz=a . . y
xlyrdxtyz = b
xzyzzg_kxz] =c

S‘uppofe 1
2
2+ 3
thus 4
4 X 5
[k 6
. 1}
Suppofe z 2
3
L
1+ 4]
2t 5
3% 6]
4?5=6 17
7s 8
8 reduc’d 9
9 =+ 10
10 == 11
5=6 |12
13 % 13

19

a . ! R

1+y‘z~ ‘+yz J‘zf"ﬂ;

]Zz ]3+yz

ot Sl ‘

blx_ayz._a]‘l_b . . e s
‘z"ay’-—b e )
e
¢ -l

ym - yE Ly C
5J‘=‘+bf Aoy o '

Kz 13 4

<



T
—lT

i3t

118 2
Then

16 iy*

III X ¢y
hence 14,

19. reduc’d

Suppofe
r+

-—
fan

Then

392

Then

66 2

[68]

14 bzzz.._c’z =% ‘7"'-‘]

ayr—=br -
N PRy =Y
16| o8 —  $ Y28l 4br,
‘J‘*—Mbﬂ"" a’ys
7] byrar =2 2byt——2ab*y*4-53

ST b**—2aby-t-aa

acy*—bc
- —a
fo} 0?5}4,—245‘)"4—53 acy*—be
| Yr—zapyt-at
20 a‘ﬁ-bw_[.b:y;.h,o:_«bs t-a J-k—h:v
—ac4b* = o,

Hence an Equation of the 4¢h Power.

18] =

ExaMPrLE 12.

2 .
1T x/"—“——?t-—ﬁF Vidtemi—d,

pxr—gx~tn

?ut m=b—d

2 ax*
3 ~/ e b =A"—F tm
4 a x‘ N B .

+fn’~

Y

v s
- Now pnt—ba-—p—m -.-.‘i
6 p'x_*:;;—_i_;‘ bt = ani un.;
a*xt
7] p‘x‘—zpqx’-]-qzx‘-i—zpnx‘—zqu-{-n*
bb - 2bx’-—x+_4m2 X xf —_— =
4’1‘*‘—4@“- '

H;nce '

—c Eal ‘:"—bo .

pri—grFn = #'-—-~&'--.-c*.+mw_-_-2

a. 2 . . —
Qussc by T

[Pty =
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Hence the feventh Step reduced out of Fradtions, we get
this final ' ’
Equation.  —wp*s8-}-apgs?-|-2bpraf—grxb—2pngb.|-
aqnxS— 4bpgxS — phst ke 2bgiat- apnbct — it |-
2pgh* x3—pbgnxs - Almrat— *hrar - 2pnkaxr - agnbrx
— b — 4’"‘?’”‘ ?W’M*‘*W‘&’x‘+8mspm'_
4P cpst o Bt pgai—Bmignat - 4mtuni i — gmicgia®
—8mrcpnxr4-8micgna—qminic. .
‘Hence the Cocefficients put into Numbers, and order'd,
we fhall have the Equation defired. Q.E.D.

"ExAMPLE I3
1 *yﬁ:_“’
Suppole { |, | S patie=o
1= 3 J’:%

gws 4] ,= /%~ Subltits Valuein the ad,

!

a2 Subt. [s5] 4 -:—,.-f- br=c :-f;‘—'

sxx |6 zitas bt = cafaix .

606G 2 7 ) x‘—-]-szS—lrb%}- 2133’3—‘-“35*‘-’-4‘:
e Xadx=calx - .

7+ 8| xS-2bx54-brx4-4-2a%x3 \- 243 bx*—c"a’x

=0.

Hence by my Method of Converging Series, the Value
;; * b':.ay be found by putting the Co-efficients into
umbers,

- Or the above Equation may be folv’d thys, viz.
Suppo fc { : x.’! = a3 - .

xxtpytbr=0
— Y3 = -‘:-3— .
=277 |31 ¥ = 57 Here put their Values ia the
. . ab Equation. :
3@2 |4 =

2y



6]

2}

e

[

. ° a‘ ot ; o oy ‘, _ : -
3y (5 ‘5_:‘ + J‘ "‘{" 5-}—‘- =¢

sxn 6 d‘+y.6.-+);%‘&=gf o
6xy " |y abyr - y8d- batyt == o7 D
A R R A

&+ . Lq.ﬁ-—giﬁ—tayu-‘ai;a. S

Note, At the feventh Step T have multiplied by »*, and
the next, Step divided by »3, fo ‘there is no need of fuch
Multiplicatian; and Divifion,. by Reafon it--being Part of -
the Square of ,6, but this for the.Infiru@ion of the
Learner, N S SN

A A

Exau\pvng-,-'q.;‘ Lo

x’)’"—]—x’z‘ -—a PR
¥y aizty — 3 :
s Wetd-digtp—r )

z
- 3
A < 1
oW
-+ W N -

a - .
: : N Each are equal to one .
, anothe;. '

X =

N
|
XV
%,
]

w
)
"&
ll

b
y2--=2 = 4=z
br-tbet = ay-taz%y

a . e
yr4-z? — 2 +z'y"
9 reduc’§ 10 d*—*—t‘zi —_ azz+azvz

< o2
I0 =~ 11| g*= 24

~

g n-

£
O oo

g
—_— '
a+ay*~c :
En g

s=6 b =
N i CR s
reducd iyt iet ey = o ooy

13.-2-"




=8= 9

10, red.

759
1+

13 ==

14 G 3

w

©0 NN OO W

-f71]

z: e b,‘.. bwj . . .. *
o o :
Fo—" 5+1’J‘—0

|- agyd-acyl—cty = bty’-l—b(ﬁ—;-c oo

a+ ayt—c = bytbyr—oy?

Yp—gr—ayrl-by =a—c,

EXAMPI.E -15. .

gz =a Subftitute -
+ xz = )

2t xy=c) rx=y; and sx=2z,

A st = a’

rixtsxt = b% *Per Subftit, zs‘ above,

stxterat=c¢

Xt= ‘. 4
g I¥rs . :
. b
X = e—
rée-z -
s . K
* T srder
a __ b . ¢ K
I+r5 rl+: -—-:L_i_r 4
art4as=b~brs
‘ast +ar_.c+cr:
as — brs = b—ars
b——ar®
§ N eeemm—— ’
a—br
b2—2abr*4-a*rt  b—ar-)
B e —————— L
g = ar—aabrd-br* = a—br)

Now fubftitute for the Value of s-in the
12th Stcp, and it

4 X —=r- ,'-I-ar-t--crx .
g——brl B a 6"
.o 0 e Tha!



{721

That is 17 a xb—arn' +arxa—-—br =cxa—-br\

—Cr X b——arr X a~br

ab*—2abr*4-a’r* 4 43r-—1a*brt-- ab*rt

That ii{ 18 = ta’——zab:r-l-b‘cr‘--abc?-(-a‘m

+ brcr*—abert

airé - abert +ab’r’—-a‘:r’ — 25‘0'*--

18 + § 19 28*br* = 28br* + a3r-}- 3aber = ca

- - . Sn— Ub’

Left the Learner fhould not be oble to make out the 16,
. or 17, Steps, I thought fit to fet it down here asan Ex-

planatm, viz.
pi—aabri4-airé bcr—dbm
% 1 6§ 2y ‘br.l.b’r" + ‘:{- &—br

Which, if this laft reduc’d out of Fraions accordmg
to the common Rules of -Algebta, will gdle the Equation

as the 18th Step exhibits.

Exauix.z 16,

Suppofe '
axeetuu=1% "~ ate ¥ awu=b.
ezaa-{-uu—c QOr eaa 4 euut= e,
u')(:e+ad=d see - uaa = d.

Quere the Value of a; ¢, u?
SUBSTITUTE

x=u xx = ux.
yx=e¢ Then jy*=2
‘gr=a . Zdx* =g, . ‘

Then the above Equations will ﬁand, , ViZ,

Z% X y'x‘-{-x'- =b= yl:tzﬁ-]- Wiz
e T A

Equat:
And

4

= a =

1z +z

'
2

And |3 xxy’x‘-}bz‘x'_d..y‘x?-}-z‘x‘ o
s
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-t . 33 = —-—
2 : Jz’;-fw
= 6] 3 =
3 =yt

b ¢ ___d
4=5=b.| 7| ZFz " y=by  pias
7 % 8l hz*+oy =czp* =
viz. 9| &* 4 bz*y =dzy* 4 dz
and o] 9* +czt =dyz* 4 dy
ot || o—dh =z —cz*
— 2§ 2 g'—dy ]Xty—l
1 = dy—c dy—c
For z* put its Value in the above Equations

theny |13 zx, +x="” f—1 . Now this 13th

ey T
Step divided by y*~j-1, and fquared
it will be
. 6‘] X yre=1)* q—-—dxy
3 = b ¢ - =
3 4 T z% ==y
2 2 a

d_‘!.‘."“*’._@ yt+ 1= choe

7 being found we have then x ==

./mmj__l .._.__._4’ —ck
dyom—c¢ ]x’ o X

QE.J.

EXAM?!-E !70

=5
Snppol'ewd ::i‘t f;‘ et 3 Queres, and ¢,

Subftitute » = a-je, and £==as, then
ix x3 = a3 3a%¢ 4 302 -8 .
=2 l

2%x = aq'e 4~2as*

3 Hleamk == = a’+a‘:+¢c' -l-c’ =45 "and
L by
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I;Z'fubﬁituting for its Value., in the firft 23 - = = 5.
ow finding the Value of =, and then fubftituting its.
Value in the fecond Step, we fhall have the Value of x.

Or. thus, .
Subftitute: 3y —a, and -.%- for ; e. in the two given
Equations, then you will have x6 4 x* =5 for the firft,
where you will by our Methoed of Converging Series here-
after laid down find the Value of x. In the other Equa-
tion you have (firft multiplying by 5%, and dividing by 3)
St At = -:—3 »3+  Confequently you will have
' the Value of 5. '
Exampre 18,

Suppofe Z20 ¥ |- 327V} + 620% = a.
The fame Equation may be fet thus,
Mxzt i xzF QT xz=a.

a —
Thenz;-. VE-{-V?-{-:/?‘—A“W’
. . - QE]J.

Before I conclude this Part, I fhall give a few Exam-
ples how to manage' Surds, let them be never fo much
complicated, the young Reader may by what is here done
be able to folve any Equation, efpecially; if the will ob-
ferve the following, as Prefatory -

RULES

“The Chara@ers ufed by A‘lgebniﬁs are jn moft Authors
fhall not infert them here, "Where Note, that the
Cube, Biquadratic, &'c. of x-fy is ¥*<4-2x949*. 3

3300yt wtaxly 462 443404 e, but
there is a2 new Way for Notation in Operations as are
ufed by the moft acute Mathematicians; as

m\' = Square of x -H:x‘-{-zm.
7‘9‘ = Cube of »4v -_Ex3+3x!l+3a’0_h; .

&
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#J7)* = Biquadrate of x4y = xf gty 4 63
4o
33 ¥ = Fifth Power of x4, &c. &e.
Confequently the Square Root of
y34-aay is /y4-ad), or by the new Way = SR
Cube Root of y34-a*y= Vyi4-a%y,)or yEanr
Cube Root of the Square of y34-a%y= Vf-l—za’f-l-a‘;’l
0 8. 3
=—_.7’—-T-¢z? = ”5’?32"]«'
C. Ce

UNIVERSALLY,

3 b= ;) or ab—ai1-@ )i is the Cube Root of
the Difference between atb4-d? and ¢%.

:/a3;t4mor astab+tg 3 's\g, is the

Cube Root of a3 added or fubtralted to or from the Square
Root of ab4-g-tnx.

And :/m4+vaip5+bu1——dd J ZT-F&) or =

maY L aips4- bicd—=ddxaa+-cc \t¥, is the Biquadrate
Root from m* added to the Cube Root a3p$ = 433 —dd,
multiplied into the Square Root of ga4-cc. And from
th‘e}fe the young Algebraift will be able to determine the
reft. L
But Surds may be reduced to facilitate Operations, which
to do pleafe to obferve this

RULE.

Divide the Surd by the greateft Square, Cube, Biqua-
drate, &c. or any other higher Power, by which you
can difcover, is contained in it, and it will meafure it
without any Remainder, and then prefix the Root aof that
Power befere the Quotient, or Surd fo ‘divided, and this
will produce a new Surd of the fame Value with the for-

mer, but in more fimple Terms; as

La .%:'




[61 o

izq—b— Eb 3 the .Root of which @otnent (496*) is 76.
which by the Rule muft be prefix’d thus, 754/} o or 76
x 3. « Alfo ¥xy2\=72)} will, by the fame Way of
Reafoning be y Vzol=y X 25, And this Redu@ion is
of great Ufe; and befides it looks neater and workman-
like to exprefs Quantities.in their moft fimple Terms,

Suppofe you would Square, Cube, &¢..any Surd Root,

it is no more than to Square, Cube, &¢. the Power re-
taining the fame Noté of Radicality ; as for Inftance.

Suppofe you would Cube Y22\ =7ad, it will be /aab
="aab)i. Again, fuppofe ¥mxly)= ms’y?\s were to be
Cub’d, it will be ’me’;t\_ mxigt\i, So the Biquadrate
Root of .o/ xy = xp* is x%?*, as being the Squarc of the
Square of ;;];-, and the. Cube of &/ #x ==5c-a?{‘ will be
n” Ol’ x' .

But it is better, where it can be done, to take one half,
one third Part, &¢. of the Exponent of the Root; on
the contrary, if you would extract the Square, Cube, &e.
Root of any Surd, you muit double, triple, &c. the Ex-
ponents of the R’;dxcah;y, thus the Squarc ‘Root “of
o smp="smpx, ¥ is-

Y smp\= 5mpxl-t, and the Square Root of '

Yap=an\iis Vay = a)*,

" It will not be amifs to fhew how—’-. may be mul-

.
tiplied by 1/: g:%f Th“’:
I 1 3 3 .! 8
- x{/":-;‘?,::x x.r =—-—-xx=x—--—;
—1 r .«
= ?g- = 7oy But to note by the Way this Ex-

prdﬁon £ .
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If a Series of Geometrical Progrefionals be in this
Order, 1. x. x*. 3. x*, x5, o8, x7. 8c. Their In-
dexes or Exponents will be in Arithmetical Progrefiion,
and ftand thus; 0. 1. 2. 3. 4 5. 6. 7. &¢c. But if

. R S | 1 I |
thcyarcFra&}om,a radir il sl T T N
&¢. then their Exponents will be Negative, and ftand
thus; —1, —2, =3, ~—4. b’c, for i oufuppofexzz,

1 x
tbcnwtll---;—,and -;‘—_-—-,and == 8‘
e, OnfyouexpreﬁtbeGeomemcalSmubme

of the Exponents, it will ftand x~ 7, & -2,x_3,x_'4'
» 3, W, Thusm;‘— 4, and —- =5 3

)
&, And 1=x0, xi=vx. x*=xx. &c. AlfotheEprMt
of ¥ = will be §, becaufe as 4/ ¥ is 2 mean Proportional
between 1 andx, fo ¥ isan Arithmetical Mean between
o and 1.

And the Exponent of ¥/ x will be §, becaufe as qu
the firft of the two mean Proportionals between 1 and ,
fo ¢ is the firft of the two Arithmetical Means between o
and 1,

Hence ¥/ and #M, or ¥ and #13, or 3/ %% and
*)# are the fame, but two different Ways of Notation
for one and the fame Thing, the former being the old,
the latter the new Method of Notation, as is fpecxﬁed
above.

1. Moreover, if any Rational Quantity be to be di-
vided by its Square Root, the Square Root will be the

Quotient 5 as for Inftance, fuppofe ma' be divided by ' ma ma)

the Quotient muft be +/7x,
2, When a Surd Root having a Rational Quantity prc.
fix’d before it, is to be divided by the Surd Part of it, the

Quotient will be the Rational Quantity, Thus ¢ ymx
to be divided by 4 m x, the Quotient muft be 4, for
a V mx ’

————==d,
3- Whea

o mx
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-4, When the Dividend and Divifor are the Produéls of
¢wo Rational Quantities multiplied feverally into - one
common Surd, or when they are Rational Quantities pre-
fix’d before one ‘common Surd ;. then divide the Rational
Part of the Dividend by the Rational Part of the Divifor,

- and 'what' refults is the Quotient.

atb* f mn _ .
' - abof mx -

3. But when the g}sfidend and Divifor are two Ra-
€ional Quantities or Numbers prefix’d .to two unequal
$urds, then you muft divide not only as before the
tional Part of the Dividend by that of the Divifor, but
alfo the Surd Part, and thefe two Quotients conne&ed to-
gether, fo as the Rational Part fhould ftand on the left
Hand, are the true Quotient fought. .

" Thus 2Y 30 5 f Pand ZEVEE _ yFmand
Co mx of X

Thus @ = 4. Quotient. and
mx.

44 10

. e I ,
~ Hence it may not be amifs to obferve how D) may

 be divided by —, Which is thus. .

.'*.) : <=,—r) ..i(=,.»_._3_)*_;.=-,
x )Y %) 3 3 3
2 = 4 '
‘ . —— 3 .= vxx o . : ,
. aaxx | 4mnx

Alf = — Quotient,
N Vaa4-4mn K3 @ ’

S=E
Wi = - Quotient.

And
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Jqd‘b—! 28bx-4bx*—qa* x4-1 28 —423)

bb

And

V== =

J@a‘-—xzax-{-‘wj_ 3027 e Q .

7

Alfo

x6bc’—zl$tx:|-96x’-—16c*x+w,t_q,;\

dd

.=

Vi—x

SRt 43 e Quotient..

1 think it will be needlefs to add any more on this
‘Score, but proceed to Equations, wherein Surds are con-
cerned, and I muft obferve to the Reader ‘that not to
ha&entoo faft before he is Mafter of what he is abowt,
and in Time he will ﬁnd the moft arduous will be

obvious,
E XAMPLE
Suppofe ¥ata—bl— =2 4/ ¥h= of5—b)
Then, - ‘
Equation ) 1| o/ada—d— ¥V '=2v/ 5 — V55
1G2 a2« act-ca—bo)\= 4&*—44/ o
For a4-c put m, and a~—b put .

Then m—24 ac-l-cx—-b,:\—'- 4x—4 N xx—bx
3+ 4p—mt-2 V cntca) = 4 o 55—b3)

4G m’—8mx+x6x? + genf-4ex4- 160—4m

VondeR\= 162*—16bx .
m=-8mx+4c-{-4:~+16a~—4m/mﬂ

.= ——16bx
Now put p for 8m—166—4¢, and g for
mt4om.

Then
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Then + |7 160—gm of cnt-cx|== pr—y
F § G2 (8]2 56cnx* 4 256cx3 — 128cmny— 12gems®

F-16em*n-f-16¢cmrx = prar—2pgx
+ 4% . - QE. L.

Exampre

- wm~4m=4m+471\

Equation 1
L 8

then 3
393 |4
% 5
then 6

Then,
VT — = a-+-c4-x)7 - r— J a

2 Jl:-l»x_-a-l-tq-_\r-— Ja+ Vb

For a4 46 put 4/ m, and fora-l-a
put =
Vita'= JafA—m
b4-x = nt-x4m—2 ¥ mnfma)
n4-m—b = 2/ may-mx) for n-]-tn—&
put ¢. '

! g = 4mn - 4ma,

Examrie

Suppole R+ ﬂ-— s g,
Now for ‘.’3_+.‘_3. - and for e—s%fp\lt +’

henec the Equa-
- tion is

‘1;9-2
2 xand ¥

3=~sand I

4>

r - —1 J rt
}'1' . A = -;‘-x—}—g
rr rt
12 “—‘_‘x:: ;;-x,{-’
strixe=sirix—=
rAxemrts == s*p

5| = =2,

N i onn s SR

> w

Hery
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Here you fee how in Equations, whére Subftitution
can be had, how much it conduces to the facilitating the
Operations, and bring them out to Simple Equations;
when at the fame Time, if order’d in their Surds, would
rife to Equations of the third, fourth, fifth, &'c, Power.
Perhaps the Reader will not underftand at firft Sight what
a6—6 f a5)-¢8

e
Surd, he will find — », from whence the above Subfti-
tution proceeds,

is meant by

ExampLe,

Suppofe the Reader fhould, in folving 2 Mathematical
or Geometrical Problem have this Proportion.

- - ~ bl
ax: by Fabatat—at:: fs——o x T a7

c*a*
_b_.J“x__xi.
ca

Now Euclid in his 6th Book, Prop. 16. fays, when four
Numbers are proportional, the Re@angle comprehended
under the Extremes is equal to the Reangle comprehended
under the Means, Hence this

Equation, éf— Véer—x\ = by b*+2bx '+ xt—g* X

2
J 3—-‘-%;»( ¢>—=*, But the fame may be order’d
without Surds thus, involve every Term in the Propor-
tion, and then it will be .
5

Asarxr: bAx b2 4-2bx - %*—a* :: §— - X co—axxt

c*q
—c% X CE~=XX,
Now by multiplyin% Extremes and Means together, and
due Redu@ion and Tranfpofition, we have this

M Equation,

but if he will regard the .
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Equation, x*+f-.283%3 —a*b* ~-2a*be2--2a%b3c2 )’
4o+ x X —atc* %:—.9
—brc? —2h3cr — b2
aa - bb
Hence this laft Method is the eafieft and readieft for
©Operation, for Squaring each Term in the Proportion,
we immediately extenuate all the Radical Signs, which,

when fo involv’d, it is eafy to bring it to an Equation by
the 16th, E.6. Q.E.L : ,

ExAMpPLE,

Suppolt 1] bexmbrminzo o W) |-y P i)

. For be+4m—&, put p. Then ‘

Thenz |2 pr = Y\ o P—da).

202 3 Pt =nt—nrat d —drar
2 dini—2din*x* Frdin x4

Again put =¥ g 80 gty s et

[ . - rnz + f

Then 4 sxt—g=2 v ?"n‘—-zd‘n’x"-}-d'n@

402 |g| stxé—2gex’ gt =4d'n* — B nix?

4dz”zx4. ) .

5 fub, &c.|g! 2 = :g+42::/;:])

QE.I

Here you may fee how 1 fubflituted firft for p, and
—g¢, and 5, So by this Subftitution we have a Quadratic
Equation,

Examrpre,

‘Vx‘-—;l); 2cd-—2cy . .:y*_‘;z %: 2:5_— 2ex
. xr ]"—c‘jx‘ T =k
: ‘Fhen per E. 6. 16, by multiplying Extremes and
Means, we get this

) . . Equation

I x .
.

Suppofe
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. 20b—z2cx f x*—c?\  2ed—209 /yt—c*
Equation |1} ™ oV T 4 yr—a
2cb—2cx __ 2cd—2¢y

% A
2reduc’d | 3! dr=by. QE.L

Here the Reader may obferve, that in the given Equa-~
tion ‘Lf;—;‘:, and ‘./J‘_—‘_‘, the Numerator and De-
AR =

nominator are alike, and confequently deftroy each other,

whence we have the fecond Step, and confequently free
from Surds,

i

Examprrr,

a
Equation ‘ I ‘/W; =b

X
2 ax bas
X x -
' 21 x4 a*xr—gt—x4
. a*x4
2062 = b
: 3 X2 -0 x*—a2— x4 bt

gred, + | 4| —b*x4 4 a%b
+ 8 X =—a2p,
— a’. Q; E- Io

ExamprLe.

Suppofe fﬁ’?" VY = I what's the Value
J
ofp? 1 fubftitute ™ =y, and then the Equation

3,/536) 3 /374 3 a1
457 T e

becomes l 1

M3 that



x8—38 x4

that is 2

x3 a
X

Confeq. X Ty == —,
q 3 2

My Ingenious Friend and Mathematician, Mr. Jouw
TUuRNER, ina Letter to me obferves, ¢ that Surds in
¢ general, in the Solution of any Problem, the beft Way
“¢ is to avoid them by fubftituting, fo as to prevent them
¢ coming into the Equation, as the above,

ExAMPLE.

brx brs

8uppofe = —_—
T—2Zxx y/ T—s2 vV 1—xx B S
J 14- 3x3.
1—X%
Firft, Make the Denominations all alike, by multi-
b2x ..
plying the Term of the Equation Vi viz. its Nua,
brx

PR
merator by 1 —2xx, and then —=——"T—7= =
1 —2xxy 1—xx

bre—2b*x? bes -

— - /14352, Nowall
1—2xx0f 1—x% 1—2xxy/ 1—xx

the Denominators may be exterminated, ‘being all the
fame, and the Equation becomes bx = b2x—2bsx3 - b%s
o/ 11-3xx,) or 2b23=1b2s y/ 1+4-3xx) involve this Equa-
tion, and it becomes 45436 = bas* |- 3h4s2x%, or 26—
_i- st 5= % s*, and now put z=cx*, then z3 — _i'o_

5% = -i— s?, in its loweft Terms,

QOPERATION,
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OPERATION,

brx — brx + bas '
! 1—2x%y/ 1—*) Vi—xad ' 1— 2%
S '
V' 1—xx
1X1—2xx |2 ba = brx—2b%x3
1—2xxy/ TR 1—2xxy/ 1—%%)
bes J 14-3xx)
1—22% 1—xx
2= 3| pra=bra—2brx’l b ¥ 1+3%2
3+ 4| 2brs3 = b2s o/ 1 359)
46 2 |5 4btxb = bas* |- 3477
s+ 6| 4baxb—gbtsixr = Ut
6 — b 7| gxb—3star =14
A 6 3 stxr = ——s, Putz=as
7+4 |[8)¥— % n
g3 iz =1
Then 9 4 2
QE. L

ExAMPLE.

Suppofe xt2b ‘\/b—\—xxm:b—{- ib_'_.
x %

oy 3 ‘ 2
J&-’l—xtlb X 4.b'x _5.

Letn= _:3;., and the Equation order’d will be

x4 4?'4- 45 Vb F 4b%) = ik ‘i"—"ﬂ'
~/4,b::‘.+-zob‘x-{-:61:3\ X m
*

Now » being expunged in the Denominator, and the
Terms without the Radical Sign fquared and multiplied

by
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Ey the Terms under the Root, and the former Part of the
q

uation multiplied by ¥, and the latter by n*, it will
ftand thus.

' | xtpe8bx3)-24brx n'xkl-xoa‘bx1+33n’6‘x‘

3263x4-1654 -4on*bdxf-16n* bt Now
Multiplied by 44*x( = multiplied by 4bx* |
- 4bxt 2055|1653

it is evident that it will produce an Equation of the 6th
- Power. ,

ExamprLeE,

by 1mx me m__

Suppofe 1—2x%  ° I—2%% + zx/ I—xx?
% N

or b iz —me " Now multiply the
I—2%% 2xy/ 1—x.

firft Part of the Equation by 2x x—xx,l and the latter
Part by 1—2xx, and it will be

2bx—2bxt—2mcx  1—xx1= mi—amex*, or
2mex*>—2bx3-2bxy—me = 2mcx J1—xx, By In-

i -+ 8mct
volution 452x6—8bmcxs — 852t 4 xzbm:"’ + 42*
——8”],‘"”‘

—gmbcxt-mrct = o,
OPERATION.

W i—xx)_ me + me

1-—2xx 1—23%  2%f I—xx

Equation | I

by 1—xx\—mc __mec
1—mc 2 = ==
I——3xx 2x4/ ) —xx
My P S —
2Xaxy/T0) 3 2bx—2bx '2mcx V4 2
1——axx

3X1—25% | 4| 2bx—2bxd—2mex ) T2 = mo—2MCx2
4t 2mextmm2 b e 2ba—tne == 2mex JfVHE

5G2 .

wn
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s ~+-8m3ca
502 6 | 4b*x5—8bmexs — 844 y2 b
+4b

—8m?*c? xi—”"b“""'m". =0.

ExAMPLE.

pofe ~fay/rr—zxx) az,/ r;‘—-xx\

' Vv aa—zaxﬂ v 2z zzxm
would find the Value of z, proceed thus,

and yoi

Equation | 1 _farr—ax) rr—wxi QT rr—ax

Vai—zaxtrr) Vit oot

1xya—|2 jh,/rr—xx:azl/rr—xxx Jaa—2ax+4-rr
2a%, &c.) Vaz42z5 4+ rr

2x V2| 3 Ja Jfrr—sxx x J2z428 4 r =
225 YL azy/rr—%% % sJaa—rax=4-rr

s+ vz | 4| faV 227 trr = an aerax £ R
4=a |5|fYaFazxfrm= 2V ag—2a¥+-rr)
562 6| 2 X w42extrr = 2* X aa—2az+rr,

QE.L

ExAaMPLE.
¢ d’az:td"x‘ : —_—
Suppofe |1 —w =x = 4

J d'a*-}-d‘x‘ ,

R “q:r——ﬂ wﬁ'

—_— i
2 g- 2 3| —————  Jrgrfdrx? )
ce—=2eX 2% X ——’%n-—- —_—Xt =t R

v | bb—cc.

st
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+-ddec

—m*bh?

dd-—mm.

== 0.

3+ 4’ Xba20x3 = -I-d"a’xf—-zd*a*cx-l-ﬁﬂﬂ :

Hence by Form 14. Table of Theorems for Converging
Series, the above Equation may eafily be folv’d.

QE L

Sometimes Subftitution renders the Work more eafy,
wherein an Equation is involved in Surds, as the following
Examples will exhibit,

ExaMpLE.

Equation T Vb‘-l-;xz{x ‘/c‘+3:;'z Xa= 2x/b‘—x”|
<+ 22y c‘-—x’]

2 i + 8x2 Jc’-—x” x Vbz_xz +4xt

X (P2

’ . b*c*a* 4 3c*atx - 3btatxr 4 gat xé =
at %

_ b*4=3x* X c*4-3x% X a* = 4x* X bP—x*
1G22 %

3 40*x* 4 4ex* —Bxd of- 82 o/ cFmx®
X o/ br—x2
Now for b*3a*, put m; for 3c%a® -4
3b*a* —4b*— 4c*, put +4n; and
for ga*--8, putp
mf-nxif-pxt = 8x% ./ ¢t —xV| X,/ b*—x?
;I_.gejlz ; m‘++ 2:7:.:3-[- zpmx:/ + ntx4 o4 ;;m:ﬁ +
P28 = 640t X ¢t —x? X b2,

Hence by ordering the Terms you will have the Equation
in the eighth Power.

Examere,

-

—— e
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Examrire,

Suppofe “D—T—“ PeRf o g, and S 8
z)+ 3x

Vil Jziz)
=4 %, OF = and
. v 3% + 3
o 8123V — 8u2

o = 4/ %) Which are the fame Equa-

tions, but differently fet down, this being the old, the
other the new Way of Notation, to find the Values of
u and 2 ? Subft, y3, for x and x4 for z,

Bt i
Then ‘ 1‘ i’-j‘%ﬂ"= 3x++3
Amd )1, ¢81x;’t; & v
rw | L g
3xx 4 yaS=3as-ge
2w 5 9"_":;—38’6:"
sxzyt 6l gri—gyf =3yt

Here are two unknown Quantities, and two Equations,
by which it will be eafy to find the Value of each by
the Rules already laid down, viz. y=x=3.

There are a great many Cafes befides, which may by
the Judgment of the Algebraift, from what I have laid
down, be contralted, or reduced lower, or exterminated
by Subftitution, which cannot be brought under any
Rule, and can only come by frequent Pradtice.

N \ I think
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I think I have faid what is neceflary to enable the
Reader, with little Praice, to folve any Equation ana.
Iytically in the moft concife and elegant Manner, I fhall
defift giving any more Examples, and make a Tranfition
to the other Part, how to folve any adfeQed Equation
into Numbers (after they have been order’d according to
our Method aforefaid) by an’ univerfal Method of Coen-
verging Seriess :

AN
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AN

UNIVERSAL METHOD
OF

Converging S eries.

" Handled in a very eafy, plain and expe-
o ditious Method.

DeriNiTION

’ A Series which approaches continually to the Truth, is
A faid to converge, and which continually goes from
it is faid to diverge.

COROLLARY.

Therefore a Series of Fra&tions continually decreafing
are converging, but others whofe Terms continually in~
creafe are - diverging. '

Now in all Equations higher than a Quudratic (if ad-
feted) the beft Way isto folve the fame by a Recourfe had
to Infinite or Converging Series, and the common Method,
that which I call the moft eafy, aflume m4-n for the Va-
lue of your unknown Quantity, that is afflume m = Root
of your Equation, as near as you can (tho’ if you aflume
never fo far from the true Root, yet it will by renewing
the Operation converge to it) and affuming 4- or —n for
the Deficiency, then it will be m<-n, or m—n = Root.
Therefore for the Ufefulnefs of Difpatch I have raifed the
fllowing Table tothe 8th P;Iwer upon theabove Aﬂ'umpti‘;n, '

2 at
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that the Learner may at firft View fubftitute his Equz-
tion aright,

N. B, It is here to be obferved, that it is needlefs to
have z in your Equation above the Squate, which the fol-
lowing Table exhibits.

‘Tke TABLE o Paowers.

The
m4n - - - < « « Simple Power »

mi+4-a2mn4n* - - - TheSquare = x?
m3 - 3m*n< 3mn* - - - Cube = x3
. ot gmind-6min* - - sthPower = x4
mS4 smin-f-1om3n* - sth Power = x5
mb—4-6mSn4-15m*n* - 6th Power = x6
ml 4 ymbn4-21mSn* -~ 7th Power == a7
m3+4-8min+4-28m%* - 8th Power = x%

N. B, The Table of Powers above are fitted for Ope¢
ration, if your Equation he Aflirmative, but if Negative,
change the Signs, as the following Examples will thew.

Given this Equation to find the Value of y.
Examrre 1

¥3—1360y* + 43200y—1600004= 0.
Firfl, Suppofe m=Root of y nearly, and let z be the
Defe that 13,
Let m + n=y
Then y=m~4-n Which Values fubftitu-
Y =m*~ 2mn 4-nd ted in the given Equa-'
y3=m? 4 3min-3ma* ) tion, rejecting all the
"Ferms wherein the Dimenfions of a are above the Square,,
we have

mi4-3min- 3m»’—-36om‘-—720ﬂm-—25oa’+ 43200#:
~4-432007—1600000 = 0.

Tranfpofe all the m’s on one Side the Equat.ton,
' 3min- 3mnt—720mn— 36003 -\ 432007 == w—m3fs
- 360m* =433q0m+ 1600000, N

ow

_
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Now- take all the Terms wherein the Power of x iy
fingly concerned. ‘Then arifes this general

THEOREM.

"= ~—vn3-}- 36am*—4 3200m--1600000
3m? - 3Mn-=y 20m—360% 43200
Now fuppofe m = to fome Number, whichlet it be as

. near the Root as poflibly can, which here I fuppola

= G- Colle& the Terms 4- and —,
Then — m3 = — 216000 —\-360»:‘*—-4-‘129600;)
: ~=—43200Mm=2 2502000 § 4~ ~t-1600000
’ - —2808000° " Fa8gbouo
Now 2896000 — 28a8e0Q == 88000 for a Dividend,

"T'hen take all the Terms wherein » is not cancern’d, and
put into Numbers in the Divifor, Thus, -

3m* = 10800 - 720M 3 ~=4.3300
43200 o
Now 54000 —43200 = 10800 Divifor.
‘Therefore 10800) 88000 (8= 7 nearly.
Now take thofe Powers where x is concerned,
As 3mn=_ 1440 P - .
— 360n= zBBog 1440—2880 =2 ~— 1440, which
wuft be taken from the kit Divifor (by Reafart of ume
like Signa) ‘
10800 °
w3440
9360) 88ae0 (g =a.n mere newly,
Confequently y == m—4~n == 69. 401,

Here the Learner may foe,

That after 1 had noted down my Equation for Con-
oerging Sevies, firfe 1 confider well my Equation, the
fecond Power proving a Negative, I muft make ait
the Squares Negative from my Table, Becaufe my Equa-
sioa i Negavive,
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- ‘Then I affume m-}-n = the Root: I raife it to the
Power of the Equation, which here is a Cubic One, and
after it is rightly fubftituted, the next I tranfpofe all the
m’s on one Side the Equation, now feeing I have got all
my m’s on one Side the Equation, I make that Side a
Dividend, and then take » from all thofe Quantities
where it is filply concerned, and put # = Dividend of
the 7’s, and the Divifor will be freed from n, where it
was fimply concern’d, and thofe Quantities, - where it was
concern’d in the Square is brought down to a fingle »,

As.3m*n-- 3mn* — 720mn— 360n* 4 432007 =—m?
-} 360m*— 4320022}~ 1600000,

. Here you fee I-have got all the m’s on one Side the
Equation, which I make a Dividend, then I take » from
all thofe Quantities where it is fimply concern’d, as
3m*n, —720mn, 4-43200n, and it makes 3m*, —720m,
~-43200, which # I place thus,

—m’+36om’—-4.37.oom.=l-x6ooooo, which is call’d
3m*~-3mn—720m—360n-4-43200 -

a Theorem.

Here the Learner may fee how the »’s vanifh’d out of
the Divifor, where it was fimply concern’d, and where
the Square was multiplied in the Quantities, is reduced to
the fimple Power of », as 3mn, —360n, '

And fo of any other. v '

There be feveral Things to be obferved in this Method
of Converging Series, viz. That at each Operation, the
Converging Number 7 will double the laft preceding m
(or Numbers of Figures in the laft Root, efpecially after
the [econd Operation,) the Imperfe@ion being only in the
laft Figure of the Root, fo increafed, which often proves
too large, and therefore confequently the next converging
Number » will have the Negative Sign —. \

Alfo if there happen to be a Miftake committed in any
Qperation, fuch Miftake doth not deftroy the preceeding
Work,. for the fame will be re&ified (tho’ it be not dif-
covered) in the next fucceeding Operation, unlefs it be
very grofs.

Again it produceth the Roots of all Powers, be they
never fo high, and in the fame Manner, and withf the

’ amc
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fame Exa&nefs, as it doth thofe of a lower Rank, the
refpe&ive Involutions being confider’d, which require to

be always of the fame Height with the given Powers, and
the Divifor of the next inferior or lower Powers.

Suppofe T had made m = {Jo (more than its real Value)
then the above Theorem in Numbers would ftand thus,
— m? = — 343000

+360om* = 1764000
~—43200m=~—3024000

1600000

Signs colle@ed.
- 1764000 — 3024000 )
-} 1600000 . — 343000
4 3364000 - 3367000

Then -} 3367000—3364000=-—3000=Dividend.
And 3m* =-+14700
—7zom_‘—-—5o4oo§
43200
That is the Signs collected.

-+ 14700
<+ 43200
57900 And 57900— 50400 = 7500 Divifor. .
Then 7500) —3000.0 (.4 =7 nearly;
Then 3mn =384,
And —360n = 144. Therefore 144. .-84 6o to
be added;
Confequently 7500
60

7560) —3000. 0000 (—.3968 = #

more neasly,
. Thence
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Thence it follows that m = 70,
And ~en = —.3968

And therefore m —n=y = 69.6032
"Q.E. L -
R
See Form 2d. in the Table of Theorems.
Exampire 2.
Suppofe 83 — 1440x* 4 86400x — 1600000 = 0,
Quere the Value of x 7
Put m4-n=x,
Then by the Table 8x3 = 8m* 4-24m*n{-24mn* ; and
the Equation after you have fubftituted right becomes,
8m3f-24m*n 4~ 24mn*—1440m*—2880mn—14408* |-
86400m - 86400%—1600000 = 0.
Tranfpofe all the m’s, and it is
24m?*n-4-24mn*—2880mn—1440m--86400m = —8m*
~}- 1440m2—86400m -4~ 1600000. '

THEOREM,

. —8m3 4 1440m* — 86400m -} 1600000

= 24m* - 24mn—2880m —1440n-+-86400

Now having got the above Theorem by Tranfpofition,
and taking all the Terms where the fingle Power of # is
concern’d. My next Work is te alflume m == to 2 Num-
ber, as near the Root as I can, which, confidering the
Equation, I at a venture aflume m == 30; then the abeve
Thearem in Numbeys will fland thus,

n — —2160004-1296000—2592000+-1600000
21600—86400-}- 88400

That is, .~

=4 =mn narly;

Now
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Now multiply thofe Numbers where » is concern’d by
its Value; as 24mn = 2880
—1440n=—75760
and — 5760 -} 2880 = —2880, which muft be taken
from the Divifor, by Reafon of unlike Signs,
As 21600
—2880
18720) 88000.00 (4. 7, more nearly,
Confequently m 4 n=x = 34.7.

(See Form 2d in the Table.) " QE.L

Examrrz 3.

Suppofe 900®00x — ¥3 = 243000000
Aflume m4-n=x,
Then according to the Table of Powers, the Equation is
90000Cm4-900000n—m}—3m*s— 3mr*=243000000,
' Tranfpofed, ‘ '

Is gooooon — 3m*n — 3mn* = 243000000 + m —
gooooom. Now taking all the Powers where # is fimply
cohcerned, we get this

THEOREM,.

243000000 -~ m3 — gocooom
Q00000—3m*—3mn

n=

Now I affume m as near the Root as I can, which I
guefs = 250 at a venture,

Then m3? = 15625000
-+ 243000000

258625000
And—g00000m =--22 5000000

33625000 = Dividend,

Then —3m? = —187500, which taken from
900000, Leaves 712500 for the Divifor.

Q OPERATION,
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OrperATIQN
712500) 33625000 (4% = » nearly,

Then —3mnz=—35250 to be taken from the Divifor,
by Reafon of unlike Signs, . Thus,
. 712500
— 35250
677250) 33625000 (49.64 = n more nearly ;
Confequently m 4 n = ¥ = 299.64 = 300 feré.
(See Form 11th.)

ExAMPLE 4.
Suppofe x3— gox — 120.
By afluming m{-n—x, then, accarding to the Tablc
will b¢ m3-f3m*n - 3mn>—som— s0n — 120,
Tranfpoled, is
3m*n— 3mn*— son = —m? |- gom-}-120. '
Then by taking the fingle Power of #, we get this

THEOREM,

__ 120-}- som—m3
= 3m*+ 3mn—s50
Now let us make m = 10, then — m? — —100Q,
and -} som = 500 .
+4-120 =120
“620 'Then 620 taken from -exooo,
leaves — 380 for the Dividend.
- . Then 3m* = 300
and — 50
leaves 250 for a Divifor,

Confequently,
250) —380 (—1.5 = 7 neatly.
Then 3mn = —45 to be fubtraled from the Divifor by

Reafon of unlike Signs,
250
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250
45 _ '
305) =<380 (—1.85 = n more nearly.
Confequéntly m—n = x =8.13.
Q.E.L
(See Form 10th.) ‘

ExamprLe 3.
Suppofe x3 |- 4 4 43x = i197.
Affume m--n=x, Then raifing m-|-n to the Power
of the Equation, it will ftand thus,
m+-3mint-3mn*|-m*+-2mnt-n*A-43m-}-43n=1197.
Tranfpos’d,
3m*nt-3mnt - 2mn\-n* -4 3n—1197—m3—m*—43m.
Hence arifes this
THEOREM,
_ 1197—m3 —;m‘—4,3m
T 3mfgmaamtntay’
Now fuppofe m=10, Then — m3 = —1000

— M2 == — 100

—43m=— 430

. : —prs
And —1530-}1197 = =333 Dividend.
And 3m* = 300
2m = 20.
+ 43 _
363 ~ ;
Hence 363) —333. 0 (~.9 = # neatly,
“Then w—zmn =—27

—_n == 9.
~—27.9, to be taken from the Divifor.
02 ’ Thus
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Thus 363
—27.9 ' . .
335.1) —333.0000 (—.993 = # more nearly.
Confequently I took m too much, and therefore I muft
dedu@ n from it; and therefore 10—.9q93 is = m—n
&= & =0.007. ' Q.E.IL
(See Form 1f2.)
ExamPrLE 6

Given y3—21197y = —398439. f
Aflume m=4-n =y, then the Equation being raifed, or ‘
taken from the Table of Powers, will ftand thus,
‘m’ -3mn-|- 3mn* —21197m—21197n = —398439.
‘Tranfpofe all the m’s, and it is
3min4-3mn*—211977n = —398439—m’421197m.
Confequently arifes this ’
THEOREM.

— 398439 —m34-21197m

= 3m*~-3mn—21197
Aflume m=130 at a venture, then —m3=— 2197000
and — 398439
2595439

And 21199m = 2755610,
Confequently 27556 10—2595439=160171, a Dividend
Then 3m* = 50700, and 50700—21197 = 29503.
Therefore 29503) 160171 (§ = n nearly.
Then -|-3mn = 1950 to be added to the Divifor,

Thus 29503
1950 a
31453) 160171 (5.09 = » more nearly,

Confequently m—+n =y = 13509, . °
. 9 QE.L

(See Form 1015.)
: ~ ExamprLE,
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Examepre 7.
Given x3—240x*—241x=—14214. Quere x?
Put m-}-n==x, then according to my Table of Powers,
- the Equation is
m34-3m*n+ 3mn*—240m*— 480mn—240n*—241m—
2410 = —14214. ,
T'ranfpos’d,

3mint-3mn*—480mn—240n*—2418 = —m-}-240m*
+ 241m—14214.

Then taking the Simple Power of #, we have this

THEOREM,

—m3 - 240m* - 241m—14214

n= 3m*-}-3mn—480m—240n—241

Now fuppofing m = 10, the above Theorem in Num-
bers will ftand thus,

» — —10004-24000+2410—14214 — 11196 —
300—4800—241 — 4741
= = nearly.

Then -} 3mn = —60
— 240n=480. Confequently 480—60=420,

-2

And — 4741

+ 420

— 4321) 11196 (—2.59 = » more nearly.
Therefore m—n = x = 7. 41. QE.L

(See Form 3d.)

ExampLE 8.

Suppofe x3 4 81128x = 421824. :
Aflume m-{-n = », then raifing the Equation to the
third Power, or taking the third Power out of the
. Table,
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Table, and fubftituting the Equation it will become
mi-|3mint-gmn*-8r1am+4-81127 = 421824,
By tranfpofing all the sm’, it will be
"3mint-3mnt 81125 = 421824—m} 8 112m,
Hence arifes this

THEORE M.

o 421824— m’A—S’r 1im
3mt—=3nin4-Briz

Here let us fuppofe m — 40, then the ibove T*heorem-
- in Numbers will f4nd thus, .

”n

n= —33344 . Thi is
12912-- 1207

12912) 33344 (2 == # hearly,

Then 120m =240 t be added. to the Divifor, by
Reénfon of like Signs,
As 12912
240

13152) 33344 (2535 == i more Femly.
Confequently m--n=x=42.535. = Q,E.D,
: (See Form qgth.)

Exampry o

x3-}x=1. Querex? -
Now by afluming m -|- n=x, and raifing the faid
m-}-n'to thie Equationi, it will ftarid thus,
mi4-3min+-3mnt fdif-n = 1,
Tranfpes’d,
minf-3mnt - 2= o mdsom,
Then according to the Equation thérd atifes this

-

TreOR Rary
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THEOREM,

= I ~—m3—m
~ 3wt
Here confidering our Equation as Unity (every one that
has the leaft Idea of Fra&tians knows, that a Fra&ion
multiply’d by a Fra&ion decreafes tho Valus) Tharefore I
aflume m= .9 ; then
m=— .9
.728, and 3—.738=w.262, a Dividend,
and 3m® = 2.43-4 1= 3.43, a Divifor,
Therefore it will be
3.43) .262 (.076 = 2 nearly.

And now 3mn = .2052. Confequently muft be added
to the Divifor by Reafon of like Signs, it is
3-43
.20§2

VT

3.6352) .262 (.07207 = n more nearly.
Confequently therefore m+4-n=x=.97207 = 1. nearly,

(See . Porm gih.)

ExAMPLE 10
Given y34-6272y = 288512,

. By affuming m=-n 5=y, and raifing it to the Equation,
itis = m’-3m*n—-3mn* 4 6272m 4 62721 = 288512,
By Tranfpofition it becomes
3m*n+3mn* 462725 = 288512 —m3~—§2722.

From which arifes this

THROREM,
g — 288512 —m3—6272m ‘ '
T gm*43mn4-6272

Now
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Now by afluming m— 30, the above Theorem in
Numbers n = 73352 =8 = n nearly.
972-1-90n "
Then taking the Value of # in gon, and it is = 720,
. which muft be added to the Divifor, and it will be
89724720 = 9692, and
9692) 73352 (7.567 = n more nearly.
Confequently m+-n =y = 37.567.
. QE.L
" (See Form gtb.)
ExamrrLe 11,

Given x3—171.91x2-7905.6x = 71460.
By afluming m-}-n=x, and raifing it to the Power of
the Equation, it will be

m’-} 3m*n - 3mn*—172m*—344mni—1725* + 7905m
~+79051 = 71460.
By Tranfpofition

Is 3m*n+ 3mn*—1720*—344mn +7905n = 1460—
m’ 4 172m*—7g05m.

THEOREM.

71460—mit172m'—7905m _  N.o by
3m*—3mn—344m—172n-+-7905
making m = 10, it will be in Numbers, .
71460—1000-4-17200—79050 __ 8610 __ .
300+ 30m—3440—17254-7905 4765
= n nearly ; then according to the fecond Operation, we
get » — 1.862.

Confequently m 47 =x = 11.862.
(See Form 2d.)

QE.L

ExamrprLe,
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ExaMpPLE 12,

Given +3—6 122 x=12 3% Quere x.
144 144
Reduced to a common Denominator

is 144X —973% _3_9_.;
144
and by multiplying each Part by 144, it will become
144+'— 973+ = 319 Equation
Afflume m--n=x; then according to the Nature of
the Equation it is
144m* + 432m*n -+ 432mn* —q73m—97 31 = 319.
Tranfpofed,
Is 432m*nt-432mn*—g7 3n= 319—144m*4-973m.
Hence atifes this

THEORE M.

319—144m+973m
432m*+ 432mn—973
Suppofe m = 2, then by putting the above Theorem

in Numbers and Divifion, we get 1 = n for the firft
Operation, and the fecond Operation we get #—.6873.

Confequently m 47 = x = 2.6873,
y QE.L
(See Form 10th.)

Examrprr 13

x3 — gbx* = 6600 458. 365090,

Affume m 47 = x,
"Then according to my Table of Powers it will be, viz.
m} - min 4 3mn* — gbm* — 192mn — 9612 =

6600458.365.
P By
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By Tranfpofition.
3m2n |- 3mn*— 1927n—gbn* = 66004 58. \,6 5090—m3
<+ 96m .

Hence arifes this

THEOREM.
— 6600458.265090—m3 - gbm*
3m* + 3mn—192m—qbn
Hence by afluming m = 200, we get = 25.6404.
Confequently m+ n= & = 225.6404.
(See Form 7th,)

ExaMPLE 14.

Given x3— 441005+ 176400 = 0.
Affume m--n = x, then according to the Nature of
the Equation, it will be :

m3-}-3m*nt-3mnt-—4 4 100m—44 100n-}-176 400 = 0.
Then by Tranfpofition.
3m*nt-3mn*—44100 = —m? -}- 44100m—176 400.
From which arifes this -

THEORE M.

_—m+ 44100m—176400 L
3m? - 3mn—— 44100 ’

£

Here let us take m — 3, then the above Theorem in -

— M2 —y=n nearly.
—44073--9n
Then gn=g9. to be taken from the Divifor, viZ.
—44073+9 = —44064.
And —44064) —44127 (1. 0001429—n more nearly,
Confequently m-f-7 = x = 4.0001429.
QE.IL

Numbers is 7 =—

- (8ec Form 10th.)

\

Examrire,

1

o
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Exampre 1§

Given 34 438¥* ~—7825x~~g8508430=0.
By affuming m-}-# = ¥, the Equation becomes

. msy-gmint goins 4 438me4-876mn4- 438" —825m
—78257—98508430 =o.
By Tranfpofition.

3m*n 4 3mn* +-876mn +43§n1—- 7325:: = —l—
438m*4-7825m+ 9850843 :
Hence atifes this

THEORE M.

_ —mi—438m* -\ 7825m | 98508430
T T3mrd-ymnt-876m--438n—7825 '
_ Here let us aflume m = 300. .
“Then — m3 = —27000000  -}+7825m = 2347500
—438m* = —39420000 and -8 50842
—66420000 100855930 -
Now 100855930 ~= 66420000 = 34435930 = Di-
vidend. .
And - 3m* = 270000
+-876m — 262800 i
532800, And 532800 — 7825 =
524975 = the Divifor .
That is 524975) 532800 (65 =a nearly.
Then 3mn = 58500
4381 = 28470 ‘
86970, and 86970 — 7825 = 79145
to be added to the Divifor by Reafon of like Signs. As
524975
79145
604120) 34435930 (57.0018 =n more nearly.
Confequently m--7n =2 = 457.0018, QE.L
‘ (See Form 3d.)
Pa ExAMPLE
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ExampPrLE 16.

Given »-exx - xxx = 29791000, ,
By afluming m--n =, the Equation becomes
m4-n-+-m*--2mn-4-n*-m3=-3m*n+-3mn*= 29791000,
By Tranfpofition it will be
n+-2mn.\-n*~+3m* n+-3mn*= 2979 1000—M—mm*=—m?,
Hence arifes this

THEOREM,

” = 2q7qmoo—m—m"—m*

g gt amfitn O
= :?‘Zzlo‘;:::;:: _;;::, which is all the fame:
It is no Matter how the Terms ftand, fo they be duly
colle&ed. And then by afluming m = 300, the above .
Theorem put into Numbers, we fhall find the Value of

a#=10, Confequently m-}-n=x =310,
Which was to be found,
(See Form 1.)

Biquadratic

A
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Biquadratic Aquations.

ExameLE 17,

IVEN xtlaxta-tx = 20736,
or atar a3 x4 = 20736,
or x4+4-x34-x24-x — 20736 =0, which are
all the fame, required the Value of x, here according to
my former Examples. I affume mt{-n==. Then ac-
cording to my Table of Powers, the Equation becomes

mt4-4min{-6m*n*\-m3-|-3m* n+3mn‘+m’—l—zmn+u'
-m-+n = 20736.

Now tranfpofe all the m’s on one Side the Equation,
and it will be

st mat gt g - = —
m3—m*—m-20736.

Hence by taking all the Terms where the fimple
Power of # is concern’d (as you did in the Cubics) you’ll
get this

THEOREM,.

—mb—m3—m*—m-+20736 3
4m3+ 6m*n4-3m*-3mn - am 4140
* Now let us take m= 10,
Then —m4

= —J10000
~—m} = — 1000
—m? = — 100
—m == 10

—~11110, And 20736 — 11110 =3
9626 divided. .

And
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And 4m3 = 4000 fiias
3m* = 300 *
2m = 20

. .

4321 Divifor,
4321) 9626 (2 =n neatly.

Then 6m2n = 1200
3mn = 6o
o on= 2

. 1262 to be added to the Divifor,
- As 4321
1262
'5583) 6626 (1.724 = » more nearly.
Confequently m-4-n = 11.724 = x. 12 feri.
(8ee Form 12th.)
- . Examrrz 18
Given x4 40x* -+ 751x* —Qg00Gx = 9000,
_ Aflume m--n = x. ‘
. Then by the Fable of Powers, the Equation will be
m4\-4m3n-\-6m*n2f-qom’+ 120m*n-|- 120mn*+-7 5 1m*
-I-x 502m+-7511*—Q00dm—Qgo002 i= gooa..
Tranfpes’d.
4m’n - 6mint | 120m*n4-120mn* -1 sozm+7 (35
=—9000n = —mt—40m’—75 1m*-4-gooom +4-9o0o.
And by col]e&mg the fingle Power of 7, we get this

THEORE ™.
g 9000-1-gocom—7z 5m’-—4om3-—u4
"~ 4m3+6m*nt-120m* - 120mn+-1 5027m.1-7515—Qg000

" Now let us fuppofe m = 10, then the .above Theos
rem will in Numbers ftand thus, viz.
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= 54990 _ = 2 = n nearly,
22020-}-600n |- 12007 +4-751%
And then taking the Value of », and werking for a
" fecond Ogeration, we get m -5 = x == 12.00§70103.

Q.EIL

(See Form 14th.)
ExamrrLre 19.

Given —x41-845,7723—220744.848%% - 36854112,
gx = 6192379528.849.

By affuming m-{-n=x, we fhall have from my Table
of Powers this following one, viz.

— mé — gmin—6m*ns |- 845.77m3 4~ 2537.31mn <}~
2.537.31mn*—220744.848m*—441489.696mn—220744.
848n* - 36854112.9m 4 36854112.9% = 6192379528, .
849. '

Tranfpos’d.
2 —4m3/—6m’n/+2537.31m#+2537.31{:»:#—-44}4{9
.696mft—220744.8481#4-36854112.9f =mt—845.77mbs
~}-220744,848m*—36854112.9m-1-6192379528.849.
Hence arifes from what has been done this

THEoOREM,

_ rr':4-—84.5.77»;3+2ao744.848»;* —36854112.9m

T g m3— OmPn - 2537. 35m* 4= 2537, 31mn —
--6192379528.849. .

441489.696m-—220744.848n-1-36854112.9.

Now feeing there are Decimals in the above Theorem,
which caufeth a gereat-deal of Trouble in the Opera-
tion ; therefore to contraé the Work there is no need’
of fuch a Nicety, it may be exprefled thus, as a
neater

n

. TuzenzmM,
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THEOREM.

_ m4—845m3 - 220740m* — 36854000m -

T Z4mi—bm*nA-2537m* -|-253700mn —441500m
6192379528
—220700n+ 36854115
By afluming m = 300, the Value will very eafily be
found from what has been delivered above,
(See Form 15th.)

ExamMPLE 20.

Given x4 — 3x*--75x = 10000.
Aflume m<-n==x, then by the Table of Powers the
above Equation will become

mt-gmin-6mint—3mi— 6mn—23n? + 75m+475n =
30000
Tranfposd is.

473 04-6m*n*—6mn—3n*4-7 57 = 10000——m4 |- 3m*
-—-7 sm,
Hence arifes this

THEOREM.
= 10000—m*-}-3m*—7 5m
4m>4-bm*n—bm—3n-+75

Now by affuming m=10, then the above Theorem in
Numbers, viz.

—450
= ot 5--600n—3n

Then taking the Value of #, and we fhall have
=—66.33 to be taken from the Divifor; as

4015

—66.33

3948.67) —450 (—.11396 = # more nearly.
Whence

=.11=n nearly.
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Whence it follows that m was taken too great; and
therefore m —n = x = 9.88604. the true Root.

QE.L

ExaMPLE 21,

yr—4ys = 13824.
By afluming m 4 n =3y, and taking the Power of the
Equation from the Table of Powers, it will be
m—|-4min--6m*n*—4qm’—12m*n—12mn* = 13824.
By Tranfpofition we have
4m3n-4-6m*n*—12m*n—12mn* = 13824 —mt-}-4m3.
Thence arifes this

THEOREM,

13824—m*+4-4m}
T 4mi-6min—12m*~12mn

By afluming m = 10, the above Theorem in Num-
bers is ’ '
» = 13824 —10004-4000 _ 7824 -
—_ — . —] 2 — 7‘
40004 600n—1200-~1207 2800
nearly.

‘Then taking thofe Powers. where » is concern’d, and
“multiply’d by 2 (the Value of » nearly juft now'found)
the Produs is 960 to be added to the Divifor, viz.

2800
. 960

3760) 7824 (2.08085 =# more nearly..
Confequently m 4 = y = 12.08085.

nfequently m 5=y 5 QE.L

ExaAMPLE 22.
x4 —8a3 2042 — 154 4.5 = 0.

Q By
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By alluming m+4-n = x ; and fubftituting the Equa-
tion from the Table of Powers, we fhall have this Equa-
tion, wix.

w4 gmin - 6m*n*—8md — 2 4min—24mn* - 20m* 4
4oma-}-20n*—15m—15n4-.5 = o.

By Tranfpofition we have

4min—t6mint—r24m*nem2 4mn® - 4OME 1§58 = —mb

+8m‘~gom‘+1 sm—.5. 3
' From whence arifes this

THEOREM,

—m*4-8m3—20m*+-15m—. 5

4m3-b6mr—24m* —24mn -+ gom—15
And now feeing the Equation is a Fra&ion, fuppofe
m = 1. Then it isevident that the Theorem in Num-
bers is . : C

1.§

5.64-6n—24n
And then taking the Quantities where % is, and itis

—4.68, which muft be taken from the Divifor by Reafon
of unlike Signs ; as

n =

=.26=n néarly.

5.6
-—4.68
.92) 1.5 (1.
Confequently m -

(S
EX4

x4 - 2x3—288x.
By taking m+4-» =
the given Equation frer

PR |
N




thall find the Value of m—n = x = 17.

— [r5 )
4= 4m3n - 6m*nt 4~ 23 4 6m*n |- 6mn* —288mt-—
§76mn—288n*—506m—s0bn = 1§13,
' By Tranfpoftion it is
wn—{—é»fﬁ’-l—ém‘n‘l- 6&M§76m¢-'288a"—§06n
= —mt—2m*4-288m*-|-506m-+-1513. e
‘From which arifes this

Taxonam.

1 513-m‘--'zni—b-288m’+506m .
4m§+6m‘n+6m‘+6mu—576m—-288n—506
And let us make m.= 20, then the @bovefaid Theorem
in Numbers, and divided, we fhall find that we have
taken m too great, therefore we all find z Negative
‘Quantity, whikh muft’ be fibtiatted from m, and we

QE.L

 (See Firm i'stb;)'

EXAMPLt 244
::4+x_126%,.
P 07 Redued,
8144 -J- 81y 2= 10270,

Affume m—\-n adx; then by the Table of Powers,
the Equation is

81m4+324m3n+48'6m'n‘ L 81 81a = 10270.

Tranfoftd &
324m’n+486m’ﬂ‘+8m = foz7o—8:m4-8m.
i * Froot which arifées'this

" -THROREM. -

‘“’_f 10270—81m*—8vm'
= T324mdf486m*a-81 "

Qz | By
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- By affuming m == 3, the Theorem in Numbers for
the firft Operation, viz.
8829) 3466 (.3 ==n nearly.
Then 486m*n = 1312,2 to be added to the Dmfor,

viz,
8829
1312.2

_ 10141.2) 3466 (.34177 = » more nearly,
Confequently m—~-n = » = 3.34177. ° _
‘eq y m-- 3-34177 U QEL

ExamPrre 25

leen x4+42.x3—-4zox=—182u—1 799. 725 =o.

- Affume m-|-n=x, and then by my Table of Powers
it will be
C ms -|- 4mn |- 6min* 42m* 4 ¥26mn -+ 126mn* —
420m* — 840mn — 420" — 18zzm — 182271— 1799,
725 = o. .

By Traniboﬁtxon

4.m?n+6m’n’ + lz6m‘n+ 126mn’~—84.omn—4zon’-—~

18227 = 1799 725—m*-420m*1822m,
" "From which arifes -this -

THEOREM.

» 1799.72 —m‘—l—4zom‘-|—18zzm
3+6m‘n+126m‘+126mn—84om—4zon—1§zz

By aﬂ'ummg m = 10, then the above ‘Theorem in
Numbers is, viz,
1799. 725—100004-42000-}-18220
4ooo+6oon+1z6oo+xz6om—8400—4.zp 1822,

= 52019 725.
6372

n=

That
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That is.

6372) 52019.725 (8 = n nearly, and then taking
thofe Quantities where » is concerned, it becomes 11520
to be added.

6372

11520 _ )

17892) §2019.725 (2.9074 = n more nearly,

Confequently m-}-n=x = 12.9074. :
QE.L
(See Form 15th.)

o
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of. Surﬁ)hds, or  Roots of tbe
F 1fth Power.

Exuuu. 26.

GIven x+x'+x’+x*+x$==mmxo:owo,
or. xi{{*x‘-'l-x’-}—x‘-l-x—xomloxoxoo g@ﬂex?
=0, -
+ Aflume m+ n=x
Then from my Table of Powers (feeing the Equation
is the sth Power,) the Equation becomes, viz. '

mS4-smént- romint - mé4- gm3nt-6mins4-m34-3m*n
+-3mn*-m*-\-2mnt-n*~+-m-+-n = 10101010100,
By Tranfpofition nt is.

5m4n+lom’n‘—|-4.m’n—|—6m‘n’-|— 3m*n4- 3mn*+zmn
t-n*-}-n = 1010101 omo—ms-m*—-m?—m'—m

,anwbtha&nenl

f Tusoxewm -
e OBSEOT O OO ettt} 1t
5m4-{-xom1n-F4m’-f-6m’x-{-ynq-3mn+zm-l-n+x
Hence let us affume m = 90, then the Theorem in
Numbers will be, viz.

__ IOIOIOIOIO0 —— 5qo4qooooo — 65610000 —

. 32805oooo + 7290000% -~ 2916000448600
~ 729000—8100—90
243004-270n4180+n+41"
That is,

330990481) 4129762910 (12 == nearly.

Then
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Then taking all the Quantities where # is eoncun’d,
and multiply by the Value of » juft now bud,  viz.

7290000m = 87480000

48600n = 583200
270m = 3240
n = 12

firft Divifor. -
As 330990481

88066452
419056933) 4129762910 (9.854 = » more nearly,

Confequently m4n = 99.853 = x = 100 proxims..
QE L
(Sce Form 16th.)

88066452, which muft be added to the

ExamrLe 27.

Given —s5 + 586::4 + 223—386808x* - 918727¢ ==

85050.
35505 Aflume mt-n =x.

Then from my Table of Powers, taking the Power of '
the Equation, theSubftitution will fiand thus.

—mS—gmén-—r0min-{ §86mt -4 2344mIn4-3516a n2
4= 200% |~ 6e*n |- 6mn* — 3B6808m* — 773616mx —
3868084*--918727m4-918737% = 385050.

By T'ranfpofitiop it becomes .

—_ 5m‘n— 10m*n* 4 2344miu |- 3516m*n* |- 6m?n |-
6mn* — 773616mn— 386808n* - 9187278 — 3850501~
mS——586m4—2m3+386808m=—918727m

From which arifes thns

THBOREM.

g = 385050 + mS — 586m* — 2m} |- 286808m* —
. — sm4t— 10m3n - 2344m3 + 3516m*n+-Oom* 4~
918727m
‘6mn—773616m— 3868088918727

Now
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. Now at a venture let us aflume m = 30, then the
above Theorem in Numbers is

385050  — 586m¢ =-—474660000
m—+24300000 —2m} .=——  §4000
386808m*=348127200  —918727m=—27361810
© 372812250 —j502075810
* Now 372812250—502075810 = —129263560 for
a Dividend. Here you may fee that I took m too great,
by Reafon of its Negative Sign ; then upon the Suppo-
fition of m, the Divifor being put into Numbers, it will
be 38034920.
380349%0- That is.
35034920) —129263560 (—3 = 7 nearly.
“‘Then taking thofe Quantities in the Divifor where =
is concern’d, and putting its Value juft now found, we

fhall have —7523316, which muft be taken from the
Divifor, by Reafon of unlike Signs ; as
38034920
—7523316
30511604)—129263560 (—4.23652=n more nearly.

© Hence feeing my fecond Value of 7 to have a Negative
ngn before it, fhews, that I aflumed m too much and
therefore muft deduét » from m ; as

m—n=x=25.7635.

.E. L
(See Form 16th,) e

of
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Of the Square Cubed, or Cube
Squared, zbe Sixth Power.

‘ExamMprLz 28.

IVEN x4t s34 x4t-x5126 = 100.
Quere x P
Aflume as before m-\-—n =u, then according to my
Table of Powers, viz. the Sixth, the Equation be-
comes, viz.

mb4-6m5n 41 sm*n* A-mS—|-gmén-10m3nt-me|-4min
A- 6m?n* - m3 - 3mPn - 3mnt -t d-2mn- ntf-me
n = 100. '
By Tranfpofition we get

. 6mSn - 15mn* 4 smin<- romin* 4 4min - 6mint 4
3m*n-+-3mn* 4 2mn 4 n* = n == 100 —-mS—mS—mt—m}
—m*—m.

Hence .wg get this Univerfal
" Tuzorewm,

10065 — g4 — > —mS—m

bmS-l—l sm*n sm* - 10min -|-4.mH-6m'n+ 3m*

e 3mn-t-2m4-n--1.

- Thence afluming m = 1, the Theorem reduced into
Numbers, and the Operation perform’d as the Cubic

Equations, or Biquadratic, &¢, the Value of n will be
found to be = .67142.
Confequently m+n =x=1.67142.
QE.IL
( See” Form 17th.)

R ExAMPLE.
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ExamprLe 29,

Given x6—1.0321 xsxS-:- 1.4673€8x44-1.548173x%
+.467368x*—.516057x+4.0665789 = 0. _
Affume mA4-n=x, then from my Table of Powers the
above given Equation becomes, viz.

mS - 6mSn 4 1 gm*nr — 1.03211§m5—§. 16057 5m*n
— 10. 321 150m3n* — 1.467368m*— 5. 869472m3n —8.
804208m*a*4-1.548173m44.644 519m*n4=4.64451gmn*
+.467368m* 4 .9347 36mn 4 .467368r2—.516057m—
.516057#-}-.0665789 = o.
By Tranfpofition we have

6msn -+ 15m*n* — 5.160575m*n — 10.321150m3nt
— 5.869472m’n— 8.804208m2n* 4 4.644519m*n - 4.
644519mn* - .934736mn 4 .4673684* — 5160577 =
— 0665789 — m® 4~ 1.032115m5 < 1.467368m* — 1,
54817 3m3—.467368m*4-.516057m.
Hence arifes this General

THEOR B M.
_. =—.0665780—m5 4 1.022115m5 4 1.467268m#

T om5 4 15mn—5.10057 5m*— 10,321 150m3n— '
—1.648173m3 —.467268m* 4 .c16057m

5.86047 2m3—8.804208m*n4-4.64451gm*-}-4.044519mn
+934736m+-467368—.516057.
Hence afluming m = .3, then the above Theorem put
into Numbers, and the Operation had, as in our former
Examples, for n, we fhall get the Value of 2 =
1539797831 ; and confequently m+# = .45397983s.

=X,
QE.L

.(Su Form 174h.)

Examerrx
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Examrrre 30.

Given —wé-4xé133203-954"—3330r=443556. .

Aflume m-4-s=x, then from the Table of Powers we
get the following Equation, viz.

— m6 — bmSn— 15m*n* -} gt 4 16m3n -t 24m*n® 4o
r332m* + 3996m*n 4 g5m* -} 19omn +-gsnr—3330m—
33307 = 443556.

By Tranfpofition we get

— 6mSn — 15min* 4 16m’n 4 24m*n* + 3996m*n -
3996mn* -+ 190mn - 9§n*—3330m=mS —4mb—1 332m}
—95m*+-3330m+-443556.

Hence arifes this Univerfal

THEOREM,

_ mS—4mé—1332m3—qsm* + 3330m-- 443556

-7 T bms—15m*nt-16mi24m*n4=3996m*4-39q6mn
=+190m+957—3330.

- By affuming m = 10, the Value of » may eafily be
found, which will fatisfy the Conditions of the -Equation,

Q.E.IL

(8¢c Form 17th.)

I queftion not but by thefe few and choice Examples,
tbcﬁature of, and Manner how to proceed in this R/Ie-
thod is fufficiently cleared ; as to the Extra&ion of Roots
out of fimple or pure Equations, how highly foever
they be.

And becaufe there is great Care and Trouble attends
the continued Involutions of m-4-n, or m—n, efpeciall
to any confiderable Height, by Reafon of the Unciz (@
Numeral Figures that arife by involving the Quantities)
I have at the Beginning raifed a Table that the Learner
may have a continual Recourfe to for his Operations.

{.ikewife, that the Produdts are found by making two
Progreffions Geometrical, lt{he one beginning at thcﬁd;

: 2 r
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fired Power of the firft Part of the Root, and ending at
an Unit; and the other beginning at an Unit, and
ending at the Power of the other Part of the Root ; as if
ou were to find the Sixth Power of m--m write the
¥owers thus, _

’

mS mS mt m3 mz m x
Y ‘n At n3 at  ns nS

" m5 4 mSn 4~ mAnr-i3nd L mrt e ans S 26 ‘

will be the Terms in the Sixth Power of m-}-», by mul-
tiplying the Powers above by thofe below ; and to find

ir Ulicie, that of the firft Term Is always an Uhit,
and that ef the fécond is the Exponent of the firft; sid
of the third is the Exponent of m in the fecond Term,
multiplied by the affix’d Uncie, and divided by 2=15,
and of the third is the Exponent of m in the third Term,
multiplied by the prefix’d Uncia 15, and divided by 3,
and fo of the fourth, €¢. which gives the Sixth Power.

 RSYGhn). 1 girind20mn-|-1 57 it 4= 6nS |6,

I think what has been faid in this Part will be fuficient
for the meaneft Capacity. I fhall-conclude this Part by
adding 3 few Examples, leaving them for the Learner’s
Perufal, by giving him the Anfwers only,

ExAMPLE 3t

Suppofe — x8--1800x6 — 1056272# +-222272000x*
= 8768000000.

Hence by afluming m-» for » as before, and ordering
the Equation you will ind the Value of m+n=ux =
21.2.

(See Formy 19th. and 20th.)

-

ExamPrLE 32,

x84 536577035064 2208588x5 - 14173108424
—11101565353x%4-155776050139%*-7348869315871%
«-191821297287673 = o. '

Hence
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Hence » = 63.21. as appears from the Table of
“Theorems.

Examtre 33

% 4 10.3303+7 — 294 887426 + 486515.37x5 4
20167098, 3x4—270427545.014%* —13736480320. 5x*
+-31359884269.94x — —2294972348845.65.

Hence by our Table of Theorems we fhall find ¥ =
16.04984.

(See Forms 19th. and aotb.)

Examrcrr 34.

Suppofe x10— 25,6494 105.1932+8 + 64047 4349,
031x6—64906.084x4-418016295.945649x*=150135799.
54708. '

. Now by affuming m }-n=wx, and fubflituting the
Equation according to our Method we have laid down
in the preceding Examples, we thall get the Value of

x=4. : e

‘ '

I fhall not Mere trouble the Reader with amy more Ex-
amples of Converging Series, feeing I have here brought him
how to folve any Equation whatfoever, leading him on
Step by Step, till he is come to Equations of the Teath
Power 1 fhall now give him a few Examples in Equa-
tions Literal, where I make a4, &, ¢, d, &c. known Co-
efficients, and x, y, z, &c. ‘unknown Quantities, or
Numbers fought; and it is from thefe Examples that I
made the Table of Converging Series, with their Theo-
rems for the converging u, where the Reader will meet
with every Thing fo pliin, as will net admit of an Ex-
planation, by Reafon of its great Facility, only it muft
be obferved.

That what Numbers are wanting in your given Equa-
tion, the fame muft be omitted in your Theorems ; alfo
Regard muft be had to the Signs,

of
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Of CONVERGING SERIES
Laterally.

ExAaMPLE 1,
GIVEN ax3-|-bx‘+tx—N Quere x?
' OPr.aA'rIow
‘Givcn ax3 4 bx? f-cx = N. E
Then x’-]——b—-x‘-[-—:-x:—}{—.

a
Subftitute -a—_p, L=y, and—lj-_G Then
the Equauon will ftand thus,

B3 4prr g =G. i
Aflume m +-n = x, then the Equation becomes

. mid3m*nt-3mn*~-pmr4-2pmnt-pn*4-gmt-gn=G.
By Tranfpofition.

s 3mint-gn® 1-2pma-t pr-gn = G—miempm—gm.
From which arifes this Univerfal

THEOREM,

_ G—m3—pm*—gm E. 1
= kgt QE. L.

ExAaMPLE 2.

Given gx?=—bx* 4 cx—N =o.
SorvuTionN.
ax3—bx*4cx—N = o,

b ¢
3 - —— 3% —— X — e == O
X a »+ a P i

Subftitute
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" Subftitute — .L =—p, and—- =g, aIld -;N—en

=G, then it will be x’—px'-}-qx-—G—o.
T a—pridgx=G. ‘
Aflume m+4-n=ux, then the Equation becomes
3 -3m* a-3mut—pm*—a2pmm—pr*+-gm+-gx = G,
- By Tranfpofition.
It gmAt—apma— it gn= G prges
Hence arifes this Univerfal

THEORE M.

G—mi-pm*—gm
= 3mn—2pm—pn—t-q
The Tlluftration of the above in Numbers,
a 3 ¢ N

Given 8x%—1440x*4-86400x»—1600000 = 0\
SorLvuTioORN.

— 8:3—1440%*4864005—1 6ooooo =0,
=38, x3—180x*-108002—200000 = 0.
+ x3—180x*-4-10800x = 200000." ’
Here —p =-—180, 10800 =¢, and 200000 =G.
Then our Univerfal Theorem will be

G—mi+41 8om*—10800m
Rm% 4 3mn—360m — 1508 + 10800

n=.

Hence the Value of m4-n = » = 34.7.
W, W.R,

Examrry 3.
Given axt—ds*e—cx = N,



.
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Then by Divifion and Subftitution, as the two lat
Examgples, the Final Equation is

x—prt—gx = G.
Hence affluming m -+ n = #, and from my Table of-
Powers the Equation fubftituted aright, it will be
m343m?n\- 3mnt—prit—2pmn—pn*—rgm—an =G.
Then by Tranfpofition arifes this Univerfal

THEOREM.

_ _ Gemitpmtom
= 3wt gmn—apm—pr—y

Examere 4.

axt b3t exrd-dx =N
Then dividing the Equanon by the Co-eﬂicnent a, it
will be

N
R
i LI S _N
Subﬁ'xtutep=-;—,q-— pat Rl ,and.G_—;.-.
‘Then the Equation will be as follows.
- bt gxidre =G,

Afluming a+u=x, by my Table of Powers we
fhall have, viz.

m4+4m’n+6m'nz+pm’+3pm%+3pm'-l-vr-’ +-2gmn
Fgn*A-rmtrn = G.
By Tranfpofition we have

4min-6m*n* - 3pm*nt 3pmut A-2gmnt-gn* - rm =
G—mt—pm’—gm*—rm.

THEOREM,
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. THEORE M,

- ' G—m+—pm3;qm‘—rm -
4m’-6m*nA- 3pm’ + 3pmn-t2gm—~-gu{-r
Suppofe an Example in Numbers. As

»

Examrie 3,

§212xb—1093600x3-}- 56547625x*—1585920000x-
6140484000. '

For each Co-eficient put, a, 3, ¢, &c. refpeively,
and it will be
axt—bx3 |- cx*—dx+N. = o. ‘
Divided, 34— a3 <5t — Lo N g
in Numbers,

x4 —209%8 -} 10849x*~ 304280x -} 1178142 = o,
And for each Co-efficient fubftitute p, ¢, r, &¢. Then
we have

x—px3 gt —rx LG =o0. .
By affuming m 4-» = », we have according to our
former Operation this Univerfal

THEORZEM,

»— —mbt-pm3—gm* -y rm—G ]
T gmi-6m*n— 3pm* — 3pmn- 2gm--gn—r

Whence the Reader is ta obferve,

That a, 8, ¢, d, ¢, &c. reprefent the Co-efficients
of the unknown Quantity x, let the Co-efficients be what
they will, and N the abfolute Number given.

Now fecing oftentimes that a Co-efficient is prefix’d to
the higheft Power of the unknown Quantity x. I have
divided all the Co-efficients of the other Terms, by the
Co-efficient of the higheft unknown Quantity ; aid for
their Quotients have fubf;ituted P ¢ 7> 5 &c. and (13‘,

' the
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the abfolute Number after N, was divided by 4, that
is, after the abfolute Number given- was divided by the
prefix’d Co-efficient of the higheft Power of the unknown
Quantity x, then we have the Equation out of Algebraic
FraQioms, for our Operation, by fubftituting.p, ¢, 7,
&c. aforefaid ; the’ it is not always, as that the higheft
Power of the priknown Quantity » has a Co-efficient,
then the Equation needs not Divifion, but putting p, ¢,
r, &c. for b, ¢, dy &c. refpeively : As

ExampeLE. AU .

. Let x64-pxS—cat-}-dx3-ex* - fr = N, in Numbers,

. Suppofe x% -4 1000%5—200x* 4~ 10043 -}~ 502}~ 402
== §00000, . " L

. Now by fubftituting p = 1000; ——200=-=—¢; 100

=r; 50=7; 40 =1¢; 500000 = G ; then the above

Equation becomes L

#t-pus—guttrasttfte = G,

Here you fee, . that p, ¢, », &c. reprefent &, ¢, d,
&c. refpeively, becaufe the Equation, is not reduced
any lower, but the final Equation juft.the fame as the
given one. But - : S

Suppofe ax6--bxs— cx¢.\-dws f-ex*-fe = N. Let
the fame in Numbers be
20x6-4-800%5—700%4-}4043-}-20%*-}- 500 =2000000.

Here you fee is a Co-efficient ( wiz. 20) pre-
fix’d before the higheft Power of the unknown Quan-
tity x, (viz. 6) which muft be divided off, that is, I
muft divide all the other Co-efficients by 20, and then
arifes this Equation. : .

%64-40x5—35%+-|-2%1-1-x* -2 5% = 100000,

Thence fubftituting p, ¢, r, &c. for the Co-efficients,
there arifes this final Equation,

%8} pxs—gxt L rattsnt oty = G
Hence
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Hence the Equation is reduced for Converging Series,
and may be folv’d by our Univerfal Theorems. . Which
laft Equation [ call final, by Reafon that now I ean, by
affuming m+-n = x (whlch m is = to the known Part of .
the Roet fought x, and muft be taken' as near the Root
as may be, whether it bé greater or lefs than the faid.
Root, and 7 is = the unknown Part of the Root fought,
whofe Value may be Negative or Affirmative, according
as that of m is taken greater, or lefs than the Truth) find
the Value of x, and it is from thefe :Principles I have
nifed the folfowing Theorems, which will ferve for any
Equation of the fame kind, by only obfcrvmg the Signs.
It is here obferved, that when there is no Co-efficient
prefix’d to the higheft Power of the unknown Quantity «,
then N and G are equal to each other refpectively.  For
when any Term is wanting in the Equation, thc fame
muft be omitted in the Theorem.

3

A more GENerAL MzxTHOD jbr
CONVERGING Snnms.

"HICH was commumcated to me by a Mcmbcr

of the Royal Society, for whofe Name I have

eateft Veneration, and fhould have informed the
Wor d, from whom I recenved fuch a Favour, had he not
defired ’the contrary.

Let N

Abfolute Nnmber -in any Equation. .
Exponent of the higher Power.
Root ar.Quaritity fought.
any known Number taken at Pleafure.
_am unknown Number. ’

o . q r. 5. &c! = to the refpe&ive Co-effi-
‘Gients of the given Equatwn 3 tben will m+n._.x, and

Frxs Fpxx | Faxa :F'X*‘ T, & =N,
reprefent any Equation whatfoever ; and becaufe m |- » ‘
= x, fuch a Gcneral Eqmtlon may be thul expreffed.

- . S Fix.

ll hna

...aSs::t
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- n—g ) — .
Fixats Fpxmfa Faxmta ’$rx.
o m+x"_’-T- =N. . , A
But to bring this to Converging Series, it is firft ne.
- ceffary to prove, that every Power raifed from a Bino~
mial (without regarding the Co-cflicients) confifts, or is
" compofed of two Ranks or Series of Powers, one in-

. creafing from nh', ory to n, and the other de-

" creafing from m to ’m"ﬂ, of 13 and each Member in
one is multiplied into its ‘correfpondisig Member, in the
other refpetively, as'may appear thus.

Coey 2 A—w
mm . MmMXn 3 OrL,
T - — e
n-4-n amn =m Xn twice,
. .. B »
wn Cm Xm.
- Agaim,
% igpanp

‘mmm.- ) . m Xn. .
5—3 n—3g

i ) gmmn S = m T X
ngn .
+ g \, . m Cxa ¢ thrices
s—s a
nnn m Xn

And Y5 it will be gd Infinitum,
’Q- E' Do
~Hence thefe two Cerollaries, -

Conox.x.».x'x' ) SO
That the Co-efficient of the fecond Term in any
Power raifed from a Binomial is always = », the Expo<
nent of the higheft ,Powgr.‘

CoROLLARY 2. -

That the Root or Side of n?, the unkwﬁ (i,uantity,
- js always multiplied into the Second Term of the kn'o;n.
. _ ow
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Now from the Latter, it is evident we are (in this
Cafe, but to make ufe of the two Members of the Power "}
of fuch Binomial, and by the firk we may exprefs the
Co-cfficient of the fecond Term by », the Exponent of
- the Power: Therefore the former Eqmm will now
ftand thus,

ixxm’in m”_lnj:pxm'—'i ,mHmi

gxm + m nirxm i m ni&c.
a—3
—N.

Now to find the Value of n, er the unknown. Quan-
tity : It is plain, that thofe Members into which it is

multiplied will be the Divifor with the ame Signs, as be- .

ing to be tranfpofed to the other Side of tlBEquamn.
Therefore firk wo get the following

THEZOREM,

Nixxm’lpxm j:qu *+orx

—
- - -—’_'

n =
e | . R .
1xm Fpx ﬂ;qx . 3~_trx~ .
a t—l -3
n—3
m_ ", &c.
[ -
‘, &c,
s—3

Which Theorem exhibits all poffible particulsr onea, for
extralting of Roots according to the firft Sort of Mr.

Ralphfon’s, agreeing exaly with them, as will be found '

on Trial, always remembring that the Signs in the Di-

vidend muft be contrary to thofe in the Equation, and in |

‘the Divifor the fame refpedively.
But m 4 n=x. Thercfore Secondly,

THEOREM,
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THEOREM.

.'__N-l-!x m"ipx m”.‘.l_-_th m
¥ = - E o N2 Ny )

n—3 N2 Mo !
1xm Tpx m dgx m S+ rx
_ a1 n—3
+rx m 3,&c.
=g
-
m.",.&c.
"3 P

Which gives all thofe of the fecond Sort univerfally. -

Bt in this Cafe the Signs, both in the Dividend and
Divifor, will be the fame, as in the given Equation re-
fpetively ; as likewife it may be proper to -take Notice,

- Sbat if any Term be wanting in the Equation, tbe fame

. mnf? be omitted in either Theorem refpeéively. .

Now from cither of thefe two Generals, to deduce any

+ particular Theorem for finding the  Root of any given

Equation,~ we need. only confider, that m =1 or
N .

| 2—=1, that Unity will neither multiply ner divide ;
f m s om ’ ..
'{ L] L] L Lo .
talfo that #—3" =o, or s™ —n™ = 0; and any Quan-
* tity multiplied into Nothing is = o, and when either
- Cafe happens (which always will, except where the lafk
- Term is wanting, the Theorem is determined. :

" "THEREFORM

]
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THEREFORE, ,
Suppofe an Equat, as Bythe 1ft Gen,Theor. By the ad Gen, Theer,

b =N W (N—m* Ngm*
J 2m am
3 — N { Ne—m3 N+u3
~ Ui LR
=N o |[N—nt ] Nef-3m¢
. E 4m3 . " Nr) :
3Jpa=N N—u‘:ig >
R I Wl ¥ 4 »" amtp
b~ x2tpx=N | 8 |Nfm?—pm Nyt *
N | B [Ny N s
o= N—mt T’ 3 2pm
. 4m’ 1 3pm? g3 T 3pmt
r’:l:t#’:tf*=N‘ kN—m’iFm"-EzMi N-t-2mitpms

3attapmtg | 3m T amiyg

After the fame Manner for any Equation whatfoever.

Thus having the particular Theorem, the Application
in either Cafe is as follows. '

Let m be any Number taken at Pleafure as before,

T = Theorem, in which = muft be of its laft Value
found,

_Then the Procefs will be of the

Firft . General Theorem. "Second General Theorem.

m the 1ft, - T=mthe ad. Then | T = m the 2d. Then
mthe 2d. + T=mthe 3d. Then | T = m the 3d. Then
mthe 3d. 4 T=mthe4th. Then | T = m the 4th. Thea
m the 4th. 4- T=um the 5th, &¢. | T =m she 5th. &c.

Some of which true Values of = will terminate in the
true Root fought, if it have one: But if it be a Surd,
then the Value of m will proceed into an Infinite Series,
but may be profecuted nearer the Truth than any affign-
able, which Series, each Operation, will proceed in Num- :
ber of Places, in a Geometricql Progreffion, wliol'gfﬁr& :

: . Aerm
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' Termis 1, and Ratio = 2, viz. Firit 1, then 2, then 4,

' then 8, then 16, then 32, ‘then 64. €c, Places.

_It is likewife abfervable, that the firft General Theorem
converges by finding out 2 Number to be added to, or
fubtralted from the /a/# Value of m (as.it fhall be ad-
feGted with 4 or —) untill m be = x fought. So the

. laft converges by m itfelf, whofe Value, - at each . Qpera~
tion, fhall grow nearer and neager, ungill it be = &

. fought. - . . ..

" We may alfo take Notice, that tho' m be affumed
never fo far fram the Root, yet it will converge to it by
renewing the Operation. =~ -

But the Work may be much fhortenpd, in Calfe we
point the given Equation (if it will a¢mit of it) both in
she abfoluse- Number and Co-efficiant, aceordipg to their
refpetive Degrees of Adfaftion; and take firft 1. then 2,
then 4, &', of thofe Points (from the firft) cach Ope-
"yation: Feor it is evident, the Co-cfficieqts increafe thein

' Powess, as-she higheft known Tesa decrealesy therefore.

- the abfolute Number is of the fame Power, with the

- higheft upknown Quantity. '

One Inftance may be fofficient to explain it. Suppofe
this Cubic Equation to be painted, viz. :

; 3425t ~-896x = 53097. .
or x34-pxr-4gx = N.
Then it would be x34-25x14836x = 53297.
For the abfolute Number is a Cube %md are pointod

Co-cfficients ¢ a Square accortiiogly.

. p aLateral
" And'the like Method for any other Equation, where it
will admit of it.
" Now to apply this we are to take
The firft Operation &3 - 2x*4-8x =53.
- Second Qperation wi4-25x*~4-836x = 53297, and
confequently the Value of the Co-efficients, as well as

the abfolute Numbers alters, fo long as thete are Punc-
ftations. .
But

Nt e aemen
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But by a Numerical Operation, the faid Notification,
as well as the Method of the Procefs of each Theorem,
will be further illuftrated. . Therefore,

1. Suppofe ¥* =2 == N, feek »# by the firft General
Theorem. ' '
Then n = =T, and take m=1.
. Therefore 14T (=.5) =1.5 ==m the 2d. - -
% 1.§—T (=—.088) = 1.417 = m the 3d.
. 1.417—T(=—.002783)=1.414217=m the 4th.
** 1.414217—T (= —=.000003437622 ) = 1.
414213562378 — m the 5th = .
2. Suppofe #x =2 = N, feek » by the fecond General
Theorem. :

‘Then » =§-é:m-11’- = T, and take m==1, as before. - -

N-—N3

Therefore T = 1.§ = m the 2d.
. T =1.416 = m the 3d.
% T = 1.414215 = m the 4th. ~
T = 1.414213562373=—m the sth. — x. -’
By which it is evident, Firft, that both Theorems
amount to the fame Thing, the Difference being only
in the laft Figure, which would be corre€ted the next
Operation. Secondly, that » will proceed into an In-
finite Series, if a Surd. Thirdly, that each Operation
gives double the Number of Figures of the laft.
3. Suppofe x4=28398241=N. feeck » by Theorem 1.
N =T, and take m = 10.

Therefore 10—T (= —3) =7 =m the 2d.
" 74-T (= 4.4)=7.4=m the 3d.
7—T (==—.1)=7.3=w, the true Biqua-

dratic Root fought, S R

4. Suppofe x*—12839.8241 = N. as before, feek » by

the fecond Theorem. T : ‘

.Then =

Then
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Then.v-—N_ﬂ_.T and take m=3g,

Therefore T_56—m the 2d.
..’ T=82—mthe3d

-—74.—mthe4,th )
S —73-7-”3 thcsth.:x—tothetme
Root fought. - .

From which two laft Enmplu it appears, Firft, that
either Theorem will find the true Root, if it have ofte,
Secondly, that it matters pat, whether & be taken abovc
or below the Root, or how f;l‘ from it.

5. Suppofe x* 4 58 7x= 987459, or xx-4pxr =N,

: . ey N—m*—pm
Seek » by Theorem' the firft (i.e.) n =
y Theor r ‘(: e)n o ip
= T, becaufe of the Pun&lations we are to take,

1. Operation xx45r=—qg8 .
2 - - = xx+}-58x=0874, %and fuppofe m=8.

3. - - - .#rs587x=987459 :
Thesefore §—~T(=-.2)==78==m the 2d.
s 78--’1‘(—-—3 4)=746=m the 3d.

- 746—T(=—3.34)=742:66=m the 4th.
. 742 66—T(==+=.012689)=742.647 31 1==x fought.
Again,

6. Suppofe xx-—-20% == §3482, of ¥x—py == N, Seek
# by the fecond General Fheorem.

— N+4m* —
Then » — 5—p =T, and take rtf_zsm

Therefore T = 241 = m the 2d.
. T = 241.4 = m the 3d.
X T = 241.475 = m the 4th,
o T = 241.477860 = m the sth. = x fought.

. From thefe two laft it is plainy Firft, that there i is
no abfolute Neccﬁty for Pua&atnon.
Secondly,
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Secondly, That Pun&ation does neverthelefs fhorten the
Work where it can be done. _ S
But I hope I have faid cnough to make the whole

~ Matter, as well as the Manner of procecding plain™ind

eafy to the meaneft Capacity 3 and though I have given
Ngmeﬁcal Examples, xl:‘:c fayrther thanufh affeted %2.“3'
dratic, yet it is the fame to any Degree of Power, or
AffeQation whatfoever, Regard being had to its proper
and particular Theorem deduc’d from either of the General
Ones. 1 fhall therefore now proceed to Roots in General ;

but firft I will faew by an Example how the Cube may
be compleated as a Quadratic. :

A new Way of Compleating the Cube,

Uppofe x3-f-12x*}48x =152. Here you fee it isa
perfe& Cobic Equation: Now the fame may be
compleated thus, o
. 1 obferved the Canon for the Cube Root (3} 35>+
g-{-$3) and I found the third of the Co-efficient (or 35)
cub’d, is always the fourth Term of a regular Cube, which
I tried in this Cafe, calling 12 = 35, and 48 = 35%, the
Equation then will ftand thus, s3-4-gba®-}-3b2x =152 5
then adding 64 the Cube of 6, a third of the Co-effictent
36, to both Sides of the Equation, and we fhall have
x4 gbat-3b2x4-64 = (152-1-64) 216, and extralling
the Root 44 = ¥216) = 6. ind » = 2. '

OrzraTioN,
Equation, (I} 34122t} 48r = 152
per Canon, |2 | x3 - 3bx - 3b% = ¥52 c
"a2e0 3 aa+3tx}+3#r+64-:z;6.
3w 3 4 x+4=_2_1-6]:“.=6 L
5 &= b—4 = 2.

QE.D. -
Tlg e o An

!
b

o canrn

o
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g;; Univerfal Solution of Cubic
and Biquadratic Equations,
analytically. .

§ 1. Of the Univerfal Cubic Equation,

® = 3pe*+ 3¢ 4 2r.
- —3p*+ 1.
—3%-. -
There are three Roots, viz.

1o x=p 4 r+4'/r3-—q;|§ J- "/r—\/;f_-——qi. ‘
= O i~-i;b_3 x

r—,/m\%’
3 x=p— ﬂ::é x ,_l_‘/;z_?q,)}_ I—V—gx
' 2

That the Arithmetial Calculus may ap the eafier
and fitter for Operation, put the Cu}l;e Rp:g of the ir.

e—

rational Binomial r44/r*—¢3 to be m+y/n, the three
Roots of the fame Equation will be ¥=p.-|-2m, and
x=p—mi{-— 3n. , :
Therefore in a‘gzy gifven Cubic Equation, we muft
compare p, g, r, &c. for thefe being known all the
Roots of the eq:ation become knownljg' i '

Let the Root » be fought of this Cubic Equation,
. - ! ‘

viz,

. §- I. x3=u=+3x+4.
Hence

|
i
i
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Hence it will be according to the Prefcript, 3p =5,
orp= —;—- Secondly,f3q-—-(3p’)—;—= 3. or gﬁ,_?.

Thirdly, 2r (-} p*—3¢ x p) — -JO— =4, OTyr= _8_9_;

rand r? e g¢3 = _2—1—2—. And thefcfore x = ._+

3

1[59- J“z J J | the other

Roots are unpoﬂible

_§. 2. In this Equation ¥3=124*—41x4-42: In the
firft Place it will be 3p=12, or p ::-]—371 -.:4. “Secondly,

3¢—(30%)48 =41, Org= -L Thu'dly, 2r +
(r*—3¢ —3¢ X p) 36-—4-2a or r=3. and from thence r'—gx

e %’,. But the Cube Root of the Binomial Surd,

3+4/—% (=r—4 yri—g3) is to be 'extra&ed
according to the fought Methods of Arithmetit, -ard is
—14 ,/— (=m-4/n,) and therefore- the Roat

= (p4-2m= 4.-—2—) 23 or likewife x= (p—m+y/ —3z
...4.+1 1 (v4) 2=) 7 or 3. "Again, the other Root

of the fame Binomial 3V —= 100 is .}.+ J.____
(=m - y/n) and therefore the Root x __(p.l.m 4..|.
3=)7; and l‘k"w‘f°"’(ﬁ—”'i~/—3n=4—‘—i—i

/——) ~—=3or2 And again,
. The thxrd Root of the famc Binomial, viz. 3+J —_
—;7— is — e S J ——5—-} (""‘m+¢n,) and therc-

fore
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fned:eRoot:=(p+2m==4-—1==) 3y and alfo » =
(p—mt V=3 =4+ % (JZ)E =)
or 2. )

§ 3 GIV;R in this Equaﬁon a3 "'—st'—84,x
+1°0,P Wlu be::—-s, q=—-— H orr__lss’ and

the Root of the Binomial 135 4 +/' 18252} is' 34~/ 12):
Therefope the Root  is == ~—54-6=1, and x = =3 -3

iJ—36=—8+V~36 impoffible,
Again, :
§ 4. Given »353¢4x*—310v-1012 5 here pwill be =

.3-34; g--’-'-;-é, r=55-3§ and the Root of the Binomial

‘§§_3_l§ JZ_ZS_oIs + m. Themﬁre the
Root x—--;- + 3——'22 and * = ;-—1_36. i
J-m —6+t/:§ﬂ impoffible. -
Again. - ‘
. §3. IntheEqutlon #3=2848 |- 61x— 4048, pwnll
be bere == 22 3 , g== 991 e — 3.52‘.9 and the

010

‘Root of the Bmomlal—-—i— + J._. 38izey) is =

+ - -ﬂ Thexfom.v-- +.4§_.-23,

andx== -3-— — 41 i(JB)—Z —16 ‘or —11.
' Again, .
§ 6. In this Equation 3 = -—x* 4 166:—660, bere
P will be =—_L; g:ﬂ,r=_.9£§, and
oo 3 9. . 27 X
. thc
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the Root of the B;nomw—i’%-+J— !’_gﬂ_
s —22 - [ Thereforex=—-..l__.~4.£‘
3 3 3 3
——msmir=— 242 g o0 0D
isrational, - .
- Again,

~ § 7. In this Equation = 63x*+99673x-|-9951705,
p=121, g== 1;”_9, r = 6031680, and the Root of

the Binomial 6031680 - / 47387!20431;6 5 =

183+ ~/_5.2:;'2i Therefore x = 214 336 = 387 ;
and x = 21—183 & ( y/529)) 23 = —139, or 18s.

" And after the fame Manner muft we proceed with the
reft. And bere a Theorem is invefligated after the fol-
lowing Manner ; I put the Root % of any Cubic Equation
= a-t-4, and by naifing the faid a4 & to a Cube, it will
be z3 = (a34-30*b - 3ab*+-b* = ) a3 4 3abxa -b--b3.
Now in the Place of 44~ 2, fubflitute its Value, and it
will be 23 = 3abz-\- 23443, which Equation is can-
ftruted from the Root  —¢-}-4, which Equation wants

the fecond. Term. But as this may appear more evi- -

dent according to our Formale, I take the Equation zs
= 3¢z-}-2r, which transforms itfelf into 23 =—13abz-|-a3
83, and by transforming of this, it will be in the firft
Place 39—3ab, or ¢*==a343 ; -and fecondly, 2r =a’-453,
or 2ra3 = (4% 44383 =) a5 4¢3, and this Quadratic
Equation folv’d will be @ = r 4 o 7°—¢’, and 43 ==

(2r—aiz=) "‘-,-\/ r‘;——,‘,%ad therefore a=r4-y/ f*—-q”!‘;
and b =r—y r‘-—-q’I:, and therefore in this Equation

&=

.
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3qz+zr, the -Root will be z = (a4 b=

' 'z+‘/rx__q1' —|— WV ri—ri—gs,

. But the Root is threefold, and may be changed by a

threefold Value, and r+4r’—q3\ , and q/r'—q’l ,
for the Cube Root of any Quantity will ‘be threefold,
and the Root of Unity is either 1, or — £ 4§ ;/—-3,
or—3i—3iy—3

" Therefore if 1 X r4-4/r* -—qll or ref-4f/ri—g3"?, f ‘
1""‘"4""‘9’] =VIx r+- qul' it fhews

fome Root (as above-named, wviz. m- y/n, or 1 x

:n+ v/n,) of the Cube’rJ- Jrz—qs now ——Iﬂ:‘?

xr+‘/r2—-93'3 and I:J—s X 7'+Q/"’—13?
{1 Y3,

X m+¢ n, and _LS X
m+¢n1 will lhew two other Roots of the fame Cube.

I S .
And hkewxfe r—ri—gs b -—I--t'—J—i x

— T — —

X ¥ r—4/r*—g¢3 [that
X m— ,f n, -L?/-j X
m—y/n] will be three Roots of the Apotome, r—
«/" —¢35 and by duly conne&ing thefe Roots, z will

become = 3/r--y/ri—gs - t/ r—y/r*—gq3 [that is, z=
mtvrdm—yn=2m] z=‘-':-x";—‘/_'—3 x

Yrdyr—g 4 =3

r—fri——g3 ,"‘, and

—-I-'—J—-z

ism— .y n,

X Mr—ort—gs, [i.e.

=
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z=_l-‘;‘/‘- "m—l-—-————”;‘/— x m;Vu

s e y/egp] and ;.:_1:2:1::3 " ViETe
+ Y3 TR e e S

T4 T e ey

which will be the three Roots of the Equation %3 =
3gst-2r. © L .

+" Now thele Rooks.duly- confiefted according to the pre—
ceding Method (which {o conneted, and by the common
&licthod conkinually -browght oac into ahother) make the
Equation #3==3¢2"}-2r. Laftly, make z = x—p, and
X3—3pxt e 3PP x—p3 == 3gxs= 3pg<fe 27 univerfally, the
Roots of which appear, as they have been exhibited
above, .

It is-here to be noted, thit 2l the Roots of every
Cubit Equatipn twe poffible und ‘real, as oft as-the irra«
‘l‘lynal Membér of the ‘Binomial- Jr;—qi contains the
Yimpoffibility i iehelf; that is, as oft 4s g is sh A&fema-
“tive éxy and ‘its ‘Cube likewife greater than the
Square by the Letter . .

But if this Member ,/r>—¢3 be poflible, that is, if
be a Negati\'r'e.Qxanﬁty{ o::-l{kewi"fgo if the Cube Aﬁt!
mative be lefs than the Square by the Letter , then the
Equation hath only ohe poffible and real Root, and the
<4hor ‘two are shpoflible. :
> Io this Theorem, if p be made = o, that is, if tle

xand Term be winting, then come we to Cardan's
}ﬂléd,'-wbokﬁblutio:ﬁ thewn in the preceding.

~
A

M
.

1Y) | 'Sz.Of
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§2. Of Biquadratic Equations,
univerfally.
x4 = 4pe3--2gx* 4-Brxf- 4.
L A A g _
"The four Roots are » = p—a + » / p*-}-q——a’-—-:i‘,
and x=ptat, [ptg—at 2o, where ot in che
Root of the Cubic Equation. I

8% = p*at — 2pra'- s
+q¢ —=

- Now in any given Biquadratic Equstion, Regard is to
be had in all the Terms. of this Univerfal Equation, how
P> 4> > 5, will the fooneft be.found, and thefe being
known, the Value of a will be. found from the above
Theorem ; and then laftly all the given Roots of the
.Equation become known. =’ oL
. Take an Example or two for its Illuftration, -

» " Examere.
Let it be required to extra® the Root of this Bi-
+ ‘quadratic Equation; viz, x‘='8x3+83x‘~ 1624—936.
According to the Prefcript it will be, firft, 49=8, or
p==2. Secondly, 2¢— (4p*) 16 =83, or ¢ =-9-22-.

,vThirdly_., 8r— (4pq) 396 = —162, or r.—.!iz Fousth-

Iy, 45= (¢%) T' = —936, or 5= 6%15fromhenoe

#+e

1
'i
|
|
1



|

_ [ 1471
1y =!§z’ 2pprts= z%;.ﬂ, rt= 13%2:"‘&“’“%
. 6107 0792 1368
forea‘...—;za 13394=+.2_916 :
Now as this Cubic Equation ‘may be refolved into its

Roots, we muft have Recourfe to the preceding Theorem,

in which p will be = 127 ; ¢ = 22999, . 2903923 .
2 144 1728 ?

and ri—gt = — ”;_SL:ELS ; Confequently the Cube
..y 200202 /__u 40075 .
Root of the Bnnomu\l -1_7_28_3 + 6 19»
—33 40, ' =17 _ 53
- +v 3 ; and therefore a* 3 73
= 9; and likewife a* = %Z + %i(iﬁo) 20
==1£2, or -Z— Moreover, .

There are fix Roots of the above Cubo-Cubic Equa-
tion, viz. a=+ 3; a=71 —13-, anda=i-§-, any
one of which will indifferently ferve our Purpofe.

Suppofe in the prefent Cafe @ = 3; » will be accord-

ing to the Theorem = (p—ain’-}-g—az— 2r

“a
=3—3 i./4+329--9—333=-—x + (v25) 5=)
4, or—b, “d’=(P+‘i~/?'+T“’+%d= 2
43t et R—o+ )= s+ (vED) 8=) 13,

or —3, which are the four Roots of the given Equation.
2. In this Equation x+= 20#-}-252x*—6592% 4

21312, pwillbe =55 g== 1765 r =~—384; and 5=

13072 : From hence p*+¢=201, 2pr4s = 9232, and

#Vot = 1474563 and from thence «6 = 20144—92320" 4

Ua 1474564
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147436, Now in our Theorem for - Cubmrvxn be =

67 q—-‘f_’.?! andr»._65219 TheCubeRootofthe

/ —-ng. Thercfor.e a* = 67+77 = 144, or a= lzi

and therefore s=g—12 1 v 23+1 z6—144+64 =—
o+ (VT21) 11 =4, or—18, and * =g - 12 *
V25F176—144—064) =17 % A/—7, impoffible. '

" But the Invention of this Fheorem is fuch; -of the
Muiltiplication of two Quadratic Equations z*-}-24%—5

== ¢ ; and z*—24%—c =0, into-one another, F make

the Biguadratic Equation ¢ = 44> 4 64 ¢ x z* 4
2ac—2ab X Z~—b¢, whofe fecond Term i wanting,
which I equal in Value, this Equation z4_,¢z‘+fz+g.
From whence, Firft, 4a*-bof-c =e¢, or b == e—ga®—c.
Secondly, zao—-zab = 4, thatis, 24c—26¢-8a34-20c

=f; °U"".'-~ + ——--—m’ and from thenge b
(¢—4a’—t=)—-£- + —_— --2a’ Thn’d!y, --k

= :, of -;—‘é——i—; _+ -— --2:4’-[-4.«4::;:-—1, that i,
af —3 ea‘— § gat— -? aaz + {,: > w};ich Equation, as

if Cubic, of the Root 4, ¢f being known or taken fo, is

prodaced # ; and therefore this Root may be had by.the
above Theorem, and b and ¢ become. known. by the fame
Calculus, But the Roots of the Egquations z*4-24z—b
=0, and* z*—2a%—¢ =0, are z=——a + Va5
and z=at Vo' +c) or zm—at Vie—=ai—qa)

and z=2a ¥ i—a}4 {a- Moreover, the Roots
of the Equation ¢ will be = e2* -2 ¢35 viz. éwa{
, of

[
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of the Equation af is known to be = ¥eat=m ga® —
st %— Now that this Equation may appear
Univerfal, and be compleated with all its. Terms, make’
2 5ng, 2 ¥ o 498 60— 49a b will e
= —aper et forfptgs allar=pet

.z é‘——""“"ﬁ" and "-:'t"""‘i J%'—"l"'ﬁ‘
Now for Brevity and Elegancy, make ¢ == 2¢--24% and

f=8r; then xt—4px? 4 4p*s = 295" —4p¢* 20%¢
b e prob g, ¥ = pma £ g2
x =p+4eat J)"‘l’i"ﬂ"l“%:']m ab ‘=m"

it ag x . Lafly, make
Z"'M"'\"QP“"M'!- Thence are made the pro=
ceding Equations. ’

gt g agid8rat4s,

‘ — 4t 4"

and b = prat—2pra-rt.
That is they all appearas
Q. E. D.
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An ANALYTICAL SOLUTION ofcertdm
infinitefimal "Equations,  tranflated
out of "the Latin, from the Philofo-
phlcal Tranfadions of zhe acute Ma-

" thematician Mr. ABraHAM D&
Moxvuz, F. R S. ‘

- ET nbe any Number, # the unknown Qmng
or the fought Root of. the Equation, and let
Quantity likewife known, or, as the Matbematicians

H it, Homogeneum Comparationis; and let the Re<’

Jation of thefe be exprefled among themfelves by this

Equatlon, vizZ,

An—x __--9 Npe—Y
3+ zx;; X 4.x5 #5+ 2x3
’1—5 nx7, &c =a’

4"5

Itis mamfefl from tbe Nature of this Scnes, that if
fome unequal Number be taken for #» (viz.an Integer,
for it matters not whether it be Affirmative or Negative)
then the Series will be hmlted as above, whofe Root is

L

) =’:/—.__—-:—'___,;‘__-___'
I, x=3v Vi14az+4a J———-s/x-{-a-l-a

or 9- -\‘=r$/~/—+_a7 a---;q/q/l-l-aa—‘. .

3‘

or 3. #—n_—-;—-‘—__._.—ia/Vl-l-aa—c.
v J1}ea—a
3 3
71-{-7; ¥ V1dae —a
Let

Ol' 4..4'—'
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LetmﬁndtheRootof(hqumttonoTtheFlMl

Power, viz.
§x~}-20x3 41635 = 4. .

In which Cafe # =5, and ¢ =4, tbeRootaccordmg
totheﬁr&Foxmwallbe - -

x=§44.7+4 $ »>, Wwhich may
R ATTE A
very expedmouﬂybefolv’dmeommonNumhen tlnn,

V1744 = 8.1231, whofe’ Loganthm u 6°gog7ib4,
and the § of 0.9097164 ="0. 1819433, anfwermg to

t.5zo3-¢ V17 + 4,-and the - Arithnietical Compli-

-
3

~meat of o, x‘8‘x9‘433 s 9.8&86 567, © which the Num-

ber 06577 is o= 7 3 therefore the Senidiffo.
V‘7+4 """!a::':

,xmoeofﬂ:ochumhmmo43:3—x. i :
Here it is to be obferved, that in the Pliéé"df the

gemralRoot » might very ‘well Be ' takeri -;- ,/za—-
7—’-—- if°at any Time'the Number .4; urRefpa& of

.Unity begreater, as xf the Equation fhould. be_s, zoxz
i 265 = 682, the Logamhm of 2a will be =
«3. 1348143, - whofe ﬁfth Part-is’ 0.6269628,- and the
Number anfwering thereto is 4. 236 But the Arith-

.metical Compliment of . g. 3730372 is 0.236, and the

- Semidifference of thofe Nunben is 2emx. But morc-

‘over, - - ‘-

If i in the pr;cadmg Equatxon, the Sngns altemately be
affirmative and negative, as”if the Series fhould happen
after this Mannu

M s . . N
: e
: \ v
’ - . N
. : ’

A
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R Y—hn_ g—rm gy gﬂnl
+3x3.:r ‘-2)(3 4X5 x+2X3 QXS';‘.’
,‘e%:-_"m &c. —1,itaRoo’thlhv&. . '

ey

1. x-‘«/a-l—s/aa—x -l- - —
L N a+dm—-—x
M_—== .—-‘bh-.m -
3. x= *«/anl-du--xq- 3 Ja—-«/aa-—l.
PN .e [ £SO a “"‘.“". 2
- H't a‘—-——:z:: =+ M""”“""“ AN
. Na—Va—1 R
) H . % i oo
S T e
Ce Q/ag-—‘{aa—-xr s V a4 ,)2-:

Andhere it tmbenoted,zhiuf"'-;-lbﬂnmal the

Sign of the Root found, miufl bo*contrary to it, let this
Equation be propofed,  wiz. §xwes0s3-- 1648 ='86,

.whcnce p—-s, and a6, the Root wxll be—;96+7 3 5

+L

'I*:f::ﬁ:ﬂ:r"-. or- bbeaufe 6+1/35=.;.; qk6y; mlmga

6+ 35

“sithm “will be == 1, b7613¢4, and ks &w!m.g&,
‘the Arithmetical Complimest . 9847459; the Numbers
‘of thef® Loparittims are 1,845, udaﬁvgqun&lvq,
“whofe Balf Sam is-== 1. LEE T N

“But if % “fhodld - appenS -ehat 4 is le@: dun Und

“then the' fecsndForth of the Root, . vibich:is: firater- '

our Purpofe, is to be chofe above the reft; fo if the
+ Equation fhould- be, it sk gom 4 16w ’z
will be = ~

W= N ./

4096
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. 4nd indeed if the Fifth Root can be extra@ed by an
Means, the true and poffible Root will appear, althougi
{ -the very ‘Expreflion . itfelf feems to be impoffible, and
. Ithe § Root of the Binomial %;--i—J’ig—zgg-is{-l-*

. o . .96
V15, a‘nd likewife the § Root of the Binomial -5:.- —

'_'%’7% is $—2 /=15, the half Sum of which Bi-

4

nomials is = ;= x. '
But if this Extraion cannot be had, or feems to be

more difficult, it may very neatly be performed by a

Table of Natural Sines, after the following Maaner,

" To the Rad. 1. let a be=% = 0.95112, the Sine

of a certain Arc, which will be = 729 23', whofe fifth
Part (becaufe n = 5) is 14° 28’, the Sine of 0.24981
= % nearly, and fo we may procced to Equations toa
more fuperior Kind.

QE.L

I3

X - A METROD
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A METHOD of approximating
“in extralling the Roots of
- Egquations in Numbers.

N Philofophical Tranfa&ions, N°, 210, the late Dr,
Halley has publifhed a compendious and ufeful Me-
thod of extratiag the Roots of #ﬂd Equations of
the common Form in Numbers, is Mathod procoeds
by aflumiug the Root defired, nearly true ¢o one or twe
Places in Decimals (which is done by Geometrical Can-
firu&@ion, or fome other convenient Way) and correlting
the Aflumption, by comparing the Difference between
the true Root, and the afflum’d, by Means of a new
Equation, whole Root is the Difference, and which he
thews how to form from the Equation propofed, by kb«
ftituting the Value of the Root fought, partly in known,
and partly in unknown Terms. .

In doing this he makes ufe of a Table of Produés
(which he calls Speculum Analyticum) by which he com-
putes the Co-eficients in the new Equation for finding
the Difference mentioned. ‘This Table, I obferved, was
form’d in the fame Manner from the Equation propofed,
as the Fluxions are, taking the Root fought for the only
flowing Quantity, its Fluxion for Unity, and after every
Operation dividing the Produ® fucceflively by the Num-
bers 1. 2. 3. 4. &c. ‘

Hence I foon found, that this Method might eafily
and naturally be made applicable, not enly to Equations
of the common Form (e, fuch #s-confift of Terms,
wherein the Powers of the Root fought are pofitive and
integral without any Radical Sign) but alfo to all Ex-
preflions in general, wherein any. Thing is propofed as
given, which by any known Method might be computed ;
¥ yice verfa, the Roots were confidered as given: Such
* a8 are all Radical Exprefions of Binomials, Trinomials,
or of any other Nomial, which may be computed by
the Root given, at leatt by Logarithms, whatever be the
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Indéx of the Power of that Nomial; as likewife Ex-
Wofbog’uitbms, of Arches by the Sines or
angents, of Areas of Curves by the AAfcifa’s, or any
other Fluents, or Roots of Fluxional Equations, &c.
For the Sake of this great Generality, it may not be
improper to fhew how this Method is derived. Thero»
fore z and & being two flowing Quantities. (whofe Re-
lation to one another may be cxpreffod bz;:y Equation

whatfoever, while z by flowing uniformly becomes z4-v,
x will become 4
vt e 0F —E— o, G0
1'3 lou . 102'3‘

L]
LI

"'+-;:1. + x ot + _f_"_’...-l-Ue.brs puttingi.
i - 1.2 - §52.3

Hence, if y be the Root of any Expreflion formed
of y and known Quantities, and fuppofed equal to no-
thing, and » be 2 Part of y, and x be formed of %, and
tliemg:own Quantities, in tﬁc fame Manner, as the Ex-
preffion made equal to nothing is formed of y, and ket y be
equal to z--v: the Difference of v will befound by ex-
tra&ing the Root of this Expreffion, ]

x4 *v +;v’ 4 _xv3
— Y m-l—(’c.:o. For
in this Cafe z being become z+4-v=y, x which is now
become

| *+§v+-‘—§v—-+&c. muft beoome equal to no-
thing, « : |
- ‘The Root v in theEquatlonx-l—_;;&-{-i'l_’_:.{-
’ . I 1.2
-5—:—’3—+ &'¢, = 0, is to be found upon tbc’Supyoﬁtion
X2 of
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of its being very fmall with Refpe to z (as it muft be:
if z be taken tolerably exact) by which Means the Terms :
’x.“ ;’v‘ . I ’
23 + W) + &, may be negle@ed upon Ac
count of their Smallnefs with Refpe& to the other Terms, .

o as to leave the Equation ¥ 4 -x:i- —':L; = o, for
finding the firft Approximation of v.
By extra&ting the Root of this Equation, we have

oryg (e

X . X L
v=a— 2 . Thatis,
x . x
" x * ;v"
VAL " B D
X x » 2
) .z Y : . .. ‘
" VAL 0 L SR L
x x x 2
x ? . . P '
3 E 2 if xS =0,
x x x ) 2
x % 2% . o xed
x * » 2

This Approximation gives v extra& to twice as many
Places as there are true Figures in z, and therefore trebles
the Number of true Figures in the Exprefion of y by
z-}-v, which may be taken for a new Value of 2, for
computing 2 fecond v, fecking other Values of x, ¥, ¥,
&e. Though, when z is tolerably exa® (which it may
be efteem’d, when it contains two or three or mare true
Figures in the Value of y, according to the Number of
Figures the Root is propofed to be compated to,) the
Calculation may be_reftored without fo much Trouble,

-
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oﬁlybytakinﬁ*/;} i” —2% _glem '2:"‘“v
x ¥ . 2.3x 1.2, 3. 4%

ot & finflead of J._.i 2%, taking every
* . "

Time for v its Value hﬁ computed

From the fame Equation x+xv+ ”"’ + L

1.2.3
-, &¢. = 0, may be gathered alfo 2 Ratnonal Fom

00

viz, v= . . For negleQing the Terms xv3
o xx . 2. 3
Ko ———
2%
&'c. we have v = ., which is nearly = 2
. > x.
x-}- —2—9
Therefore in the Divifor inftead of v writing —e, we
A %
have more exally 9 =—— >, Thatis, -
’ F ol L X3
2

! —~—, when x-l-:w—l- &["‘ = o.

.
x._.—__.

O

25

2 __x;’ whm-x«-l-w-{- xv’ e, =o0.

PERLA

2;:

” . L1 2 —
3 T o when x—sv} ff—’ Yo =o.

.

Ko e

2%
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’ .o ] .
Sumen) .. N
I 4! _—=~, when .-x_;v.l. xTv" e, = 90
b Xx
' X ———

2x

This Formula will alfo triplicate the Number of true
Figures in z. And ‘the Calculation may be repeated
after every Openation, taking for a Divifor T

e :;v

°_'£_ ot : .
"i 2”“‘?‘1-.‘;"—3"'-1-.:3‘2"" Bfomwd

2% }
" Dr._ Halley has fully explained the Manner of ufing
both thefe Formula’s in Equations of the common Form :

Wherefore I fhall be the fhorter in explaining two or
three Examples of another Sort, . :

Examrery g,

Let it be propofed to find the Root of this Equation,

’,_H‘\\/z d-y—16 = o, _ In this Cafe for y writing %z,
and for b writing », we have z_CFx"iV‘ Fz—16=1x;
Whence by taking the Fluxions, we have +— 24/2%2zX

0V Ly, and = 2 Vi2x8—g g2z x
FETW2 "2 For finding the firft Figures of the Root
3 for y/2 take -3-) and we have the Equation ys-7)%

2.?
“F9—162=0, which being expanded, gives
Sttt gy—ags = o
By this Equation I find, that for the firft Suppofition we
may take zz==2, Therefore in order to find v; let us now.
wake /2 = 7 (which is nearer than befare) and we

s have
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. y ,
l';g.ve r=zt 1ﬁ +2—16 = 2*4-1 )’ ---14,-_:5g —
14=—4.48; ¥ ==10.66; * = 4.72. Whenee by
the fecond Rational Form v == 4.48

10,66 472%4-48

: 2%10,66

==0.38 ; which muft be too big, becaufe  =,/2, and
therefore will require a larger Value of y to exhauft the
Equation, than where 4/ 2 is exa®. For the fecond
Suppofition therefore, let us take z=2.3, and make /2
== 1. 4142136; and by the Help of the Logarithms,

we fhall have z* - 1\‘/2-_—_-13.4.7294, whence » =
—0.22706 3 %= 14.93429, and x -= 5.18419. Henod

by the 2d Irrational Formuda v= J; 1 4:.;? :.184:;

— 1;’_'184-:9'= n..st‘Q' WhiCh gist ’=z+0=
2.31516, which is true to fix Plaoes. ' ¥f you defire jg

more exad tham to the Extent of the Tables of Logar
vithms, taking &= 2,31516 for the next Suppofition,
the Calcuiation mwl be repeated by computing of
®z+11V® to a fufficient Number of Places, ‘which muft
be done by the Binomial Serics, or by making a Logarithm
on Purpofe, true to as many Places as are neceflary.

ExaMPLE 2.
" ¥or another Example Jet it be soquired to find the
Number whofe Lagarithm is 0.29 : fuppeling we had 00
ether Tahles of Logarithms but Mr. Sharg’s of 200 Lo-
gArbms t0'3 great many Places, This amounts to the
refolving this Equation, Ly = 0.29, or Ly—o0.29 =03

hence therefore we have x = L, #=0.29, = -;‘—'(q be;
. * inz

- . -
.
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«[ng the Modulus belonglng to the Table we u&, viz.
| —r e ” L -—-6‘
0434294.4819, &) x__-z—-: * =?,x._ =
Uc. In this Cafe, becaufe » hasa Negative Sign, chang-
ing the Signs of all the Co-efficients, the Canon for ©
- will be found in the founh Cafe, which in the Ir-

X
rational Form, gwa V=aty — J ‘'~ + _.2_.

x x

R LY. B 2x M,Es’:.ss—Jza_I_zI—az—Of
2.3 2. 3. 4% A

3 S . o
x z? +%-—-—; + %;-'-3, tfe. In this Cafe to avoid
often dividing by z, it will be moft convenient to com-

pute -;’_, which is got from this Equation —:—-._

.1.2Lz—0.58 |, 2v3 204 205
,I+-—7—+3z’ i gl &e. The

neareft Logarithm, in the Tables propofed, to the pro-
pofed Logarithm 0.29, is 0.2900346114;, its Number
being 1.95. Therefore for the firft Suppofition taking
% = 1.95, we have x (==Lz—0.29 =0.2900346114~
aml2Lz—o 58 0.0000692228
, a T 0.4342944819
£=0.00015939139, and x+2--———5—Lz-;°’ =1,00015939139.

0.29)= 0,0000346114,

Whence for the firft Approximation, we have %=‘—

W 1.00015939139 == — 0.00007969247, and v = —
0.000155§40032, and y=2-v=1.94984459968. which
is true to eleven Places, and may eafily be correed by

the Terms %,:-3., &c. which I leave to the Reader’s

Curiofity. A General
€n
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A General Seties fop exprefing the
Root of any Quadratic Equation. ]

AN Y Quadratic Equation being reduced to this Form,
sxx=smnx-my=0, the Root x will be exprefled by this

Series of Terms, x = .L,_\_ A x +Bxa‘ p
——2
. ’
4 Cx 6':-: .-i:D ":;_I_z , &c. which is thus to be '
'underftood. cooe

1. The Capital Letters A, B, C, &¢. ftand for the

whole Terms with their Signs, preceding thofe wherein
L -

ma*

. J

2. The little Letters a, &, ¢, &c: in the Divifors are
equal to the whole Divifors of the Fra&ion in the Terms
immediately precedipng thus, b=a—2.

For an Example of this, let'it be required to find 4/2,
putting o/ 2==x-}-1, we have x*-4-2x—1=0, which be-
ing compared with the general Formula, gives mn=-—2,
and my=—1. Therefore for m taking —1, we have
=12, and y== 1, which Values fubftituted in the Series,

1 I X
give v = 2 2.6 2.6.3¢4  2.6.34.1154

they are found, as B= A x

—2

~— ! -, &¢, The Fra&ions here
2.6.34.1154.1331714
wrote down giving the true Root to twenty-three Places,

Q.EI & D.

Y CONSTRUCTION
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CONSTRUCTION
| oF ..
"EQUATIONS.

N order to this Method of Conftru&ion, I confider
each Side of the Equation, as the Produ& of two
_ Multipliers, the one of two Dimenfions, the other of
one (each Term in ‘a Cubic Equation being fuppofed of
three Dimenfions). . °

ExampLE.

In this Equation x3-4-px* = n, I confider it as in this

Form xx X xp=n=4*xc (b being taken for any Num-
ber at Pleafure, whofe Square is lefs than # divided by 55,
gives ¢) or elfe in this Form, *x4-pr xx =n =152 x ¢;
cither of which Ways we may make ufe of, as feems lefs
for Conftru&ion. And becaufe » is yet unknown, and
muft be taken by Guefs, I put z, in({ad of x, the Mul-
tiplier of two Dimenfions, and y for » in the other of
one Dimenfion, and then the former ‘will ftand thus,
2% X y-+p = b*xc, or (the other Way) 2z 4-pz x y =
b* x ¢. In both which Forms the given Quantity 5*x ¢
= n, is the fame as in the firft Equation, and confe.
quently the Refult or Value of the other Terms is the
fame alfo.

The Defign then of this our Method is, by taking a
Number or Line by Guefs (fuppofe z) to reprefent » in
one of the Multipliers of the given Equation, to find
another Number or Line (y) which fhgl reprefent x in
the other Multiplier, and then if z and y be not equal,

we
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we muft bring them by Trials to.Equality, which in
moft Cafes is eafily done, obferving - their Difference, and
the Nature of the Scheme or Figure,

Before I give Examples, I will premife this followmg
Lemma; which thews the Ground and Demonﬁratlon of
this Way of Conftru&ion.

Let ABD be a Semicircle (See Fxg 1.) on the Dia- Fig.1
meter AD, AB, and AZ, two Subtenfes dfawn"at’ Plea-
fure from the End of the Diameter A, from B and Z are
drawn the infinite Lines BC and Zs rpendicular to
AD, BC interfeQing it in m, and in n; from A,
draw the Line AS, mtcrfe&mg BC inR, and ZS in S

I fay, that AB*: AZ*:: mR : NS.

For by the Property of the Circle DA x mA — AB%
and DA x nA = AZ", then DA x mA : DA x nA ::
mA :nA :: mR : S, thatis, AB*: AZ"*:: Rm:aS.

Multiply the Extremes and Mean together, and it will
be AB* x 1S =AZ* x mR ; if therefore we fuppofe AB
=b, nS=c; AZ = Square Root of the Multiplier of twa
Dimenfions (in a Cubic Equation reduced into the Form
above directed) then will mR be equal to the other Mul-
tiplier of one Divifion, fo in the firft Form above (zz x
yFp=104*xc) if AZ =z, then is mR=y4p; and
in the fecond Form 2z - pz xy =58 x¢; if AZ=

qlzz-}-pz, thenismR =y ; and ify ==, thmz =xin
the given Equation.

ExamMmprPrEe 1.

Suppofe I would conftru& this Equatxon, XY gyt =
72, or x3—px*=n, I take 16, as a convenient, fquare
Number (which I call 55) and therewith L divide 72 ;

the Quotient is 4%, which I calle¢ [ = T and bbc =

g — 72] I deduce alfo the other Side of the Equation into

two Multnphers (as above) and then it is 2z x 4—p = 72
== 16 X 4%, which is the firft Fotm for Conftru&ion,
Y 2 I defcribe
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I defcribe a Semicircle ABD (See Fig. 1.) of a convew
nient Bignefs from my Scale of equal Parts which here,
for this Figure, is of 24-in an Inch, 1o of which Parts
make an Unit or 1.) and having drawn the Diameter
AD, I take 4 (Units ot large Divifions) off the Scale,
and draw the Chord AB=4=1#4, from BI draw the
Infinite BC, Perpendicular to AD, and interfecting it
in m.

I take 4T (=¢) off the Scale, and fet that Diftance
with the Compafles from m to C, and through €I draw
CS parallel to AD.

For the firft Trial, I confider, that the Root » muft
be bigger than 4 or p (elfe the negative Term —gxx
woild take more than axx, and fo the given Quantity
would be negative) therefore taking 4 (—p) from the
Scale ; with the Centre A, and Radius Ap=4, Ide-
fcribe the little Arch Pp; and then (at a vengure) draw
the Chord Az (==) interfe&ing the Arch Pp in p; fo is
Ap=p:_—‘.4, and the Line pzr=—2=7p, or z—4. Fromz
1 draw ZS perpendicular to CS, and interfe&ing itin§,
and then the Line AS interfe&ting MC inr. So is Mr
== y—4, or y—p (the other Multiplier in the Equation)
which being greater than the Line pz (to which it fhould
be equal, it thews, that x was taken too little.

. After ‘the fame Manner 1 try another =, which the
View of the Scheme will now dire& me to limit, till [
find AZ, which anfwers the Demand; for making AZ
= %, then is PZ ( = 2—4) =MR (=y—4) confe-
quently Z =y ==x, = taken from the Scale is equal to 6,

- the Root fought.

The fame Conclufion would follow, if I had inverted
the Order of proceeding, and had begun with My, and
thereby found Az (in a firft Trial) for in this Cafel
muft have taken a Line for y (by Guefs) and made mr =

, and then having drawn AS interfe&ing mC in r,
and CS inS, Alfo SZ parallel to BC, touching the Se-
micircle in z ; I draw Az, which will be equal to =, fo
is the Line pz ===z—p, which ought to be equal to mr;
but not being fo, another Trial muft be made.

ExamprrLz



ExamMrrLe 2. .

Let the Root of this Equation, viz. ¥x¥— Zxx=f-2x
= 24, or &3 —pax}g¢x=n. 1 take for b, g, by
which dividing 24, it gives C=27, and then I put the
Equation into this Form, zz—pz+4-¢7 x y = bdbx .

In the Semicircle ABD (Fig. 2.) I draw the Chord Fig.
AB =} = 3. BC perpendicular to AD, mC=C =2§.
CS parallel to AD. I find ¥zz—pz-}gq, by Fig. 3.Fig«
where AP—p=3, and is bife®ed in C. PQ=¢= /2=
14. Pd is perpendicular to PA, Az, AZ, &¢. are Lines- .
taken by Guefs, for z. zd, ZD, &c¢. are Arches of
Circles drawn with the Centre C, and Radius Cxz,
CZ, &e. fo aie Pd, pD, &¢. = z2—pz, and dQ:
DQ, ¢c. — y'zz—pzt ¢ (for continuing the Arch
ZD (for Inftance) to 8 in the Diameter ; ZA (=Pf) =

%. PZ ==z—p. Therefore PD (=« Pix PZ =
Nz x z—p = J/zz—pz, And PQbeing —¢. DQ* (=
DP:4-PQ)=2z—pztgq; therefore DQ=4/ zz—prfgq.
Having found dQ = #'ze—pz+4 ¢q. 1draw A= (Sec
- Fig. 2.) —dQ, and then’ (as in the former Example) Fig. 2
find mr=y, which being much lefs than = (or As Fig. 3.) Fig
I find that 1 have erred in my Suppofition of x. And
confidering that (See Fig. 3.) the bigger Az is, the bigger Fig
will 4Q_be alfo; and confequently mr the lefs: 1 try i
again with a lefler z, and at laft find that making AZ
(Fyg. 3.) =%, DQ_will be &/zz—prx+gg, to which IFj
make AZ (Fig. 2.) equal, and thereby find mR =y=—2z, Fj
which is therefore the Root, and the Scale fhews the
Number to be 6 —==x. ‘ I
For another Example may be propofed, the doubling of |
the Cube, that is, having the Root or Side of a2 Cube J
given to find another Line, whofe Cube fhall be double |

the former Cube. In this Cafe, let AB (Fig.1.) beFi

the Side of the given Cube; mC=2AB, Ax==z, the fought |
Root tiken by Guefs, by which finding mr (asabove) |
‘ if

»
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T mr — Az, then is Az the Root of the double Cube
fought ; elfe another Trial muft be made.
AB*:Az"::mr: nS=mi =2AB; therefore '

. 2A'B‘5<‘\A * = 2AB)’ = Az* x mr = A=,

( whehf':A‘zf‘: mr). o
. By'a much like Method may Biquadratic Equations
‘be conftructed alfo, if the loweft' Term be wanting, as
edfily as a Cubic. T .
. Suppofe this Biquadratic Equation, x4 <-px? 1 ¢*xs =
#n. . I divide o by a, lefssfquare Number ; fuppofe 4%, the

Z . .
/ : Quotient I callACC, %: CC, then n=5*C*. (See Fig.

C 4.) I divide alfo the other Side of the Equation into twe
: Multipliers, viz, x* X W= 5% x Q', whence
#x V' TprTgg=05xC. Or, fubftituting y and z
‘ for x (as I do in the Cubes, while » is unknown) ¢ x
1R zzTpaTteg = bxC. I take z by Guefs, and there-
Y| with find v/zzFpzFgq, as is done in the fecond Ex-
15 ample of Cubic Equations). In a convenient Semi-
~ “lcircle ABD (Fig. 4.) I apply the Chord AB =4, and

* producing it, make AC="c [but if 5 be greater than c,
I make AB=¢, and AC=5] Through CI I draw ZCP,
perpendicular to AD, and applying AZ = +/zz ¥ pzT¢7,

fo is the intercepted Chord AY — y; and if y=2=, then is

——mmmum= cither = x, the Root fought. ‘Eife Trial muft be made
Z ‘with another &,

/ + I might have taken the Biquadratic Root of n, and

then b—r¢, to which the Diameter AD muft have been
5. equal : The Demonftration depends on this, that (Fi.s.)
| AY x AZ = AB x AC, which I thus prove (having
drawn AK to the Interfetion of ZP with the Semicircle)
AB*: AK":: (An: AP::) AB: AC. Therefore AB
X AC=AK". By a like Reafon. ‘
AY*: AK :: (AM: AP :1) AY . AZ.
< Ergo AY x AZ =AK*= AB x AC.
The fame Method will hold for Biquadratics. .~

Generdly. -

@t
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Gene r.all)'.

—mmax xr v ax____ . A ———
N - <>

4

ssgus, 22anu It negatxve —wew i MC 15 10 0¢ under-
ftodd of AG and BR 3 which likewife muft be drawn to
contrary Parts, if the Values of r and s come out ne-

gative.
Laftly, on the Centre E, and wuh the Radius EC =,
let a 1rc1c CKuxe be defcnbed which fhall cut the
Parabola
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i mr = Ax, then is Az the Root of the double Cube
fought ; elfe another Trial muft be made.
AB* ; Az? 2imr:aS=me = 2AB; therefore
2ABX'AB* = 7AB|' = Az* x mr = A=,
(whei"Az'= mr). .
ntedliliiiaibbtiediibubdathicliniar Biquadratic Equations

. ——— et a2 ame =

. vaivale
[AP i) AY . AZ.

. . AB x AC.
RIS ' ")d for Biquadratics. -

Generally, -
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b

Geneml/y.

IVEN any,: E,qiigt'ion, whether Cubic or Biqua;
dratic, we muft-compare its Terms firft, :

o As'_'fﬁppofe\ this Equation.
s o B g,
q qa q
2ps

—— 4" S, 4"3 —— et "‘q". PR AN |
4+ 25 4 4rs —st,

) — 1 == 2g A o

By which Means p, ¢, r, s, t, will eafily be found ; in

the mean time, let formie one be taken at Pleafure,

Then in any given Parabola AVB (See Fig. 6.) whofe Fig. 6.
principal Vertex is V, Axis VS, and VT perpen-
dicular to the Axis; Let VS be taken = p, within the
Parabola, and let ST =¢ be infcribed in the Angle SVT,
which being produced, may cut the Parabola in two
Points N and O, Bife@ ON in M, and thro’ M draw
MA parallel to the Axis, meeting the Parabola in A,
then draw AL parallel to ON, that AL may be the
Latus Rectum of the Parabola to the Diameter AM, and
let the fame be = Unity. In AL (if it is neceflary to
produce on each Side) let AG be taken = r, and from
the Point G, let GR be drawn parallel to the Axis, which
may cut the Parabola in B, from which let BR — .
From R the Point juft found, let RE be drawn parallel
and equal to VT, which muft be drawn to the left
Hand in Refpeét of R, if ¢ be affirmative, but to the
right Hand if negative. And the fame is to be under-
ftodd of AG and BR; which likewife muft be drawn to
contrary Parts, if the Values of » and s come out ne-

ative, - '

Laftly, on the Centre E, and with the Radius EC=t¢,
let a éircle CKxc be defcribed, which fhall cut the

- ‘ Parabola
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Parabola in as many Points, as there arefteal Roots in
the given Equation,

For from the Points C, K, &¢. draw CP, KN, &o¢,
- parallel to ST, terminated at the right Line GR (if it “feems

. neceffary to be produced) and any of thefe will be % or the
Root fought of the given Equation, '

Thofe drawn on the right Hand will be amrmanve
Roots, but thofe on the left will be negatwe Roots.
The Point of Conta&, if there fhall be one, is here taken
for the two Points of Interfe&tion neareft to one ano-
ther,

Betwixt Cubic and Biquadratic Equations {o conftru&ed
this Difference only arifes, that in the former Equa-
tions, by Reafon of the laft Term being wanting in
the preceding Equation, is always p*—g*—s*~-t* = o,
ort = '.s-‘—\—_f:-p?\i‘. Therefore from the Centre E,

and with the Radius EB (=¥ Bx* 4 (ER*) ST*—Vs?)
having defcribed the Circle CKxe, one of the Roots in the
. former Equation vanifhes to nothing.

And thefe are demonftrated after the following Manner.
Having conftru@ed the continued Points, and CP pro-
duced, if there is Occafion for it, till it cut AM in H,
CH 'will be the ordinate of the Parabola to the Diameter
AH, and therefore CH* = AL x AH = AH, becaufe
AL =1. But CH = CP4-AG, and AH = GB+4-BP,
and therefore CP?+4-2AG x CP - AG* = GB+4-BP.
Now from the Point C, let fall the Perpendicular CD to
BP, which meets EI in the Peint I drawn parallel to BP.
Therefore by fimilar Triangles CDP and TVS, it will be

VS x CP
ST:VS::CP: ST = DP.

v .. vp . VTXCP
And ST . VT e CP .—s_—N-CD.

And therefore CP* 4 2AG x CP = BP =DP BD =
V3xEX + BR—IE, or CFF 424G x CP——gp—

" CP-—BR_-—IE. But TE* =CE*-—CI* = CE*—CD*
—VT
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VT —2CD x VT = T YL X2 o,

ST*
ot I .
2VTS~;\‘ CP — (bemufe VT; =ST’-—WZ) C_Ez—va"

SV = '
4+ 2V TP*—§T*45V* —aST x CP+4 2V
= + x CP+4 s CP
therefore which will be equal to the Square of the Side

CP* 4 :AG x CP ;,,[% €P—BR. Andthis Equa-

tion is reduced to the Terms p, ¢, r. z
Equation was propofed. Q. E. 115)'1, > 5 b 8 the very

Hence it appears, that any Biquadratic Equati

be conftru&ed innumerable VV};ys gy the Pamgolaatwfr'clnfn 3
indefinite Value of that Quantity, which we ;iid was
affumed at Pleafure. But the Cafe is the moft fimple, b
making VS=p=o0, and then the Conftruétion is chan’gedy'
if you regard the Thing into this common one, in which
the right Lines CP, &'c. are Reprefentatives of the Roots
Perpendiculars to the Axis. And the Equation becomes

= grat —4r7at - 4riE— ¢
425 —29 —s*
e + t‘

which is eafily conftru&ed as above.

% Samé

lag -
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Some Properties of CoNIcC
- SEcTIiONS.

E T DE be the Tranfverfe Axis of the Ellipfis (See
Fig. 7. Fig. 7.) AO the other Axis, and C the Centre of
- the Se&ion: Let P be any Point in its Circumference ;
PQ_the Tangent of the Curve at P, meeting the tranf-
verfe Axis at Q, the Points of the Foci SF; CP, CK,
of the Semi-conjugate Diameter. PH the Semilatus Reitum
to the Diameter PC; PG, the Normal to the Tangent,
which meets HG in the Point G, Perpendicular to
PCH, that PG, the Radius of the Curve of the Ellipfis,
may be in the Point P ; and let ST, CR, FV, be Per-
pendiculars let fall on the Tangent PQ_; let SO be join'd,
and the Normal PL let fall on the Axis, this being put,

I fay, that :

I.

The Rectangle under the Diftances {ram each Focus o
the Ellipfis, or SPXSF is equal to the Square of the Semi-
diameter CK. o

DeMoNsSTRATION,

PS*=FC'4-CS'—2CSxCL. By 13 Euc. 2.
PF*=PC*4-C3"4-2CSxCL. By 12 Euc. 2.
Whence P5:4-PF2—32PC*4-2C5",
Now PS4-PF=DE=2CD, and confequently
PS*4-PF*4-2PSxPF=4CD".
Wherefore by tranfpofing 2PSxPF=4CD’—2PC*—2C5*
And by halving it, PSxPF=2CD*—PGC*—Cs*,
And T$*=CD*—CO". and confequently
PSxPF=CD'4-CO*—PC*,
But CD*4-CO*=PC*4-CR*. By 12. 7 Apoll. Cox.
Confequently, PS x PF=CK"’. Q.E.D.
: II. The
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II.

The Diftance #‘om‘ the Focus SP is to the Perpendicular
let fall on the Tangent, as the Semi-conjugate Diameter
t0 the leffer Semi-axis CO,

DEMONSTRATION,

By Reafon of the Similar Triangles SPT, FPV, it
will be, PS: PF :: ST : FV, and by comparing them,
PS4-PF will be to ST 4-FV, and the half of CD te-CR,
as PS to ST ; whence CD x CK will be to CR x CK, as

PS to ST. But CR x CK isceaual to the Re&angle

under the Semi-axes CD into CO, by 31. VII. Conic.
Confequently PS is to ST, as CD into CK is to CD x
CO, or, asCK to CO. And by a like Argument PF
will be demonftrated to be to FV in the fame Ratio,
' Q. E.D.
IIIL

Likewife in the fame Ratio is the Semi-axis Tranfverfus
CD to the Normal, from the Centre C, let fall to the
Tangent, or to CK.

For feeing the Re&angle CR x CK is equal to the
Re@tangle CD x CO, as already aforefaid (dvdroyor) the
Analogy will be CD to CR, as CK to CO.

Q. E.D.

IV,

Every Semidiameter PC is to the Diftance of the Point

om the Focus S, or to SP, as the Diftance from the

other Focus PP, to half the Latus Re&um, reaching to
the Vertex P, or as to PH.

This is manifeft from Propofition 1. namely, when

thePlS?quare of CK is equal to the Refangle under SP
xXrr,
\'5

The Rebangle of the Semi-axes CDxCO is to the
Square of the Semi-conjugate Diameter CK, as CK to the
Radius of the Curve in the Point P, or to PG. F

' Z 2 or
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For the Triangles PCR, PGH, arefimilar amongft them-
felves ; whence CR is to PC, as the Semilatus Rectum PH to
; . ‘€DxCO .

PG. By III. premifed Prop. K~ = CR is to PC, as

K cKs  _
W:PH 0 EH5XCO = PG, wherefore the Analogy

CDx CO: CK*:: CK : PG. Q.E.D.

Hence this General Theorem 1.

The Centripetal Force tending to the fame Point
S in all Curves, is always propertional to the Quantity
SP .
PG ST
Now by writing CK3 for PG, by Propofition V. and

%% according to Propofition IL. for ST (viz. becaufe
CD, CO is given) the Centripetal Force tending to the

Focus S of the Ellipfis, will always be, as ____gK’;(:_SI;Z that

is, as %%5, or ~S~11—);--,w‘z. reciprocally, as the Square of

SP. Whence it appears, that if the SeGion defcribed by the
Motion of the Body be an ERipfis, the Centripetal Force
will be as the Square of the Diftance from the Centre of
Force reciprocally. Hence arife thefe ufeful Corollaries.

COROLLARY 1.

* The Vekcity of a Body revolving in the Ellipfis to any
Point P, is to the Velocity of a Body revolving in the Cir-
clo to vhe fame Diftance SP from the Cemtre of Force, in
Subduple Ratio of the Diftance from the other Foens PF,
to the Semiaxis Tranfverfus of the Section, or as a mean
Proportional between PF, and, CD, to CD.

For the Velocity of a Body revolving in the Ellipfis te
the Diftance SP is to the Velecity of a Body revolving in
a Circle or Ellipfe, to the Diftance of the Semiaxis CD,
or SO, as CO to ST, that is by Propofition Ib. as
v PF to /SP: and the Velocity of a Body revd'v'cnr;g acil:

. a
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~a Circle to the Diftance CD, is to the Velocity of 2 Body
revolving in a Circle to the Diftance SP, as 4/SP to ,/CD.
Therefore, ex &£quo, the Velocity to the Diftance SP, is

to the Velocity of a Body revolving in a Circle to the -
fame Diftance, as /PF to o/CD. |

€COROLLARY 2.

From the Velocity in the Ellipfis, the Pofition of the -
Tangent, and the Cemtre of Porce or Focus being given,
it is eafy to determine the other Focus. ,

For let the given Velocity be R ; and that Veloeity by |
which a Cixcle is to be deferibed, ta the given Diftance
SP from the Centre, let it be Q, and by the preceding |
Corollary, R is to Q, as /PF ta o/CD ; therefore QQ_-
is to RR, as CD to PF, and 2QQ—RR will be to
RR, as SP to PF. But SP is given, therefore PF is *
given in Magnitude; likewife it is given by Pofitien,
becaufe the Angle VPF is equal to the Angle SPT.
Confequently the Point F, the other Focus, is given,
which being found, it is eafy to defcribe the Section.

But if }%(R (See Fig.8.) be greater than the Square Fig. 8.
of Q, 2QQ—RR is made a negative Quantity, and the -
Trajeftory to be defcribed in the Place of the Ellipfis
paffes thro’ the Hyperbola, and RR—2QQ will be to
RR, as SP to PF, the Diftance of the other Focus, to be
drawn on the other Side of the Tangent, as the Focus F
is; But 2l the Propesties, awhich we have demonftrated
in the Ellipfis, mutatis mutandis, likewife agrees with
the Hyperbola.

But if it happen, that QQ_is equal to half the Square
of R, the Quantity 2QQ — RR vanithing = o0, the
fourth Proportional PF is infinite ; wherefore the Tra-
jeGtory to be defcribed is the Parabola, wviz. in the other
Focus paffing ad infinitam. But the Axis of the Tra-
jé®ory is given by Pofition; for it is pasallel to PF,
viz. the Angls FPV is equal to the given Angle SPT.

€Cororrary 3.

The Velocity of a Body revolving in a given Conic -
Secrion ta the Diftance SP, is to its Velocity to t:‘
' ’ other
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ther Diflance SX, as a mean Proportional between FP.
:m;rSX,ﬂto a ,m:an, Proportional between SP and FX. ’

FP ,
For the Velecity in P is as J —p (er Propofit. I1.)

and by the fame, the Velocity X is as J %Xx—’ whence
the Propofition is manifeft.

COROLLARY 4.

Likewife the Ratio of the Velocities of two Bodies re-
wolving in the Jame Syfiem, but in given different Conic
Sections, baving given the Diftances of both Orbits from
the common Focus of the Orbits, will immediately be o0b-

tained by the Help of the fir/t Corollary.

For feeing the Velocity of a Body in P is to the Ve-
locity in the Circle, to the fame Diftance SP, as o/PF to
4/CD, and in any other fuppofed Conic Seftion, whofe
Semiaxis ¢d, and Foci F.f, to the Diftance SP, thofe
Velocities are as 4/pf to y/cd, and the Velocity of a
Body revolving in a Circleto the Diftance SP, is to the
Velocity in the Circle to the Diftance Sp, as 4/Sp to
/5P, having compared the Ratios the Velocity in P will
be to the Velocity in p, as 4/PFxcdxSp to +/pfxCDxSP,
But if the other Se&ion be a Parabola, cd, pf, will be
infinite, but in Ratio, as 1 to 2 ; confequently the Ratio
of the Velocities will be, as o/PF x Sp to 4/2CD x SP.

COROLLARY 5.

. But if in the Hyperbola, the Point p be drawn ad ing
finitum ; it is manifef? from the preceding Corollaries,
that the leaft Velocity, as the leaff, in which, when a
Body afcends ad ®ternum, is equal to that, by which it
Jhould deferibe a Circle at the Diflance CD, equal to the
Semitranfverfe Axis.

CoroLLARY 6.

Having the Difance given from the Focus, the Po-
Sfition of the Tangent is alfo given, or the Angle SPT con-
tained under the Diftance Sp, and the Tangent PT. F

or
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For it is (per Propofition II.) PS:ST:: CK : CO,

or, as SP x PF)s to CO, and fo is Radius to the Sine of
the Angle SPT. But in Ellipfes near to Circles it is

better to make the Angle PST, its Compliment to the
Square, and its Sine is to the Radius, as o/SPxPE—CO*
to 4/SPxPF,
CororLrLARY 7,

From bence flow the Velocities, by which the Diflances
SP increafe or decreafe.

For feeing from the preceding Corollary ¥/SPxPF is
to ¥'SPxPF—CO?, as Radius to the Sine of the Angle

PST, and in the fame Ratio is the Velocity of the Body in
Pto the Velocity of the fame Moment SP, and that Velo-

city may be in P (by Propofition IL.) as J_g.; and

cutting off the Overplus J SP_XPS%._._(‘Q.: will be to

the Velocity, in which the Diftance SP increafeth, al-
ways proportional.

Hence this Second General Theorelﬁ.

_In every Curvilinear Trajectory, the Angular Velocities
about the Centre of Force are reciprocally proportional to
the Squares of their Diftances from the Centre.

For by Reafon of equal Areas of the leaft Seions, the
Subtenfe Arcs or Bafes to the leaft Angles are reciprocally
as their Radii, and the leaft Angles, whereby equal Bafes
are fubtended, are alfo reciprocally as their Radii. Con-
fequently the Angles of the leaft Se&tions, equal in Area,
are amongft themfelves reciprocally in duplicate Ratio, of
the Radii, or, as the Square of their Diftances.

CororLARY 8.

Hence the Angular Velocities e?' Bodies revolving i
diverfe given Ellipfes are compared among themfelves, F
or-
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For the Angular Velocities with which equal Circles
may be defcribed at the Diftances to the Semiax, Tranf-
verfes are reciprocally in Sefgmialter Ratio of the Axes,

1 . .
—————. But the Bodies revolving has the mid-
> #cpyCD 8 !
dle Angular Velocities, when the Squares of their Dif-
tances are equal to the Re&angles under the Semiaxes of

the Ellipfes. Confequently (per Theorem II.) SP* will
CO

be to CD xCO, 2s — = to ——~___: Which

. _ CDyCD SP*xv/CD
Quantity is as the Velocity of the Angle at the Centre
S, defcribed by the Motion of the right Line SP, as the
Jeaft Time given.

CororLLARY g.

The Angular Velscity by which the Tangent PT is
circumgyrated, or the Perpendicular ST on the Tangent
is to the Angular Velocity of the right Line SP, as the
Semiaxis Tranfverfus €D to the Difiance from the other
Focus PE. :

DEMONSTRATION.

Fig.g. Let the Points be P,p (See Fig. 9.) near between them-
-~ " felves, and having drawn SP, Sp, let PT, pt, be two
. Tangents, to which left fall the Perpendiculars ST, Sz,
and let the Radii of the Curve PG be drawn parallel to
them, meeting pG in G ; and on the Centre S with the
Radius SP, let the fmall Arch PE meeting SP in E be
defcribed. It is manifeft, that the Angle PGp is equal

to the Angle TS¢, or to the Angular Velocity of the
Normal ST ; and the Angle PSp is the Angular Velocity

of the right Line Sp; confequently the Angle PGp is

¢o the Angle PSp, as the Angular {’elocit‘y of ST is to

the Angular Velocity of the right Line SP, that is, as

P PE .PE-:SP : ST - .
—r%-to —p5-- But Pp:PE::8P: ST :: CK : CO

(per Propofition II.) Confequently thercfore the Velocities
: ars
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Of ARcs, SINES, COsIN’ggh, &e,
o cowgrgiﬂg. |

O U R great and incomparable Philofopher, Sir [feac
. Nesuton, was the firft that laid down a Series con-
verging, in infinitum, from which baving the Arcs given,
their Sines may be found, T Co

. Thus, call the Arc A, and the Radius be an Ugit, the
Sine thereof will be found tobe - ,
A As As A7

A T 423 + +

. 1.2,3.4.5 il 1.2.3.4.5.6.7
LA e ‘
1.2.3.4.5.6.7.8.9 o,
And the Cofine. '
A A+ - AS Al
— v'
=123 t 1.2.34 1.2.34.5.6  1.2.34.567.8

Thefe Series in the Beginning of the Quadrant, when the
Arc A is but fmall, foon converge. For in the Series for
the Sine, if A does fot exceed 10 Minutes, the firft
Terms thergof, "uiz. A —3% A? gives the Sine to 15
- Places of Figures. If the Arc A be not greater than one
Degree, the three firf Terms will exhibit the Sine to 15
Places of Figures, and fo the faid Series are very ufeful
for finding the frft and kaft Sines of the Quadrant ; but
the greater the Arc A is, the more are the Terms of the
Series required to have the Sine in Numbers true to a
given Place of Figures; and then, when the Arc is near-
ly equal to the Radius, the Series converges very flow ;
and therefore to remedy this, I have devifed other Series,
fimilar fo the Neswtonian One, wherein, I fuppofe, the
Asc, whofe Sine is fought, is.the Sum and Difference of
two Arcs, viz. A4z, or A—z: And let the Sine of
the Arc A be called a4, and the Cofine &, then the Sine
“of the Arc A4z will be exprefled thus :

Stﬁx,
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Sine.
bz . az* . Abz’ s azé
Lt 12 1.2% + 1.2.34 +
-———-w s e,
.2.3.4.8% .
) _ And CostnNE,
) b3 %3 e
2. ’_ as L el d o
1 1.2 + 1.2.3 + 1.2.3.4 -
axs 35

V2345 1.2.3.4.50 .

~ In like Manner the Sine of the Arc A=z is
bz ax* as$ at ;
o= 4= -t 1 2.3 + 12.34
_ bas . ax® .

&e.
12.3.4.5  1.2.3.445.6° ¢
CosiNE is :
. b az — ,h‘ o ax3
+5+ I 1.2 1.2.3 + 1.2.3.4
azs )
+ 1.2.3.4.5 e

The Arc A is an Arithmetical Mean between the Arc
A—z, and A2, and the Difference of the Sines are
b az® - bus ax4 bzs
1 1.2 - 1.2.3 + 1.2.3.4+x.2.3.4.5

‘ 6’
—y, e,
T 3 456
. axt bz __ _ azt bz$

6. 2% +iz 1.2.3 1.2.3.4 +’x.2.3.4{5
g - a%b . '
+ 1.2.3.4.5.6" Ye. .

. Whence the Difference of the Differences, or fecond
Difference.

s.

Aaa 7. Produce
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= 2a2* 2az4 2225 .
7. Produce 1.2° 12,34 1.2.3.4.5.6° e
6
"Or2ax = ad + — z s &c.

1.2 1.2.3.4 1.2.3.4.5.6

which Series is equal to double the Sine of the mean Arc
drawn into the verfed Sine of the Arc z, and conve
very foon : So that if = be the firft Minute of the Qua-
drant, the firft Term of the Series, gives the fecond
Difference to 15 Places of Figures, and the fecond Term
to 25. \

From hence, if the Sines of the Arecs diftant one Minute
from each other be given. The Sines of all the Arcs,
that are in the fame Progreffion, may be found by an ex«
ceeding eafy Operation.

In the firft and fecond Series, if A=0, then fhall a—,
and & its Cofine will become Radius, or 1. And hence, if
the Terms wherein g is, are taken away, and 1 be put
inftead of 4, the Series will become Newtonian. In the
third and fourth Series, if A be go Degrees, we fhall
have b=0, and 2=1, whence again taking away all the
Terms wherein & is, and putting 1, inftead of 2, we
fhall have the Newtonian Series arife,

But perhaps the young Reader will fay, how, and by
what Method, get we the above Series here, perhaps may
be a Matter of Difficulty to the young Reader, but to
thofe that are acquainted with the fublime Parts are
readily converfant therein, And therefore, for the Sake
of my young Reader, I fhall give him here a brief Sum-
mary, how, and by what Methods, according to the
Rules of Trigonometry, the Series for Sines, Cofines,
Tangents, &¢. are found from an Arc firft given.

If Radius=1, and x be its right Sine, then will
s/ 1—xx\be its Cofine.

DEMONSTRATION,

Draw the-Quadrant ABC (See Fig. P) making A
the Centre, AC = AS = 1, the Radius. CS:aAany
. . . AR rc’
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Arc, therefore Sm, its right Sine, = x, then will Asm,
the Cofine be = 4/ T—#x,) by 47 E; 1. for AS*—Sm¥
=An". *

Again, Jet AR be another Radius of the Circle,- in*
finitely near to AS, then will Rx = x be the Fluxion
of the Sine ¥, and the infinitely fmall Arc RS =a, the
Fluxion of the Arc CS ; and becaufe the Triangles ASm,
and R#S8, are fimilar, it will beds Vi—e: 1:: %1%

a= The Fluxion of the Arc CS,
N 1—xx . '
Methinks it will not be amifs to explain to thofe that

are yet but Beginners, how to extra& the Square Root of
o/ 1—xx, as this

OPRRATION,

L]

SRS g TR PLECRE A 23

R 5 Lot wht e
g—x"—-.';lﬂ', &Co) _';'xs_ﬁxs
—jab—sia®

r—ad

" Here you fee the Square Root of 1—x¥ is = I—fxte2

jat—riaS— 128, &c. But the Arcisa =

4
L ——x2

Now, if the Fluxion of the Arc SC be divided by this
Root, the Quotient is the Fluxion of the Arc sC.

OPERATION,

e —— ———
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S Or;r.A'rlox.

[ gerjat— gt r-}x‘,&c )x(x—]—lx'x-[—lm-{-, }x‘x, &e.
. aﬁ—lx’x——-lx'rxh—, chx, &e.

| - T BRI P Py PR Ve

+¢Wﬁ+ﬁﬁwkxﬁh
+1x’x-b4£‘k+-‘-x‘x, &

+ 1x+x+1x6x, &c.
s, o,
o B o Jsy B,
Confequently thislaft Quotient 54 Lxsxf frésfrisby,
&ec. is equal to a, the'Fluxion of thé Arc, and its flow-
ing:Quantity is-equal to x+,x3+3~—x5+mx7 &e.
Therefore a=x4-5 234z w54 six a7, &c.

Or a=iuti 221 x4 2133, 4—-&21-“" x7, &c.

2.3 2.34.5 234507

Or a=x+ L1 xz + 21435 : .-k_ﬁ ac7 &e.

Hence the Length of any Sitie or Ordmre in the Cu'cle
_ being given, the cortefponding Arc may be readily
found.

Now if the Root-of the-Infinite Equation x- §}x3 4
ab xS+ rirx7, &c. be extraled, we fhall have have the
Value of x exprefled in the Terms of «, and confequent-
I{; dire& 'Method for- finding: the Sine' of any Are, its

gth being-firft given, .. . .

IFat:tx+‘x3-|-.r-x5+—-n-x7 &c.
“ Then x= a’+ +¥%s a5'—'-;-51-.-,-d7, &c.

Orx:a—- 1 x’ LI S x1,8
NN ¥ +234»s 234567 ?
For
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For put x= Aa—l—Ba’-l-CaS &e. ) ~

Then will § x3=adnd-Ata34- L A2BgS, &C. > =a,

Apd gxs= + 12 Asas, &c,
And confequenﬂy As=a, and A=s; alfo B-‘-;-Aif_-o,
and B=—g A3 =—14}.

Alfo C4- -lAzB-]-r As=o, and C=w}’ A&B—*A‘
=3 x—'T'-‘ —-+T§' ’_+7’7' .
+ Wherefore A_.x, B——va =iz, S ”JCOD‘
- fequently x_-a—fa’-i- 7¥% a5, - 8ic. . W W.D. -

Conoa.-!.a-n‘r. -

Wberefore, ifa be put for ghe Lgxgth of any Arc, the
right Sine will be a—-zn’-:l:ttzai. &c .

-

Again. - S,

The Sine of a0y Axc being grqu. jts Cofine may be
had thus by Inveftigation,

- For agcording. tp 47 E, 1. if from the Square of the

' Radius=1. be taken the Square of the right Sine =—a—1}23
-+ ris a5, &c. the Bquae Root of the Remainder will
ke the Cofine = 1— % ¢‘+n at— yizab, &c. thus,

¥ = a—1%a' iz a5, &c. '
. x=o—3® +§iza5 &c.
air’;gaﬁ-ﬁ's‘eﬁ, &c.
-wco‘h{-'rg a5, &c.
+mﬂ ’ &e.

, xx = gt — -‘a*-{--;a s “&c. which taken frgln ’
the Square of the Badius 1. leaves x-—aa-j— 1 44—-_- ab, s
f&c. the Square Root of which will be the Cgﬁne A
appears from thxs

Ots:h% -
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S OrerATION
- Dr—aatiat—2af e (1— ot et —rigat b,
¢
Y=ua)—aa+-4at
-——aa-'-ia‘ : . . F
. b —————— .
2maa,ic.) 4L at— 20, Ge. .

ot i, &

¥
2—aa, 8c.)—3i-a5, &c.

— g4 &c.

Now if for the Cofine we put C, then
C=r—jor byttt b

Or C=1—-L ot} L o X ab, &ce

a
1.2 1.2.3.4 1.2.3.4.5.0

CoroLLARY.

Again, becaufe the Radius leflened by the Cofine, gives
the verfed Sine of the fame Arc. )

If from 1 be taken 1—ia*4- Lot==sZsaf, &c,
there will remain ta*—zLat-2 a8, &c. the Series for
finding the verfed Sine from the Arc firft given.

Alo the Radius plus, the Cofine gives the verfed Sing

of the Supplement; therefore 1 plus 1—3a*} Fat— 1=

720
- @b, the Sum is 2—§a’+"_‘44—.x_;-°a‘, &c. will be the

Series for finding the verfed Sine of the Supplement from
the Arc firft given. - o

Thus having obtained the Sines and Cofines, the Tan-
gents and Secants are eafily had: For, becaufe the Tri-
angles #m8, ACT, are fimilar, it will be

As

—
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As Am (the Cofine): Sm (the right Sine) :: AC
(Radius) : CT the Tangent.

Wherefore, becaufe the Radius -is fuppofed Unity,
Right Sine __ . .y
—éﬂﬁé— = Tangent of the fame Arc, i, ¢, the right
Sine divided by its Cofine = Tangent of the fame Arc.
Hence the Tangent Series is eafily found, for o

,a—ga3+%5a5, &c. Right Sme_____a + -;a’ + T!; a5,
1—iat-7 a4 &c. the Cofine '
%&c. the Tangent, as is evident from the following

OPERATION. .
x--%aa'-l-.;'zfx*&c.)a—-éai—l—i-;;ﬁ &c. (ot jaidFrashic:

g
{—%a3+na5, &c.

Fyai—Las, &,
+’;‘a3— 'g' as, &c'

ry 5
. +-i—’- as, &ec.

Hence, if a be put for the Length of any Arc, the
Correfpondent Tangent will be, viz.

’u+ _;%%%au’ &c. . )

Again, becaufe the Triangles CAT, GBA, are fimi-
lar, it will be, as CT (Tingent) : AC (Radjus) :: AB
(the Radius) : BG the Cotangent.

CoROLLARY.

Hence, the Radius is 2 mean Proportional between the
'tIh‘an :;t and Co-tapgent of an Arc; whergfore, besaufe
e Rad, isx, = '

If o =1 '
at3ait Za5; &, R L s Lo Eian
& % R 577 9% &e. will be the Series for finding
“the Co-tangent from an Arc firft given,
Bb Again

e
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Again;'bemufc the Triangles AmS, ACT, are fimi-

lar, it will be, as Am (Cofine) : AS(Rad.):: AC (Rad.)
¢ AT the Secant. :

COROLLARY,

Hence, the Radius is a mean Proportional between the
Secant and Cofine of an Arc.

' Wherefore !
—t 3. 1 2 6 1
I—ia :Fnﬂ—-—-? 2 a% &c. (Series for

the Cofine) = 1 + % a4 5 o+ 55 o*+ Ao+

.Tz_.f__‘;'::o a'°, &c. will be the Series for finding: the Se-
cant, from the Length of an Arc firft given.

Again, becaufe the Triangles mAS, ABG, are fimilar,

it will be, as mS (the right Sine) : AS (Rad.) : : AB
(Rad.) : AG the Secant of the Compliment.

CoROLLARY.

Hence the Radius is a mean Proportional between the
right Sine and Co-fecant of an Arc.. ' ,

) 1
=21 43

P | ;' 31 s, 137 74 __73
3coa+u:zea+ 60480°a+ 3421440 ad &e.

will be the Series for the Co-fecant of the fame Arc.

If t=a+1 a4 & o't S a, &c.

Then a = t— 3 34 55— 7 174 5 19, &ec.

For put a = At-}B#3 4-Crs, &c.

Then will 1a3=+4§ A’4-A2B#, &c. ( =, -
Ad o= - : -+.l!’-Ast!, &c. \

And confequently At=t, and A=r, alfo B4-{a*=0.
And B—=— tas=—1; alfo C+BA’.'+i!’.As =o.
AndC = A'B—tt AS=f—n=1.

Wherefore,

.f

Wherefore
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Wherefore A=1, B=—1, C=1%, &c,
And confequently a=t— 3.} £ 15, &c.
Hence follows the Trigonometrical Series in Order,
If @ = Length of any given Arc, and x its Sine.

1. Then Arcamst5% o0 4 10s 135 07, e,

. . LIPS 1 v
2. Right Sine, O ¥=4—¢-a --|-,ma5---‘—-"3 *5.6‘7a7,&c..

3. Cofine, ""*’*’\=I—"}a’ +;—‘4‘4—7—:'°a6? &ec.

4 I"erjgd Sine = ':—‘,m—.siq"ﬁo 46, &e.
5 O oe Sopomon =14 ot 5
6. Tangent =a-+-3-a'+[za5 Lot 4100, Hec.
7. Ca—tangmt=—}—%¢_f§4i_’_:_sa,_"_:_§.a7 —
;;?—SSS a9, &c. :
5 sunwmih £ b otk ot

32‘::;:0 a'*, &c.

5, Gt =+ oA als
a &c., )

T have purpofely omitted the Inveftigation of the three
laft Series ; .as alfo the ‘Application of the Tangent, Se-
cant, and Co-fecant, &Jc, Series to the a&ual finding the
Length of the Tangeat, &, from the Arc itfelf for
Brevity Sake, it being very eafy to any one who under-
ftands what went before. :

COROLLARY,

If the Difference between Unity, and any greater -
Number, be called y, then the Log. of the Number,

1 Fy=y—ir+ip—irt+3555 &
‘ Bb 2 and
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and if y be any Numiber defs than Unity, then will the
Logarithm of 1—y, a Number lefs than Unity, be =

AV =3Py & ~-

I fay, if the Radius be 1, and the Cofine of any Arch
%, then the Sine will be o/ 1—ax);

Then the Logarithm of x-f-smms—g wof- § e L x4t
xs—3¢ x5, &, . :

And the Ldg, of 1—¥=—x— Jr—iat—das a6, &,

. A . 3 - %
And the Liog. of f 1—xst= {a*—Frtmils,
‘ ~ScHoriuwm, )

‘Tt theRadius or Taiigent of 45°'be . ‘the Tangent of
an Areh grédter thih 45° %= 145 ‘and o one lefs =
3—=; the Logarifhin of ‘the Tangent of the former
Cafe will be =w L4 3¥1—2 xt-f- 1%, &c. and in
the latter = —x— & ¥*— & 43— $ut—3 a5, &c.

I co  QED.
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Of the Meafure of Ratios.

MEeting with a Colleion of Mathematical Papers,
‘ in a large Latin Volume, 1, after a Perufal of
them, found them to have been the Study of an excellent
Mathematician, the Reafon of my conjecturing fo, was,
that the Method there laid down was excellently weli
handled, and in a very -perfpicuous Manner; I i*
amined all Books of this Kind, and made the #
Enquiry I could to know, whether the .fame had
communicated to us in our own Language, which
beft Information I could get, they were not, I i
diately fet myfelf to kay the fame open to the m
Capacity ; and therefore, ‘without Vanity or Pre
tion, I heartily offer it to the Public.

I fhall here give ‘the Reader a fmall Tra& conc
Ratios. Now thefe Meafures are Quantities of any N
foever, whofe Magnitudes are analogous to the Mag
of the Ratios ; ‘wherefore in this given Syflem, the
fure is the fame of the fame Ratio, the double,
Duplicate Ratio ; the triple, of the Triplicate, £,
in any Manner is the Meafure likewife increafed -
minifhed by the Compofition, or Refolution of tl
creafed or diminifh’d Ratio, The Ratio of the. Equztli? "
hath no Magnitude, becaufe, being added or fubtra
induces no Mutation : The Ratios, which are called of a
greater and lefler Inequality, bath.contrary Affetions of
their Magnitudes, becaufe they make the contrary in Com-
‘pofition and Refolution; wherefore, if the Meafure of
‘the Ratio, which:the greater Term bears to the lefs, ‘be -

‘affirmative, the Meafure of the Ratio, which the lefs

Term has to the greater, will be negative, :but -the
“Meafure of the Ratio betwixt equal Terms will be of no
“Magnitude,

‘Moreover arifes different Syfems of Meafures, :as that
determinate and immutable Analogy is fhewn different
‘Ways, which is between the Magnitudes of Ratios.
‘From whence-it appears, that infinite Syfems g{tzs
‘ ibi
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Therefore the Sum of all the Meafures M x 2% vwill be
équal to the Meafure fought of the propofed Ratio.
' QE. L
CoroLrLARY. I. .
The Terms AP, AQ, being fo brought to Equality,

that PQ may be the leaft Différence ; M x i%, or M

X -i—%: will be equal to the Meafure of the Ratio be.
tween AQ and AP to the Module M."

ConoszxY 2.

From whence the Module M is to the Meafure of
the Ratio between the Terms AQ, and AP, as either
of the Terms AP, or AQ_to the Difference of the
Terms PQ,

Co‘xox.Lanv 3
Having given the Ratio between A€ and AB, the Sum
i PQ . . P
‘ofall the-z%- is given, and the Sum of all the M x 7&%
is as M; wherefore the Meafure of every Ratio is, as the
Module of the Syftem from which it is taken, :

CoroLLARY 4.

Therefore the Module in_every Syftem of Meafures is
always made equal to the Meafure of a certain determinate
and imnmtable Ratio, which therefore I fhall ¢all the
'M MOM}' i‘o ’ .

ScHorium i
Let the fame be illuftrated by an Example,

; Let = bé any determinate and permanent Quantity,
‘and let » be the indeterminate, and variable by a con:
. tinuaj

‘
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tinual Flux ; then its Fluxion is -:_-;', and let the Mea-
fure of the Ratio be fought between z4-x, and z—x.
Let the Ratio be made equal to the Ratio between y and
t, and let y be denoted by AP, its Fluxion y by PQ;.
1 by AB; then from the firft Corollary will be gather'd,
that the Fluxion of the fought Meafure of the Ratio be-

tween y and 1, s M x -%- Now fory put itsVag

lue 2+, andakofor y the Fluxion of its Value 2zx _vand

Z——X z_a
the Fluxlon of the Meafure will be 2M x ———.
. u-—xx

or 2M x **'

» or 2 M into --—-l-

= &c. And confequently the Meafure will become

xxx
2Min = + 3z; + = 53’ ——, &¢c. whence the followmg
ConOLLA:Y s
If the Sum of two Quantities be z, and Difference x,

andzM—-—cbe taken=A; AX. =B; B X
%z zz =3

=C; C .E-:—z b, @ tbé'Mﬁfd:c.of the Ratio,

which the greatet Quantity bears to the lefs, will be

$B+3CHID+ 8 = 42 b
ScHoLIuM 2. ‘

By a much like Procefs the Meafure of the Ratio be-
tween 1+-v and 1, will be M into y—jvt<jui—doids
: Cc $ vs,
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,vS—— &c. wherefore, if that Mciﬂn‘e be called 7 5 M
will be = v——‘:w-t-lvs-—tm-i—* cs &c. and therefore
{t = oot dyAgr, &e. and tewle R
= oi—3 #;}-ivf, &c  Moteover, -ﬁ{— 22 oM e TS,
&e. a.nd laﬁly,-M— = of, &c. |

Z Again, from ‘the gwen Meafute m, let us fmd the
Ratio, as it is meafured ; by adding equal Things to equal

m
’l'hmgs,‘,we ﬂ:zfﬂ have <= M + JM_ 2wt

e o R - A moamm g om
ﬁ.v&—}?’ bs; &c. And again +-——-+ e

'= p*t— v‘-l-_ el &e. And agam M KK)I
: .|_ .6.’% + 24M4 = o**%—_t o5, &c. And haftly,
: s
+ W + 24M4 brry T
&c that is. - ! -

‘mm .
* g+t ems + i omn TR =
v} Wherefore the Ratio fought between x+v, and x is

o1 pr oo et i e

‘4 Bk, tor. Put m=M, or-TVI--‘—x,andthenthe

-Rﬂt:( Madular:: w:ll be, as 143 457 - 2 + =+
e &c to 1.
Likewife, if the'ilatxo be given between 1, and 1—v
:the Meafure of this Ratio will be M into v-{-: v*4-3 u:
Fsvt 43’05, &c, and again, if the Meafure of the
e ~ Ratio
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RitTo m be given, the Ratio will be, as t to 1— —'Mr- +
MN n-.'j;‘d%. + 24.";1" - ,x:;lvrs T & pitm=
M, or ﬁ-= 1. from thence the Ratjo Modularis will
be, 2§ 1 to 1—i+4-!—%+{—rvs -+ &c. whence this
.- . . ComorLARY 6.

By denoting the Term R; if § R betaken =A;
4A=B; { B=C; $C=D; ; D=E, &c. ad infinitum,
and'S be taken =R+4-A-}LB4-CLDL-E, 8. the
Ratio Modularis will be that which is between the lefler
Term denoted by R, and the greater Term S, which was
now fougd. Or by denoting the Term §, if § S be taken

=A; §A=B; }B=C; $€=D; :D=E, &
ad infinitum, and let R be taken = S—A4-B—C+4-D
o= E 4 8o, the Ratio Medularis will be that which is
between the greatsr Term denoted by §, and the lefler
Term R which we found. Moreover, the fame Ratio
is between 2,718281828459, &'c. and 1, or between x
and 0. 367879441171, &¢.

ScHoLIwm 3.

If the lefler Terms are required, which may exhibit
the fame Ratis Modularis, that no lefler can be nearer than

they ; the Operation is to be inveftigated after the follow-
ing Manner, let the greater Term 2. 718281828439,
&'¢c. be divided by the leffer 1, or likewife the greater 1
by 0.367879441171, &¢c. and again the lefler by the
Remainder, angd this again by the laft Remainder, and fo
on, and the guotes will come out 2.1.2. ‘

Cce The
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The Ratios greater than the Truth, The Ratios lef than the Treth,
x ox2 o ]
2 r 2 o
3 1X2 2 IXI
8 3 6 2
1 4X1 - 8. 3x1
76 28 11 4
87 32X1 19 7%4
106 9 87 32
193 - 71x6 106 39X1
1264 465 1158 426
1457 536 X1 1264 465 x1
21768 8008 1457 536
23225 8544 %1 2721 1001 X8
25946 9545 ' 23225 8544
49171 18089 x 10 25946 9545% I
&c. &c. &ec. Ac.

TyT345T,156,1,0,8,1,1,10,1,1,12,1,1,14,1,1,16,1,1, &¢,

Thefe being found ; the two Columns of Ratios are to
be compleated, the one containing thofe that are greater
than the true Ratio, the other containing thofe that are
lefs than the true Ratio, by Beginning the Computation
from the Ratios 1 to0; o to 1, which are the fartheft
from the true Ratio; and thence fubtraling to the other
Ratios, which being continued, approach nearer to the
Truth, Wherefore, let the Terms 1 and 0 be mul-
tiplied by the firft Quote 2, and let the Fa&tors 2 and o
be fet under the Terms o and 1, and by adding the
Ratio will come out 2-}-0, to 0-}-1, or 2 to 1. Let the
Terms of this be multiplied by the fecond Quetient 1,
and the Fa&ors 2 ‘and 1 added to the Terms 1 and o,
and the Ratio will beas2-}1to 1-|-0, or as 3 to 1.
Let the Terms of this be multiplied by the third Qx‘c_:tc 2,
and the Fa&ors 6 and 2 be added to the preceding etmds
: 2 an
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2 and' 1, and the Ratio will be as 8 to 3. Let the
Terms of this be multiplied by the fourth Quote 1, and
the FaQors 8 and 3added to the preceding Terms 3 and 1,
and the Ratio will be 11 to 4. Let the Terms of this be
multiplied by the fifth Quote 1, and the Fa&tors 11 and
4 added to the preceding 8 and 3, the Ratio will be as xg
to 7. Thefe Terms again let be multiplied by the fixt
Quote 4, and the Faltors 76 and 28 added to the pre-
ceding 11 and 4, and the Ratio will be found to be 87 to
323 and fo on as far as you pleafe. Thefe being thus
compleated, the Ratios greater than the true Ratio will be
as 3to I, ITto 4, 87 to 32, 193 t0 71, 1457 tO 536,
23225 to 8544, 49171 to 18089, &¢. And the Ratics
lefs than the true one will be 2 to1, 8 to 3, 19 to 7,
106 to 39, 1264 to 465, 2721 to 1001, 25946 to
9545, &c. And thefe are the principal and primary
Ratios, by which continually are approaching to the pro-
pofed Ratio. ) ) _
But if the whole Series greater than the true Ratio be
required, they may be given thus, that in the leflez
Terms no defigned Ratio greater than the true one, can
approach nearer to the true Ratio; and likewife the
‘whole Series of all the Ratios lefs than the true Ratio
may be given this, that in the lefler Terms no defigned
Ratio, lefs than the true Ratio, can approach to the true
Ratio, .fo other fecondary Ratios. are to be inferted be-
tween the primary Ratios juft now found; thefe are
reckoned, when the Quotient exceeds Unity : Likewife
they are found, by changing the Multiplication, which
is made by the Quote, as above, in a continued Addition
of Terms, as often as theve-are Unities in the Quotient.

Thus, the firft Quote was 2z, the Terms 1 and 0 are
twice to be added to the Terms o and 1, and the Sums
will give the Ratios x to 1. 2 tox. Thefe lat Terms
2and 1, becaufe 1 was the fecond Quote, they are at
once to be added to the Terms 1 and o, and the Sums
will give the Ratio 3 to 1. Thefe Terms 3 and 1, be-
caufe the third Quote was 2, they are to be added twice
to.the Terms 2-and 1, and the Sums will give the Ratios
§to2, 8to 3. The laft Terms 8§ and 3, becaufe the
.fousth Quote was 7, are at once to be added to the

Terms -
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Terms 8 and 3, and the Sum will give 5g 0 7. Laflly,
thefe Terms 1g and 7, becsufe the fixth Quote was 4,
;h?arefour imes to be addad to the Terms 1x and 4,
snd the Sums will give the Ratios: 30 to 11, 49 to 18,
68 to 25, 87 to 32, and fo might we proceed further.
Laftly, baving performed the Operation, the whole
Series of all the Ratics, greater than the true-Ratio, willbe
1to0, 3t0 ¥, II t0 4, 39 t0 I, 49 to 13, 68 to 25,
B7 to 32, &c. and likewife the whole Series of all the
-Ratios, lefs than the true Ratio, willbeoto1, 1 to j,
ata i, 503, 8to3, 1gte 7, ¢,

“The Ration gresterthan the e Ratia,  The Ratioele thapthetroa Rt

1 ox2 o 1
2 I . 4 o
3 Cax2 E ' 1
8 - 3 T 1 o
F 11 4xI Y IXI
1 19 - 7 3 : 1
1 30 . 11 5 2
19 7 N 3 I
1 49 8- - 8 3x1
19 7 o Ir - 4
68 2 . 19 . 7X4
L 19 7 8 3
. 8 L 3exy C 106 39x¥
 &c. &ec. . &e. &c.

The Ufefulnes of thefe Approximations extends itfelf
to many others, S

~ PaorosiTion IL°
To eonfirusr Brigg’s Canon vf Logarithms.
. Dgaritbm of compafite Numbers are derived from
Logarithms of the firft compofed Numbers, by Add;lx;n
: ce- e . s

~
P
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orily, nd the Taveftigation of thefe may-be ind feveral
Ways, as an Inftance, .

By the Fifth Corojlary of the above Propofition, by
writing 1 for M, the Logarithm of the Ratios are found
berween 126 #nd 125, 225 and 224, 2401 and 2400,
437¢ and 4374, which may be called p, g, 7, s, refpec-
tively ; and the ‘Logarithm of a decuple Ratio will be
235p + 9og— 637 + 1037, or 2.302585092994, e
twherefore, when Brigg’s Logarithm is a decuple Ratio,
the Logarithm (per Cor. 3. Prep. 1.) may b¢ made
2.302585092994, &'r..as juft above found tohis Moduk
1. So Brigg’s Logarithm 1. of a decaple to Mis own Mo-
dule, will be 0. 434294481903, &c. Confequéntly there~
fore let the Value be put for M, and Brigg’s Logarithm

of 7. 5.3. will be M x 292p+ 767 — 53r+487s, M x

167p4-63¢— 447 + 725, M X 114p+43¢9— 30r 4395,
The Logarithm of the Number 2 is had by fubtrading
the Logarithm ‘of s from the Logarithm of 10. And fo
are given allo Brigg’s Modulus, and the Logarithms of
all the Primes, which are lefs than 10, .

The Logarithm of the firft following Numbers, 11,
13, 17, 19, 23, &c. may be To computed. Then let
the Fa&ts from the Numbers next fet on each Side in the ~
firff Propofition te fought; the Square of the firfk
always exceeds the Fa& by Unity. The Loga-
rithm of the Ratio of the Square to the Fa& by Cor. s.
Prop. 1. being found, the Logarithm of the fame Fa&
may be added, which always will be compofed of given
Logarithms of the firft Numbers, which are lefs in the
firft Propofition, and the half Sum will be the fought
Logarithms of the firft.

CoroLLARY.

The Module of Brigg’s Logarithm is 0.434294481903, |
&¢. its Resiprocal is 2.302585092994, &¢.

ScHoLIuM,

After this Manner may' the largeft Table of Loga~
sithms be compleated, fuch as Brigg or Ulacque. Or,
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fuppofe we put / for the Logarithm as ufial; then let
a+1 be any propofed Number, and » its Logarithm t6
be found. Now, according to the Hypothefis, x=1
a1, which Equation may be called a general Canon,
Let the Equation be made of 4 and y, any how compofed,
and combined with fome other Numbers, any how by
Addition, Subtraétion, Multiplication, Divifion or Ex-
traction of Roots. By the Affiftance of this Equation,
fo taken at Pleafure, 2 will be exterminated from the
general Canon, and the Equation, expreffing the Relation
.between the indeterminate Numbers v, y will be had.
The Fluxian of this Equation may eafily be found, and
its Integral or flowing Quantity exprefled by an infinite
Series, will give the known Value of .

: ) EXAMPLE I.
Let a be affumed = j, then by the general Canon
=l TF7, whofe Fluxion i & =-;._il~;L, and its Ine

tegral exprefled by an infinite Series, gives
r=y—iytiy—iptis— iS4y, O

ExaMpPLE 2.

' b —__9_ . Ity
Let y be affumed prrel whence a1 _T—i'
‘wherefore by the general Canon, x =/, -:-_:%, whofe
Fluxionis s = —2_, andits Integral refolved into a
1—yy .
Series, gives .
s=2xyFip+ir544y4 39, Ce
Where the Number 2 is prefixed to the Series, is fup-

pofed to be multiplied into every. Term of the Series.
QE.IL

Leyvma
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LeEMMa t.

Let z be the Logarichin of any Fraction _:_I , xthe
Logarithm of the Denominator a-4-1, x will be = lb—=z;
or, if x be the Logarithm of the Fra&ion “_‘_i:‘., + will
be = b4z, \
Lemma 2
~ Let # be the Expoitent of any Power of the Number 5,
L5 will be =n x Lb. wherefore the Logarithm of the

Number 5", and the Exponent # being given, the Loga-
rithm of b is given.

Let (as before) a4-1 be the Number, whofe Logarithm

is x, to be found ; and let 5" be the Produ& of the Num
bers, greateft of which is lefs than a+4-1, and z the Loga-
rithm of the Fra&ion , that is, z =1/ 4 ’
a I a I

which Equation may be called 2 general Canon. Then
for 5, let the Quantity be taken from a, and let it be
compofed of any determinate Numbers whatever, and
this Value of 3, fo taken at Pleafure, may be fubftituted

in the Fra&ion -6—; whence it will be exprefled by a,

a1

and given Numbers, ‘

- Let there be made any Equation between y and 2, with
Numbers taken at Pleafure, and by this a will be exter-
minated out of the general Canon, from whence is had the .
Equation exprefling the Relation between the indeter-
minate ones %, y. The Fluxion of this Equation may
cafily be found, and its Integral exprefled in an infinite

Series, will give z the Logarithm of the Fra&ion ;-_:_? :

and from z being found will be had (of the propofed Num-
ber g4-1) the Log. of a=/.b—=. For, according to the Hy~
o Dd | pothefis,
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pothefis, b" is produced from Multiplication of the Num-
bers, whofe greateft is lefs than 2<-1; and from the Hy-

pothefis are given the Logarithms of all the Numbers, lefs
than the propofed a1 ; confequently the Logarithm of

the Produ&, as 5”5 and therefore (per Lem. 2.) the Loga-
zithm of 4 is given.

ExaMprre 1.

1

Let b be taken = a, whence z=1. a

at1 ’ then (per
Art. 2,) let y be taken at Pleafure = 241, by thiy
Equationa may be exterminated, and then will =/, =

ytr'
whofe Fluxion is z = %, whofe Integral expreficd
by a Series, gives
Z==—2X —L+3% + L 4 L, & whence

¥ s 7’
Lem.1.) x=042% 4L 4 I o T
(per ) x + 7 +37’+575+ o
+ o O |

ExampPre 2.

Let b be made —+ aa-24, or =aa-}za)s, whence z=l,

4/.___2:‘_“:“ ,L let y be taken at Pleafure =24--24, whence z

1 _— . . ,
=1L 5 ¥yy—4, whofe Fluxion is z=gyxy3—g) ', and
o . ® I 22 24 26
its Integral is z=—-zx—;;' 4 o + -3;- + ";;é"' .
&c. whence by Lem. 1. =15 L 22
y I x +-2 7 + o

24 26 28
— + - ,,‘_ 5}_{6_, &c.
Examrre
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Examrrny 3

Yeet 5 be made =2 -2a)% as sbove; but now let y* be
aflumed = 2424~ 4aa -} 1, if b and a be exterminated by
thefe two Equations from the general Canon, z will be

— YLyt

o1 oyt

3% =1 ", and its Integral is-exprefled by this Serics
N R I - I I

=1 b4 L ! LI T SIS SR S ' 7%
+J‘ +3_y'3+51‘°+71“+9y‘8’

Itwﬂlnotbcamiﬁherefo{hewaﬁ%clu‘hrMethodo( '

» whofe Fluxion is.z = 2yyx

hpproximating in the Irvention of rithms, which

has no Occafion for any tranfcendental Methods, and is

Sl,“peditliom enough for making the Tables without much
rouble,

A New Merrop of computing
LocarIiTHMS.

'] N H IS Method is fourided upon thefe Confiderations,

1, That the Sum of the ithms of any two
Numbers is the Logarithm of the Produ@ of thofe two
Nuinbers multiplied together.

2. That the Logarithm of Unit is nothing, and con-
fequently, that nearer any Number is to unite, the nearer
will its Logarithm be to ©. Thirdly, that the Produ&
by Multiplication of two Numbers, whereof one is big-
ger, and the other lefs than Unit, is nearer. to Unit,
than that of the two Numbers which is on the fame Side of
Unit with itfelf. For Example, the two Numbers be-
ing 7, and §, the Produ& $ is lefs than Uhit, but nearer
to it than ¢, which is alfo lefs than Unit. Upop thefe
Confiderations I found the prefent Approximation ;
which will be beft explained by an Example. Let it

. Dd. therefore
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therefore be propofed to find the Relation of the Loga-
rithms of 2, and of ‘10. In order to this, I take two

Fragtions 123, and £, viz. 27, and _1?_\_\_2., whofe
10 )

Numerators are Powers of 2, and their Denominators
Powers of 10, one of them being bigger, and the other
lefs than .1. Having fet thefe down in Decimal Frac-
tions in the firft Column of the annex’d Table ; againft
them in the fecond Column I fet A and .B for their
Logaritbms, expreffing by an Equation the Manner how
they are compounded of the Logarithms of 2 and 10,
for which I write /2 and /10; then multiplying the
two Numbers in the firt Column together, I have a
third Number 1,024, againft which 1 write C for its
Logasithm, exprefling likewife by an- Equation in what
Manner C is formed of the foregoing Logarithms A and
B.: And in the fame Manner the Calculation is con-
tinued ; only obferving this Compendium, that before [
multiply the two laft Numbers already got in the Ta-
ble, I confider what Power of one of them muft be
ufed to bring the Produ& neareft to Unit that can be.
This is found, after we have gone a little Way in the
Table, only by dividing the Differences of the Num-
bers 'from Unit, one by the other, and taking the Quo-
tient with the neareft, for the Index of the Power want-
ed. Thus the  two laft Numbers in the Table being
0.8, and 1.024 their Differences from Unit are 0.200,

and 0.024; therefore —3“—;% gives g for the Index ;

wherefore multiplying the ninth Power of 1.024 by 0.8,
I have the next Number 0.990352031429, whofe Log.
" is D=gC+B. In feeking the Index in this Manner by
Divifion of the Differences, the Quotient ought generally
to be taken with the leaft ; but in the prefent Cafe it
happens to be the moft, becaufe, inftead of the Difference
between 0.8 and 1, we ought ftritly to have taken the
Difference between the reciprocal 1.25 and ‘1, which would
have given the Index 10; and that would be too big,
becaufe the Produé by that Means would have been bigger
than 1, as 1.024 is. Whereas this Approximation requires,
that the Numbers in the firft Column be alternately great-
er and lefs than 1, as may be feen in the Table.

The



1,280000000000
0,800000000000
1, 024000000000
0,990352031429
1,004336277664
0,998959536107
1,000162894165
0,999936281874
1,000035441215
0,999971720830
1,000007 161046

0,999993203514
1,000000364511

05 999999764687
Com.Ar, »wmm_w
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%a:otwa.wz

The

m=2l10 - - -
3l2—l10o = — —
B4A = —oN»I..w:o —_
9C+B = 93/2—28/10
2D4-C = 196/2—59l10
2E4-D = 485/2—146/10
4F4E = 2136/2—643/10
= 6G+4F = 12201/2—1004/10

TQHEEHODQW >
Pnunwwn

H = 2H4-G = lto
K = ~+~.~ = 4a03Ysz—12V55:10
L = K4I = 70777/2=21306/10

M = 3L4+K = 2§4370l2—76573/10
N = M{L = 325147/2—97879/10
o." anI_lg =

T A BLE.

—
@
—
—
o—

S

6107016/2—~1838395/10

2302585825187/2=693147400972/10

12 70,28

Lo,33

70,300

L o,3010%
~70,301020
£.0,3010309
70,30102996
L.0,301029997
70,3010299951T
£.0,3010299959
70,30102999562
L.0,30102999567
70,3010299956635
£.0;3010299956640

.o 0102999566398
70,3 | oo.om.&nwﬁw-
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When I have in this Mafner continved the Calcula-
tion, till I have got the Numbets fmafl éhough, I fup-
pofe the laft Logariéhin €6 be équal to nothing. Which
gives me¢ an Equation, from which haviig got away
the Letters by Means of thée foregoing Equations, I have
the Relation of the Logarithms propofed. In' this Man-
ner, if I fuppofe G = o, I have 2136J2—643/10 = o,
which gives the Logarithm of 2 true in fevén Figures,
and too big in the¢ eight, which happens, becaufe the
Number correfponding with G'is bigger than Unit,

There is anothier Expedient Which renders' this Calcu-
lation fiéll fhorter. It i§ founded upon this Confidéra-
tion, that when'# is veryi finall, 1+ 7) is very néaly
sjenx, Hence, if 14-x, and 1%, aré the two laft Num-
bers already got m the firft Coludm of thc Table and

their Polwers l—f‘ﬂ 5 and’ x--‘ﬁ , are fuch a3 will make
o . :

the Produ& 1+x|~ X 1—=2) vety near to Unit, m and

# may be found tims; .1+ﬂ~== 1-|-m;v, and l-—ﬂ. =1

~x%, ahd confequently x+xl"x T'—-a' =1 }-my—ng—

mntx, or (negle@ing mnzx) 1-4-my—nz. Make this equal

tor, and we haw have m:n::g:x::d1—x: I14-x. Whence «!

1—z zlx+x =o. Togivean Example’ ‘of the Ap-

plication of this, let 1.024, and 0,990342 be the laft
Numbers in the Table, their Logarithms being C and
D. Then we have 1.024 = 1.4- ¥ and- 0.990352
= 1—2z,; and cenfequertly »'— d.024,- and % =

0.009648. Whenee the Ratit _:_ in the leaft Num-
bers is 221 So de for finding the Logarithms
propofed, we may have 500 D -} 201°C == 48510/2

—14603/10
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=14603/10 = 0, which gives Iz = 0,3010307, which
s too big in the laft Figure; but it is nearer the
the Truth than what is got from the Logarithm F
fippofed equal to nothing. So that by this Means we
have faved four Multjplications, which were neceflary
to find the Number 9989595, &%. Correfpondent to
F, and which muft have been had, if we would make
the Logarithin trueto the fame Numbes of Places with-

out this Compendium.

Sir
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Sir IsaaAc NEwWTON’s

| Differentials, or Method of Fluxions,

ILLUSTRATED.
L]

H E principal Part of the Analytic Arc confifts in
any determinate Quantity, to be found in Num-
bers, but when the Nature of the Quantities and Num-
bers cannot be had, that all the Quantities are to be ex-
hibited in Numbers accurately, we have Recourfe to Ap-
proximations, that is, when the accurate Values of Quan-
tities cannot be obtained mathematically, they are to be
fought by thofe that are lefs diftant by any given Diffe«
rence.
What is handed down to us from the Ancients about
this, is either particular,. as their Method of reducin,
ratic Equations, or at leaft ill contriv’d for gene
Ules, as the Method of Exhauftions. /ieta was the firft
that fhewed a general Method to. reduce rational Equa-
tions, which only then were in Ufe. In this acquiefced
all the Geometricians from his Time to Sir Isaac
NewTonN’s, who firft brought to a Series, and after-
wards applied the fame to the Reduion of all Equations
of all Kinds univerfally, And this Method proceeds
from the firft and laft Izatios of Quantities, increafing or
decreafing, that is, by Differences infinite fmall of co-
inciding Quantities. But the incomparable and fagacious
NewToN carried this Method ftill a great deal further,
and taught us by what Method we muft approximate to
Quantities, which are determined by a regular Series of
Terms, mot as it is commonly made by an Equation,
And thus he placed the Foundation of this Fluxionary
Calculus, which proceeds by Differences of Quantities of
every Magnitude, wherefose it is more univerfal tltnzn l:he
' ethod
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Method of Séries. By Fluxions an Univerfal Do&rine of
- Approximations is deduced to the Solution of this Prob-
- lem. To find @ Line that fhall pafs thre® any Number of
given Points. From this Solution, I fay are found the
Roots of any Equations whatfoever, and the Quantities,
whofe Relation may be exprefled by other given Quan-
tities, by no Equations hitherto known, and therefore I

think that this Method of approximating is arrived to the

higheft Perfection.
Our Author, in a Letter dated at Oldenburgh, Ofto-
. ber 24, 1676, makes mention of an expeditious Method
of drawing a parabolic Curve thro’ any Number of given
Points, which he faid he made ufe of, when the Simple
Series would mot fuffice, and this Method he firft pub-
lithed in Lem. 5. 3. B. Princip, and in his public Lec-
tures about the fame Time at Cambridge, whereby he
fhews a general Methdd to determine the Curves of what
~ kind foever,. which fhall‘pafs thro’ as many Points, as
their Nature will admit’ of, thefe Leftures were pub-
lithed under the Title Arithmetica Univerfalis in 1907,
where he has illuftrated the fame by Examples in Conic
Seétions. ) o ..
Archimedes, in” the Mdthod of Exhauftions; Cavalle-
yius, in the Method of Indivifibles; and out Wallis, in

his Arithmetic of Infinites, placed the Foundation. of"

this Do&trine of a fought Quantity ta be determined per
Locum, which he obtainkd amongft the Terms.in the
given. Series,- but-by-wha{ Method we muft approximate
to the Values of Quantitids thus determined, no one hath

taught us. This the fagacious and incomparable Sir-

IsaacNewToN. was the firft and only Perfon that
brought . it. ta Perfe@ion ; and from thence nota little
was ithe univerfal Analyfis enlarged. For before this In-
vention;—thefe -Arithmetical Problems only were to be
folved, where the Relation of the Quantity fought, to
others that are given, were defined by an Equation. Now
the fame. may- very-expeditioufly be folv’d, in which the
Quaritity fought takes the given Place amongft the
Terms of the given Serieb; fo the required Numbers are
- very accurately obtained by the Method of Fluxions, as
by Extraltion of Roots ; thefe beidg had, it’ matters not

‘how. we'approach to them. And a manifold Experience.

Ee . hath
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hath taught us, that many Problems are difficult to be
brought to Equations, except by Fluxions. As the Qua.
drature of the Circle fo much fpoken of, which, in my
Qpinion, Wallis, in his Arithmetic of Infinites, hath ex-
hibited as perfe®t, as Archimedes, that of the Parabols.

o find a Parabelic Line wbhich fball pafs through
;l:/:’ Extreams of the Ordinates, bew many focver egui-
ant.
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1. Let A, A2, A3. A4. As. A6. A7.A8. Ag. &fe. de-
tiote the Ordinates equidftant on the Abkiff= ip the given
: Angle.
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Angle, Gather their Differences B. B2. B3. &', ang
their Differences C.' C2. C3..&%. and their Differences
D.D2.D3. &¢. &¢c. And the Differences muft be ga-
thered by taking the former always from the latter, that is, by
putting B=A2—A, B2==A3—A2, B3=A4—A3, By=
Ag—A4, Bs=A6—Aj, &c. Then C=B2—B, Ca=
B3—B2, C3==B4—B3, C4=Bs—B6, &c. And D=
C2—C, D2=C3—C2, D3=C4—C3, D4=C5—Cj4,
e And likewife are all the following Differences to be
gathered. Or, let «, B, ¥, & 4,0, 0, t2c. be equal to
A.A2.A3. Ag.A5.A6. A7, &c. Awill be=a, B=
p—2, C==9r=28-t-a, D=xf-3y+} 3=—a, E—t—yd
+6y—4B8+a, F=0—git10§—10) 4 58vv, G =
—63-f-156—200-157—68-1-«, &¢c. In thefe Values,
the Numeral Co-efficients of «, 8. 3, &, ¢, €. are
generated as in the integral Powers of the Binomial
1=, 72", i=2, 1", 1=, &c. by writing
1.2, 3 4. 5. &e. in the Series 1 x -’l'..x "':—' x ":3_2
x "_‘;_3 x ";s'ix §cc. fucceffively for ». Let now PQ

be any intermediate Ordinate, And AP its Diftance
from the firk Ordinate A be called z, then will

PQ= A+ .
Bx-‘:'_.l-'
Cx-= x’f—z:'-+
Dx-= z:'—‘x?-l»

2
Ex-= x z-;—_ix z—'—;—-zx z;;3+

Foao 2Tl x5 25324
I 2 3 4 5
G x -—:‘-—xz_txz_"‘xz'—:’xz""'xz—_.sp{-&ié.

2 4 )
?E e 2 . 5 ‘Wherefore
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Wherefore the Sign of z is changed, when PQfalls to -
the other Parts of the firft Qrdinate pg.

II. Now let Ag be the Ordinate in the middle of all ;
put A = B4+4Bs, B=D3+4Dy, C=F2+4F3, D=
H-\H2, &¢. and a = C4, s=E3, c=G2, d=I. &e.
that is, if A6 be=a, A7 =8, A8=y, Ag=d, Ue.
A4=x, A3=A, A2=p, A=y, e

Put A—a—=x, B=B—2a--20—2, C=9—4B+5e—
stt-4a—u, D=I—6y+145— 1424 14— 142464
—r, &c. a=a—2A54x, b= p—4a46A5—4ut,
e=y—68\-152—20A 151 —62+4-1, d—=I'—8,,+288
—562+470A5—56x)-28A—8u-}-r, &, and let AsP
be allcd %, then will

A
PQ=As+STE 4
2Bz+bzz 22—1
Tz 3.4 +
3Cz-czz x 221 22—y
L2 34 5.6
4Dz} dzz | zz—I zz—-4, 22—Q
LA 12 34 56 78+
5Ez4-e2z x PETl, 2E—4 2T
1.2 3.4 5.6 7.8
zz—-16
oy -+ &e.

HI. Let A4, As, be two,Or&inates in the’ midgt of all,
P A=2T% 5 CokCs, Bkl p
‘ : 2

G+Gz

&, a=B4, 4=D3, ¢=F2, d=H, &<, or, ket

As——a A6=3, A7=y, A8=", &. Ag=r, Ag=r,
A2=¢, A=y, &c. then will 2A~=4}-x, 2B=p—a—
42, 2C=9—33422F 21 —3rtp, 2D= J‘-—sy—i- :
93—5‘°‘5"+9’\“‘5u-l v, &c. And a=a=—x, b=
— 304
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—3e-}-3n—2, ¢=y—5B+ 10¢4— 10%}-5A"—p, d=4
—2y 4 21B—352+ 35x—21A4-7u—r, ¥c. And let’
O be the middle Point between A4, As, and let OP be
called z, and the Qrdinate :

' A4
?Q‘z_' 4;°az+_
© qBbr  axz—1
. 2 41 X 2.3 ‘+ .,
SC_‘_;z x 4'zz—-t x 4”—9 + v,
4* 2.3 . 45
»D-dz Y o O o 4”““25_‘_'
43 2.3 45 6.7 A
_2E+ez x AZZ—I . 4729 4zz—28
4t - 2.3 45 6.7
42z—A49
X __——8.9 + &,

In thefe two Cafes x is negative, when the Ordinate
P%falls to the other Parts of the Beginning, of the Ab-
fcifle, and in all the three Cafes, the common Diffe-
rence of the Ordinates is put for Unity.

- All the three Cafes are very eafily demonftrated by this
Calculus, In thefirft Cafe for PQ,, I write fucceffively,
@ B> ¥5 & ¢ &, and for z, o, 1. 2. 3. 4. &¢. which

are the Lengths of the Abfciffe following in Order, and
the Equations come out,

ea=A, p—=A1B, y=A42B1-C, J‘=A—"‘3B',"'
3C+D, s =A4-4B1-6C |- 4D+-E, &,

—a =B, 9—=B4-C, &~y =B42C}-D, t—
& = B4 3C}3D4E, &,

y—28+4-2¢=C, &—294- =C}D, s—284y=C
+4:D+4-E, &, ‘ .

¢—3y-38—a =D, ¢—3}-39—B=DL-E, &¢. "

“4—49}-6y—48-Le = E, &¢.

Thefe Equations, by taking their Differences, are re-
folved without any Trouble: And they give the fame
‘Values of A, B, C, D, &, which are given before in

S the
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¢he Solution, and after the fame Manner are "the other
two Cafes demonftrated, :
. Every one of thefe three Series will converge to the
Value of the Ordinate PQ, when the Differences of the
given Ordinates are of a juft Magnitude ; and when they
do not converge, we muft ufe other Methods. But for
the prefent let us add a few Notes of the Ufe of this
Propofition, ‘

Let o, B, » e, 8, n, 4 Xy Ay 8¢, reprefent any
equidiftant Terms, whofe Differences are very fmall ; and
the Relations, whichbthzeobuin among themfelves, are

nearly defined D’ fe following Equations, which_
m Ig taking the Differences, and the Differences o
thofe Di continually, and by making them equal
to nothing, ,
=g =0 .
a—28+4-9=0
a—38+4-3y—d=0
«—4B8}-6—gdpa=0
W§B- 10 10P - s e —p)
e—63-115y—z0d\}1 §+—60-}-n=0

&—7B+-21y—350 4356210} yumsz=z
¢~8¢-{-z8r-563+7m~560+z8n—8~l-z=o
e-—95-|-367—84l‘+u6|—1260+84~ —36¢}-gremaz=o,

This Table is to be referved for Ufe, and to be con-
{ulted as often as is necoflary ; but that thefe Differences
either obtain acturately, -or approach to the Truth, when
the Differences of the Terms are fmall, as appears from
the Demontteation of the firft Cafe of the Propofition.

~ 7 L 4 X b4
Let us affume any Series, as TP R T i

Top Thp Yo and let the Term be fught wiich
ftands next before i it i evident, that i is 2
therefore we may here foe that this Method will exhibit
thc ﬁmeo :
Lgt
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Let a reprefent the Term fought, and it will be

TeT= =50099,0099,0099:0, ~I 0099,0094,9099,9,
w8 ==)=0098,0392,1568,7, g \ 2 . 0099,9805,8629,3,

T37=4==0097,0873,7864,1, § J3 E 3455+
:%1=i=°°96»153',4615.4»§ ‘B )0099:9999:7824,8,
rev=0=0095,2380,9523,8 . g 9695,8,
Ter==0==0004,3396,2264,2 ©399,9999:9993:8>»

It is evident, that this Method cantinually approaches
nearer and nearer ; if the Differences of theyTsl?m had
been lefs, the Values would have approached foener to the
Truth, and on the other hand, flower, when the Diffe-
Jences are greater 3 hence in the Numerical Table, if any
Term be wanting, it may be inferted by this Method.

By this Method likewife come out the very fame Serics,
which ufed to be done by other Methods.

Suppofe sFaml » the Ondinate of a Curve to be.
it is in the fuft of the Ordinates in a regular .

Series (-,-?z\‘,, 2", it Ifm), 1-+%)>
&c. All which, except the firft, make their Areas, vix.
% 2328, 2t o4 ot ety o7, &c.
making a new Serics, whofe firt Term will be the Area
fought 5 which therefore will be found by putting e for it,
and for the reft in Order, B, ¥, & ¢, &c. the firft Equa-
tion gives a—x, fecond, & ==x—j«’, the third, a—z—>%
mij-Ags, the fourth, & =m—fxitins—hut, &e. Confe-
 quently the Area fought is univerfally, x—3 21§ u5—3
x7 4 29— 11 87", &c. and this Series is the Arc ta the
Tangent = in a Circle whofe Radiua is Unity. .
Let, &¢. ¢, d, ¢, 5 a, P, @ By ¥s &, 4, &c. the Setiea:
‘on both Sides gping ad infinitum, when all the Terms are
given except P in the mid@ of all, let A=ar-a, B=p+4-5,
C=y+¢, D=01d;, Emtte, e, and it will be

P



[ 216 ]
= A '
P= 2 4
e
sA—8B+3C |
. 6o )
. . 7A—14B4+oC—aD

O - 140 N
42A—g6B4-81C—322D4-sE +
» 1260 “
' 66A—165B}-165C—88D4-25E—3F
LT T
. 429A—1144B+4-1287C—832D4-325E—72.F}-7,G
T 24024 "
+. @t’. : :

“This Series is inveftigated from the Equations, by
taking every “other;: in which the Number 8f Terms is
unequal ; for their Difference will give the Terms in this
Series, which may be produced at Pleafure,

. Let 1-1—::\_' be the Ordinate of the Hyperbola, and
let its Area be fought, which is above the Abfiffze =,
when it is Unity. This Ordinate is in the midft in the
Series of thefe Otdinates, &c.. T2 ' rF=) ",

— -3 Gt e
=) 3, i, =) > I+z:.’.‘+‘xs 1427
1124, ©c. equidiftant, hence continued ad infinitum.
Confequently the Areas generated from thefe Ordinates
will make the fame Series, whofe middle Term will be
the Area fought, which will be obtained by the Series
juft now exhibited. When z is Unity, as in the prefent
Cafe, the Area of Cutves are, &'c. 45, 52 %' %, and 1,
4 % *% Yoo hence A=14{=1, B=l4}=,, C=
3+si="%H D="§+3i= "1}, & thefe being fub-
ftituted in the Series, comes out P, that is, the Area of
the Hyperbols, 4= si-+-ss — gahe + & that is 3—
. A

—

43
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A _ 2B 3C 4D SE _ . where
43 4 5 4.7 4.9 4.11
A, B, C, D, &, reprefent the Terms in their Order

from the Beginning after the Newtonian Method, 1 here
put the Calculus,

T-E R M S

Affirmatives, Ncgativu.‘

7 500,0000,0000,0000,0 062.5,0000,0000,C000,0
62, 5000,0000,0000,0 6,6964,2857,1428,5
7440,4761,9047,6 845,5086,5 800,8:
97,5586,9130,8 11)381834731)9
1,3390,4086,1 - 1585,7062,8
- 188,7745,5 22,5708,7.
2,7085,0 3260,2

3934 : 47,5 -

557 7

+ 7563,2539,3930,7494, 1 — 0631,7821,3370,8041,1

Subtra&ting the Negatxve from the Affirmative, I get
for the Area,(that is for the Hyperbolical Logarlthm of
2) 6931,4718,0559,9453.

For the Conftrution of any of thefe Numerical
Tabla, the Series which follows is of great Ufe, Let

2 & ¢ by ay 2, By ¥, &, ¢, &c, reprefent the alter-
nate Terms in the Series, being drawn out on each
Side ad infinitum. Put A=a+}a, B=p+b, C=y4-,
D=4'4-d, E=t4-¢, &c. and the Term between « and
a will be
Ff A

-2



A

—+

1 _A—B

T T ’

1.3 _2A—3B+4C

1.2 27 +

1.3.5 , 5A—B+sC—D

1.2.3 21e

1.3.5.7 14A—28B+4-20€—7D--E +

1.2.3.4 ) 213 T

1.3.5.7.9 x.tzA—qoB+7;C—3sD+9E—F +

1.2.3.4.5 : 216

1.35.7.0.11 1 32A—297B4~275C—154D-}-§ 4E—11F4-G

1.2.3.4.5.6 © . 219 +
&c.

This Sertes follows from the third Cafe of this Pro-
pofition, by putting z = o, thus are the Numeral Co-
efficients of the Capitals produced, Example, in the
fourth Term the Co-efficient of the laft Letter C, fave
one, is § ; put §4-1=n, and the Numbers which come
out from the Multiplication of the Terms, viz.

1x 2 )P x TZ ET3 h  &e. will be

. 2 3 4 5 .
1, 6, 15, 20, &¢. their Differences g, g, 5, are the
Numbers fought, and confequently the Beries may be
produced at Pleafure, e

Having given the Logarithms of 46, 48, 50, 52, 54,
§6, 58, and 60, tp find the Logarithm of §3; which is
. in the mfidft of all. Put /524-/54=A=3,4483,9710,34./s
5°+ 1;56 =B= 3’4471,5803,1.% /48 +1’ 58 =C=
3,4446,6923,08,/,46 - 1,60 = D = 3,4409,0908,19.
Thefe Values being wrote in the Series, the four firft
Terms will give 1,7242,2586,96, for the Logarithm of
53 and by the fame Method may we find any other in-
termediate Number,

Therefore in the Conftru&ing of the Tables it fufficeth,
Rsft, to feek fome Terms in given Diftances, for the reft
may be inferted after this Manner, For the Termsf ﬁri}}

oun
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found are continually to be interplaced, until we come to
the Terms, which are defired : After this Manner will
be had the whole Table, from fome few given Terms
from the Beginning for the Foundation of bur Operation.
But it matters not, that the Terms, which we feek firft,
are all equidiftant thro’ the whole Fable, for" if we omit
cach other, where their Difference is the greateft, we
may otherwife omit, two, three, twenty, or -perhaps
more Terms. But the Number of Terms being between
thofe two that are given, which are omitted, muft al-
ways be fome one of the following, 1, 3, 7, 15, 31, 63,
,&¢. fo that we will infert them by this Series.

But for Praxis, the Terms may be colletted into one
Sum, as you may fee here in the following Table, the
firft Expreflion is the firft Term ; the fecond, the Sum
of ‘the firft and fecond ; the third is the -Sum o¢f the
firft, fecond, and third, &'c. : ‘

2 |A

2

oA
4 76 -
6 [rsoA—25B-1-3C :

256 -
8 1226 4-—245B449C—s5D
2048
1o 39690A—8820B-1-2268C—305D-}-35E
65536

So having given any alternate Terms, the interme-
diate will immediately be given by thefe Expreffions,
minding not the Nature of a particular Table. For
thefe Rules are the fame in all others, The Areas of
Curves are nearly equal to the Areas of a Parabola, which
pafles through the Extreams of its Ordinates, but, be-
caufe it would be too laborious to have Recourfe always
to the Parabola, I have compofed the following Table,
whereby the Areas are dire@ly exhibited from the given
Ordinates, '

Ffa ’ li
: , 1
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1 _A_R
I
A4-4B

s |

5 7A+zz:)+mCR
y 41A+216B+22C+272DR

840 -
9 q89A+5888B—928C+Io496D—-4i4oER
: 28350
rx |16067A 4 106300B — 48525C 4 272400D —
: 598752
260550E4-427268F R

This Number of Ordinates is unequal, A is the Sum
of the firft and laft ; B of the fecond, and laft but one;
C the third, and laft but two, &'c. until we come to
that in the middle, which is reprefented by the laft Let-
ter in every Expreffion. R is the Bafe, or Part of the
Abfiflz, intercepted between the firft and laft Ordinate,
the Expreffions are the Areas contained between the
* Curve, Bafe, and Ordinates, from thence to the laft.
I have not conftrued a Table for an even Number
of Ordinates, becaufe the Area is defined more accu-
rately cateris paribus, of their unequal Number.

Let the Area be fought, which is generated from the

—
Ordinate 14-2z2z\ , and which lies above the Abkifle z,
when it is Unity : In 1+zzl~!, for z write 2, X

10 169

33 4 s _ & 7 8 9 . o and eleven
3o 36° T6? 162 16’ 16’ To? is? 1o

’ ; Too 3§ lo0o 335 &
Ordinates will come out 1, I, 350 Tos? 350 30
33 100 a5 100 1 is A= 14
3, B 4, B 3 Hence is A=1+41=%,B
—1o00 1 100-—38300 C—35435_1675 [)— 100

=eoT T isy 1s8ag:’ 26 141 1066’ 109
10023800 — 2512351375 F—=4, Thefe
+i‘4’9"15241’ 29 1 34— "986° K]

Values
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Values being fubflituted in the laft Expreffion, and R be
put for Unity, you will find the Area to be 785398187 ;
this Number is exa& in the 7th Figure, and in the 8th
it exceeds the Truth by 2. . )

If eleven Ordinates do not give the Area exa& enough,
ge& more, and conceive the Area to be divided into more

arts,

The Value of 74-Q" may be expreffed by any of the
three following Series. h

HQ =1+
Qx-:—+
ao M n—i
Ex x5+
n n—1 gz _
QEX—I-X—;—X —§-+
oIy 22 3
Q4+ x T X X 3 x 2 +
s x2 ) TIP3 It e,
UxT XX Tmxg si+
Orx—]--Q}':I-‘—
R'x—%+

"Ry B a1
Rxsz +
R’xl:—x’%‘x”—;t%+
Rex 2 x"Eiy b2, nb3
177 T3 T

 RSx ._'I’;x"':'-—'x'i;i'-z-x’-‘-;ﬂxﬁ;ﬁ + &e.

by putting R = %2’ Or )
7
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m. == Il
24-nt-1 XQ.x Qx__.. +

=
4+"+?-"QxQ_x ;—;x’m_'t
Tt s
6+H—3X xQSx-;—;X W X +
+Q '
84-"i4xQxQ_7x - x 1 ——-—4' x
-'q'_Qq. 3 4
+
L"_"_'_"_""_Sl‘nggx LS o,V cm I
QY 1.2 3.4 5.6
rg_x? """"16-}-&&

9.10

The two. firk Series are demosftrated by Cafe 1. of
this Propofition, For if 1+QY, 1FQ7, 1+Q%
1+QY, x-i—Q“, &¢. reprefent fo many equidiftant Or-

dinates in the Parabola, i+Qf will be its fame Ordi-
nate, whofe Diftance from 14-@Q° is #. and thus is pro-
duced the firft Series And, if in any other Parabolz
14Q°, I+Q. s I+Q H I+Q) ) I+Q\

& ¢c. be equidiftant Ordinates, I+Q| ‘will be the Ordi-
nate in the fame, whole Diftance from 1-4Q)°is —n;
thus will the fecond Series cofne out Now let there be

in the thtfd Parabola, &e. t-|:(2 s l+Q\ , 1+® .

TQ I+Q° I+j‘, 4+Q¢, 1+QF, Q%
e, a Series of equidiftant Ordinates, oontmucd ad infi-
nitum,
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nitum, and its Ordinate will b 1-Q) » the Diftance »
removed from the middle Term 14Q)°. And fo the
third Series is produced by the fecond Cafe of this Pro-
pofition ; the firft fails, when # is an Integer and Affir-
mative ; the fecond, when » is an Integer and Negative ;
and the third fails in both Cafes. By the Help of which
thefe numeral Roots are éafily evolved into a Series ; the
third converges much fooner ; its fecond Term may be
exhibjted for Correition, when the Extralion is made by
the Repetition of the Calculus.

The fagacious Halley, in his Method of conftru@ing
Logarithms from the firft of thefe Series, demonftrates
Mercator’s Series for the Quadrature of the Hyperbola.

-1 g3
Let its Ordinates 142 , or 1§2) , n being any
Number infinitely fmall, whence by the Methods of
Squaring the Area, which lies above the Ab/ciffa z, that
.
is, the Logarithm of 14-z will be 2| : Butby the
n

firlk Series TF2) = 1+ x4 T x—wrf x

".%l‘. x "—3-——2- %* -} 8c. and therefore in this prefent Cafe,

where 7 is any infinite fmall Number 14z "=x.|-—:

,.,__% z* 4 -"3- X — -:_ z*, &c. which being fub-

* fituted in the Value of the Area, it produces z— §z2.|-
L gl - i x5— 1% 517, &c. which is Mercator’s
Series.

Likewife this Rule produces the fame by the fecond
Series. Let .the given Number be 1-{-z, put R =
x-iz » and its Logarithm will be R4-5R*4-§Ri-4-3

- Re4-5RS - &oc.

The
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The following Rule comes out by the third Series,
Iet R reprefent any Number, put z = R ° and its

Logarithm will be RE;‘
$Dz— 1§ Ez— &c. where A, B, C, D, E, &, re-
prefent the Terms of the Series, as from the Begin-
ning according to Sir Isxac NEwTon’s Method.

—iAs—} Bz—-;i.Cz —_

4 MEeTHOD
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A METHOD o find the Values
of Arithmetical Series, Aow

Slow foever they converge.

N fome Series the Sum of the Terms cannot be reck-~
oned, but to very few Places of Figures, fo that, ex-
cept by a fimple Addition of them, other Arts are
not ufed. Now let any Series be propofed, all whofe
Terms are affeted with the fame Signs, and whofe next
continually tend to be equal amongft themfelves, fuch as
wing - 4 L L L ;
+.2 +5t, Y. Gather the Sum of fome Terms from the
Beginning, and let «, 8, ¥, 44 35, 6, Ce. be added nearly
. . ay—08B
in the neareft Numbers, let prewrwrs
Difference of the Quantities « X %’%, af-}-ax?:'%a

etptyx BEL, edpty+ox IEn ot
sty ddtexE2 e bea b4 o ke

, and let the

s—0
. — ac—bb R
Then in the. neareft Numbers, let s= m, and

the Differences of a x :i';l", a+b x ébt_—’:, a-btex
.‘;j"—‘%l- at-b4c4dx {1+’: , be A.B. C. D. e,

_ AC—BB. ~
and lef t = AB2ACLBC and fo proceed as far as
you pleafe, Then will a4-g+y+P-s4- &e. =2 x
, Gg ' etrs

a—p
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Canid +ax 2 a+.tlv +Ax—f"—t-§+ &c. and there

“a—B
is feldom an Occaﬁon to earry on this new Senel beyend
the two firlt Terms,
As if the Value of thls Sena were deﬁred viz, of

._+_L+ 6-|- .\-E.’!:. gather the ﬁrﬂ: 21

Terms, whore Sum 1 ﬁnd lo be 6813, 8410, 1885.

Terms next to be added are & = ,0005, 2854, 1226,
B = ,0004, 8309, 1787, ¥ = ,00044 4326, 2411, & =
Q004, 0816, 3265, &c. Hence let r be made == 1 nearly,
and @ x f;iig— = ,0117, 6449, 6282, ¢ = — ~ ;00005
omy, 5096, b 2= ,oooo, 00:4, 7410, ¢ 3= ;6000

oou, 4986 &‘;’c whence : =45 nurly, and @ 'x a+:b

= e, oooo,onu, g1, whnch I fubtra& from e x

d_\_rp 5ecaufe of its negative Sngn, and there. :emmnq

91:7, 6307, 8171 ; this added.to the Sum firft: found
6813, 8410, -1885, gives 6931, 4718 0056, for the
Sum of the whole Series,- which is exaét in the nimxh
Decimal, but before thefe two CorreQtions, the Sum was
exad in the firft Figure only. If you have a Mind,to -
purfue it further, it muft be wnedon to the following
A}?l‘)roxlmanons

f the Terms of “the’ Series m«tﬂ«m Shens, “they-
are to be added together, that all may have the fame

31gm,~as in this Series ;....—4;.;-».7«]_,, e, the Toas

being added, it wxll be 2. + .|.9_'_x I;IS
- &¢. but here you m_uﬁ obferve, that the Differences
a,byc,d, ¢, &c, as allo A, B,'G, D, ¢, are to be
gathered by fubtralting the antecedent Quantities ‘from
the Confequent, and in all Series of this Natwe, ifp, ¢
r, reprefent the three Terms foltowing in Order, p the

firft, ¢ “the fecond, 7 the third, and the ReCtangle -
’ x ,
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Xy is not greater than pr, the Value of the Serfes will
be infinitely great, but always of a finite Magnitude,
when it happens to the contrary. This Rule fails us
fometimes, when p, g, r, are but of a fmalt Diftance from
the Beginning of the Series, and if they be amongh them-
felves a little remote from the Begimning, thes the Rule is

the moft certain.

But to other Kinds of Series, other Rules muft be ap-
plied ; let there be a Series of regular Polygons infcribed
in a Circle, the Radius being Unity.

H = 2, 0000, 0000, 0000, 000 | 4

. G =12, 8284, 2712, 4746, 190 | 8
F == 3, 0614, 6745, 8920, 718 | 16
E = 3, 1214, 4515, 2258, 051 | 32

" D = 3, 1365, 4849, 0545, 938 | 64
C = 3, 1403, 3115, 6954, 752 | 128
B = 3, 1413, 7725, 0932, 772 | 256
A = §, 1415, 1380, 1144, 299 | 512

Now let the laft Polygon be called A, the laft but
one B, the laft but two C, the reft in their backward
Or;:el!;,e D, E, F, &, and the Area fonght of the Ciscls
wi
. A—B , 4A—¢B4C , 64A—84B421C—D

A

+ 3 * 315 + 3.15.63
. 3.15.63.255
if for A, B,C, D, E, ¢c. be wrote their proper Values,
the four firft Terms will give 3, 1415, 9265, 3589, 790,
for the Area of the Circle. And this Series is general,
8o where depending on the Nature of the Circle; and it
is applicable as often as the former Differences of the ap-
proximating Numbers are as the Quadruple of the latter,
The Faors in the Denominators are whole Powers lef-
fen’d by 4, which being given, the Co-efficients of the Let-
tersia different Terms are formed by a continual Multipli-
cation of 1,-'5-, . S gl ":9-3-, ¢c. when the
3° 15 63 7 255
Ggz2 laft
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faft of the Fa&ors in the Denominator muft be fubftituted

for n. .

.. The laftof the Quantities x—1, 2 {/ x~2, 43J ¥4
8Y/x—8, *%/x—16, &c. is equal to the Logarithm of x.

for x write 2, and by repeating the Extralion of Square

Root, the Numbers will come out.

. M = 1, 0000, 0000, 0000, 6000
‘ 8284, 2712, 4746, 1901
7568, 2864, co1o, 8843
7240, 6186, 1322, 0613
7083, 8051, 8838, 6214
7007, 0875, 6931, 7337
6969, 1430, 7308, 8294
6950, 2734, 2438, 7611
6940, 8641, 2851, 8363
6936, 1658, 4759, 4014
6933, 8182, 9699, 9493

Let the laft of the Numbers be called A, the aft but

HEEE R

S>wOTEEQOIm™-E

one be called B, and fo backwards, and the Logarithm -

fought will be A 4 A;—B o+ zA-—:?—I—C +
8A—14B+47C—D +64.A—-uoB+7oC—-st+E T
1.3.7 1.3.7.15
&e. the five firft Terms give 6931, 4718, 0559, 9457>
for the Hyperbolical Logarithm of 2. And how this
Series goes ad infinitum may be eafily feen from what
we have faid above ; and likewife it is univerfal, no wife
refpeing the Proprieties of the Hyperbola.
This Differential Method likewife is extended to the

Solution of Equations, and many other Ufes, of which I
fhall pafs over., '
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The Proportion of M
20 each other. F

cal Tranfacions,
Efq. F.R.S.

I T has heretofore paffed |
all Infinites are equal. .
have not fcrupled to ground
that Foundation. The Pofit
erronegus. as Dr. Halles i

-
-
—

- wwa .‘
R, and ab, the Diameter o
to S.
Let db, the Chord of th
and fz, the Chord of the &
let the Abfciffa ak be equal ¢
-~ If the Line mn be fuppofed
incident with the Tangent
will always give the followin;

%% = 4Rx— 42
W =455 =y
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When the Line is arrived at the Tangent, = and y
will hecome the two Points of Conta&, and then zz —
4Ry, and yy = 45x (4+~ being laid afide, as Heteroge-
neous to the reft of the Equation, by Reafon of » being
became infinitely ﬁ;nﬁ) Therefore .

we:gy:i4Re:aSe:: RS, -
e z:y:4/R:Sk QE.D.

Pa.or_osx'r!on 1L

' e Point of Contal between a Sphere and a Plane
is infinitely greater than that between g Circle and a
Yangent, -

Let a be the Point of Conte® between the Sphere ady/,
Fig. B.and- the Plane 3¢, (See Fig. B) About the Sphere
- fcribe the Cylinder npgm.
- Dmaw # to reprefent a Circle parallel to the Plane,
Eet the Circle be fuppofed to move, tifl it beeomes Co-
+ incident with the Plane, The Cylindriel Surface 2ghm
will always be equal (according to Archimedes) to the
Spherical Surface’ daf. ‘
.. Now when the Sirfaoes become infinitdy fmall, one
Rerminates ia the Point of Conta®t, and the other in the
Periphery of the Bafe of the Cylinder. Therefose the
Point of Conta& is équal to the Periphery of the Bafe of
the Cylinder (equal to a-Periphery, which has the fame
- Diameter as thg Sphere) and by Confequence is infinitely
© greater than ‘#ty Point of Contad bztween 2 Circk and
a Tangent, ) T QED.

ProrostrTrrTron IH.
.~ Td¢ Points of Condotd by Spherei of Fifforent Magni.
dwde ure. 10 ous another, @1 she Diamyters of the Spheves.
_ Fdr by.the; fecond Propafition the Points of Contad
ase equal ¢o . the Peripherics of fuch Diameter, whele Pro-
-portion is the famgas she Diamsters, - , ., . - -
A Q.E.D.
... ’.. .." :. .-.. ~u.‘ ‘ ?’0‘

= . -

__aFA
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To ﬁud | the Centre

lation,

S Dat!lu'non.
Eatn of Oﬁdlatlon is aPomt,

Gnravity of a compound Pendul
.. overy &dlatwn will fill be per

ﬁs\'

N -’

./l

7\/5

g

pention being C. Imagme the Bod);1
inpymemble fraadl-Prifms,. all perpendic
and confequently always parallel to th
by the Motion of -the Centre
Te Plano ABD. ‘And, becaufe the
fuch Prifm may be. lwk’dqpop w the
placed at the Point z, in the fame P
uently the propofed :Body may be re
zcal Planc ABD, conﬁﬂ:mg of fuch Pa
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In thisPlane, that the Point O may be found, whofe pro.
Acceleration is not changed by the Actions of the other
F:’rticlw, we may apply it to the Force of any fingle Par-
- ticlep, placed in the Point z; of thef® Forces join’d together.
arifes the abfolute Motion of the whole Plane, by which
the Motion of every Poigt is given,

But the Particle p is urged by the Force of its own
Gravity ; which, if the Cohefion of Parts be diffolved, in
the leaft given Time, would produce the given Accelera-
tion of the Motion in a perpendicular to the Horizon zy.
To Cz draw the Normal yx, and the Acceleration 2y
will be refolved into the Parts zx and xy. By Reafon of
the Rigidnefs of the Body the Force zx is taken away by
the Refiftance of the Point.C; but by the other Force
xy, is drawn the Space ABD, in a Ring about the Pbint
C, and having drawn the Horizontal Co, and Perpen-

dicular zs, it will be as .g.’.z 5 becaufe of the given Force

of Gravity, and the Similiarity of Triangles sz, and
sCz. Thgéfor_e the Force of the Particle p to the‘vSp:wc to

‘ . " Cs
be moved ABD is, .- X p.

To thefe Forces ‘gatl'zered into one Sum, let O be an
invariable Point in a Line drawn at Pleafure, and
to the Diftance €O yet unknown ; then the Force of the

Particle p to ‘move the Point O, as g% x % X 9,

that is, a8 o5 xp. and the Acceleration which  at-

tributes to’ the fame Point O will be, 35 T x -E2.,

wherefore the Farce 55 X p, being applied to this Ac-

. . COxCs . . Ceq :
celeration Sl the Quotient will be TO¢ x by
the Particle p, which, if in the fame Point O be fup-

pofed. to be moved with the fame Acceleration C%’;C’,

would produte th fame Motion, which the Particle p
produces
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roduces in the fame Point O. Hence is redyced a

roblem to the moft known Theorem of Motions, For.:7. .

.

applying.the Sum of the Farces é:-('j x p.to the Sum of
the Particles ac.g;- x#; the Quotient will be the ab-

folute Acceleration of the Point O, then: having drawn
the Perpendicular Og, and this Acceleration being made

€qual to the given Acceleration -C—Co'— f the Point O,

the Diftanice CO will be given. For let <5 =4 (and

dccording to the Method of Fluxions) -Cs x p = M, and

Czg x p=C; then becaufe CO .being invariable,
- Cs M )

the Sum of all the Forces co™ p_w, and th:fSum':

e ' . Czg.: - C .

of all the Particles O, Xp' toork whenfe the
applicate-Sum of the Moments to. the Sum of the Bodies
daC

oo M . _
will be TxCO:d, confequently CO M-

wherefore €, and M, being found by the Inveife Me-

thod of Fluxions, CO will be given, Q. E. L

CoroLLARY.

From the Centre of Graffity G to ‘the Horizontal Co
draw the Perpendicular, Gg, and et the Body ABC =
A. then from a well known Law, the Centre of Gra-

vity M will be = Cgx A; whence CO = c‘:‘ff’K'

Propr. 2. THROREM 1.

" The fame' being put as before, let }be Point O be
fought in_the right Line CG, pa{ing‘vtbnugb the Centre
of Gravity G ; then will O be the Centre of Ofcillation

the Body A,
Y Hh °. For

-




Fig. 11.

Fig. 12,
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For(SeeFx( 11.) In this Cafe % is made =
'E(T_d’ whence CO = (C__K’ by Cor. Prop. x}

_C
GxA " But A is gigen, and the Point C being gwen,

the Quantity C and CG' are alfo given: whence CO is

iven, whatfoever the Inclination of the ofcillating Body
to the Horizon. Confequently, per Def. and rob I.
O is the Centre of Ofcillation of the Body A. i D
Q \ 4

Pnor. 3 THROREM 2.

Tbe fame being put as above, let D be tbc Aggregate

of Gzaxp, Then will 00 = CG+beA

"~ To CG (See Fig. 12.) draw the Normal ZF, CZ*:

=CG’:4+GZ": — 2CG xGF; namely F falling
within C and G, But when F fills in CG produced,
Cz* will be = CG": 4 Gz*: 4 2CGxGf. There-
fore C == {Aggregate of all the Cx*:: X p= ) = to the
Aggregate of all the CG* : x p 4 Gg* : x p —2CGx
GFxp—l-zCGfoxp And becaufe the Centre of Gra-
vity of G, is the Aggregate of all the 2CGxGFxp== to
the Aggregate of all the 2CG x Gf'xp. Wherefore € =

Aggregate of all the cG* xp+§‘ xp=CG*:x

'A+4D. And by Thorem 1. CO= . There

CGxaA
fore CO-_—_-CG-{-chA._ O,.E., .

CororLrLARY.
Hence is given the Parallelogram CG xGO. For

GO = (,GD ye But A and D are given 3 * where-
fore CGx GO = R . Pnor,.g.

-~

.
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Pror. 4 THEoREM 3.

The fame being put as above, if in the Point O be
CGx A

confiituted the Phyfical Particle —co—> Whichbe-
ing agitated by its owm Gravity, ofcillates about the

Point C; the Motion of tbe: Space ABC will be -every
where alike, as if it were qgitated by the Ofcillation of
‘\b‘ Bﬂd] A) AP,

It is evident from the Nature of.the Centre of Gra-

CGxA
-CO

vity, per Prob. 1. for is the Aggregate of all

Cz»: xXp C :
the = ‘
.CO® C'Q’\‘. '
. Prop. 5.” Pros.2..
. The Magnitude of any Body A, the Centre of Gravity

G, and the Point of Sg’pergﬁn € being given 5 to find
A . .

its Centre of Qfecillation,

It is dome: per Theot. 5. by finding the Quantity C,

or per Theor. 2. by fecking the Quantity D.

‘ ScHoLruM, .
To inveftigate the

Calculus in a particular Caf"e, the

antity C and D muft be chofe, as the Nature of the pro-.
pofed Figure fuggefts. Theneither of them being given, the’

other will be given alfo by Equation (Prop. 3.) C=
CG*: x A4D. Whence likewife will be given the

]}’atillelo‘.gra_t‘x:x CG x GO =‘—!:- Qer Cor, Prop. 3.) =
C N

—— .+~ CG". By the Help of "which, from the Centre-

A ..
of Gravity, and the Point of Sufpenfion being given, the
Centre of Ofcillation is given by Divifion only. - Where -
fore in any Example, it will be the beft to f{xd firtt this
Parallclogram, either by the Computus. of D, or by the
g ) Hh . Quantity
2 /

——n
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Quantity C, from a proper Aflumption of the Centre of

Sufpenfion.
.~ The quﬁnuon of the fame by an Example or two."

, Exambre 1

. " Let there be a Pyramid ADC (See Fig. 1
Bafe is the Parallelogram ‘AD, and let- the !on of
the Centre of Gravity in a Plane pafling through the
Vertex C, and the Diameter of the Bafe EF be parallel
to the Snde A. -

" Let the Vertéx 'C be the Céatfd of Sufpétifion ‘then
per Prob, 1. the Figure thay’ be reduced to.3 Phyfical
-~ Plane of an Ifofceles Trnangle)CEF (See F:g x4 in
which ef, parallel to EF, reprefehts the P me
compofed of the Particles p. Let CH = a,

and Cb.-. x; then per Property of the Fij igure ¢b wnll
be ——-;-—, and the Pamcfe ? ﬁhxated at the Pomt z will

.\

bc as.x; . or :atlu-.ra bz bcmg made =v; v x, wnll
be the Bafe of the fmall Pnfm, and-p will be as o%x
whence Eugjﬂ be = Cz vax_ vxx’-[-x vv'x.
Confequently the’ Sum of all the Cz* x p, in the Line

bz will be v; *3 - ‘;"3' ; and in the Line «f (for v

by putting —?—) that Sum will be -9-51;;;-2—51 x‘a.r x4,
Whence again by ‘taking the Fluest, and for xw'riting
a, C wxll be = M:;"a‘ " and A ui’.
and the Diftance of thi Centre of Gravnty G from3tbe
Vertex C is CG-*—{- a. -Whence -%- —-CG':‘.-.—':"-Q—

A
——CGxGO }£+_‘6_5'_ :

ExamrpeLe
& L Li
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EXAMPLE 2..

* Let " the propafed Figure be a right Cone defcribed by
the Rotation' of an' lfofccles “Friangle - ECF about the

Perpendicular CH. :
Here again taking the Vertex' C for the Centre of ;

Sufpenﬁon, and makmg CH=4, HE=}, Ch=x, bz-—-v, e

bb ¥
as above ; then will p = 250 X 2z ¥ ¥; whence’

, .
. [ " i/

C = 2ux xxx.f-v:vx -l-’-:—xx—w’:“ Let B be the
Segment of a Circle defcribed by the Diameter ¢f, which-
is _near_to the Abfcifl= bz_v, and to. the Ordinate

:i S ; then the Sum will be of all the C=*; Xp
2 2
4a*
z: e — \} And when v =1¢h, this Sum- will be~ :

. M" b’ ’ 2 b; : ‘ E
2xr X" + T Xt B, who{e Double is - = +— *x*Bis I

Part of C in the right Lme ¢f, and the Aml B, as a2 ;-
thcrefore let B.—cx’ and that Part of C will be —— 4a7 +6’ '

in the right Line bz = 2xX

x*B—3 v x

x cxx¥3 whcnce by taking the Fluent, C =
ﬂLas bb Xeady andtheConeA:%cﬂ and CG =
; A. Whencc—g- ...EG* = ,_E.. — itk
30
And after tha Method proceeds the Caleulus in other.
Figures, when the Ratios Cb to he, and bz to p are more
compounded.

] Y

ExaMPLER '
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Examere 3

—=ww=emh - That the Ratio of the Calculus of the Quantity D
; may be manifeft ; let there be a Parallelepipedon, pes<

¢ pendicular to the Horizon, and paralle] to the Plane of

— | the Motion. of the Centre of Gravity ABD. )

5. . Draw the Diameters EF and HI (See Fig. 15.) and:
let p be the Altitude of the fmall Prifms, and let ¢ be
ﬂ parallel to HI; and GF =4, GH =14, Gs=x, and
sz=v ; then will D._..,-:-. Jxxx-[-‘-.x:v;qv._ Whence the Part
of D in the right Line tr will be 2bxx3-4-28% ; and
r— @ again by taking the double of the Fluent, D will be =
74_“;’;'—4"’1 ; and A 8= gab, whence D = ‘%‘_’i
-.-"z'\i-iDB@uare&.“ . A e :.

v . Examerr 4 .

————— ' Let the laft Example in a Sphere, whofe greateft-Cir.-
‘ de is Btr, Diameter AB, and Centre G. Then hav--
z # ing drawn the Lines as in the Scheme (See Fig 16.) it
{ Tisovident D will be = Gug : x p+-Grg': xp; Bt the:
Spm of all -the Gsg: X p in the-right Line tr is Gig,
drawn into the Area of a Circle defcribed by the Dia-
‘meter ¢r. = Likewife the Sum of all GMy: X in the right
“Line 4 is Gmg: X into the Area.of the Circle defcribed
by the Diameter 4 ; when it immediately appears, that
e D.is = to four Times the Fluent- of Gsg.: into the
’ Area of a Circle, whofe Diameter is tr. There-
— fore-let o be the Area of a Circle,” the Square.of
- whofe Radius is 1, 'and let GA =2 and Gs=4x;
then will D = éxx X CB@= i3 == 4ra5.;-x’-;-$4b.;x4 ;

‘whence taking the Fluent, and making x =42, D will

1
Ky

be = rf ca’, and A = $¢a*; whence %—g‘a aa.

By
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By Reafori of the Affinity of Solutions of Problems of
this Nature I mean the Centre of Percuffion) I will add
the Solution of one Problem, only of the Centre of
Percuffion. -

DEFINITION.

‘Centre of Percuffion is that Point of a ‘Body in Mo-
tion, wherein all the Forces of that Body are united into

" ‘one, or it is that Point, wherein the Stroke of the Body

will be greateft, .
- ‘The Centre of Percuffion is thé fame as the Centre of
Ofcillation, if the ftriking Body revolves about a fixed
Point ; whence a Stick of a cylindrical Figure, fuppo!
the Centre of Motion from the Hand, will firike the
greateft Blow at a Diftance about } of its Length from
the Hand. : .

The Centre of Percuffion is the fame as the Centre of
Gravity, if all the Parts of the ftriking Body are carried
by a parallel Motion, or move with the fame Velocity..

Paor. 6. Pnos. 3,

9o find the Centre of Percuffion of @ Body whirld
about a given Point, to wit, fuch a Point, that a Body
impinging againft it, and being loofed z'mn the Point of
Sufpenfion, may meither. incline to one Side or the other.

Firft, it is evident, that this Point muft be fought in
the Plane of the Motion of the Centre of Gravity, For
- if 2 Body be refolved into fmall Prifms (See Fig. 17.) as Fig. 17.

Normals to-that Planc, they will be carried about in a
‘parallel Motion to themfelves ; whence the Moments of
each Part of that Plane will be equal ; confequently by
the Refiftance made in this Plane, no Point of the god
will be driven from it. Therefore let the Plane be AB,
to which let the Body be reduced by Contra&ion of the
fmall Prifms in the Particles p, fituated in the Point x,
as in Problem 1. In this Plane let C be the Centre of
‘Rotation ; or at leaft its Projetion made by a perpen-
dicular Line let: fall on this f’hne; and let Q_be the
Point fought. Thro’ C draw C£ at Pleafure, in which
take two Points x and £, as xQ,, and £Q being drawn,

) : the
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‘the Angle CzQ may be obtufe, and the Argle CEQ acute 3
and in the Points z and £, let the Particles be pand «;
Then to C§ having drawn the Notmals zr, ‘and Zr;
which are to one another, as Cz to C£, the abfolute Vex
locities of the Particlés p and: # will be reprefented by'
them. . And the Parts of thefe, Velocities, which are in
the Direions zQ, anc £Q_, are taken away by the Re--
fiftance of the Point Q, And to Qz, and QZ, draw
the Normals CD, and Cd ; 3 and becaufe of equal Angles
2CD =rzQ, and £Cd = r£Q, the other Parts of the
Velocities in the Direftions to the Pérpendicular Qz, and
Q§, will be as 2D, and £d; whence having the Ratio
of the Diftances Qz,.and Qf, the Force of the Particles
# and = will be to move the Space AB into contrary
Parts, as Dz x zQXp, and £ xEQxp. And by the
Conditions of the Problem, the Sums of fuch like con~
trary Forces muft be equal among themfelves, :

B’; Reafon the Angles being right at D and d, the
Points D and d are at thé Circamferencé of a Circle de-

fcribed by ‘the Diameter CQ. Let the Centre of the
Circle be' E. Then having drawn Ez, and EZ, meeting

.the Circle in F and I, fand i, DzxzQ will be=TFz x
2] =EF': —Ez*: =EQ*: —Ez*:, and dfx {Q =
Eg*: —EQ*. Wherefore the Sum of all the EQ¢:xp
....Ezq‘ % p will be = to the Sim of all ‘the Efg:
~ %xx—EQg: X7 and ‘tranfpofing the Terms, the

Sum of all'the EQ7 X p+ 7 =to Ezg:x g E&j: %
-ar 3 that is, if p be put for the Particle p within the
‘Circle, as well for the Particle «, without the Circle, the
Sum of all the EQg:Xp will be == to the Sum of all the
Egg:xp. To CQdraw the Normal:zs ; then will Ezg:
"= Cz¢: 4 ECs4—QCxXCs. Which Value of Ezg, being
. fubftituted for the fame, and the Equation duly order’d,
‘at length you will find the Sum of all'the CQx Cs xp
.= to the Sum of all Czg:xp, wh:ncns

PR T

‘e

. PR . e .
e .. . - [y

(3]
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€Q = to the Sum f)f all the Czg : xp
Sum: of all the Csxp

And the Sum of all Czg:xp is the fame Quantity C in
the Calculus of the Centre of Qfcillation. And if the
Centre of Gravity be G, and to CQ_be drawn the Nor-
mal Gg ; and the fame Body be called A, the Sum of all

the Csxp=Cgx A 3 whence is CQ_ = ngA" Let .
the Centre of Ofcillation be O; then per Theorem 1.

wnll-CO = CGx A" Whence is Cg: CG' :: CO:
CQ_; wherefore, thro’ O draw the Perpendicular, drawn
to CO, will pafs through the Point Q.

QE.D.&L
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Of the Motion of a Muf cal
~ String.

LEMMaA 1,

E T ADFB, and AAeB, be two Curves ( See
F:g 18. L

Fg 18.) whereof this is the _R_zI_aMthm them.
: be Ordinates
L ‘B the Ords-

, ¢ Curve may
v . v laft Ratio
. Eg JE 1D, a;s Ca

DEMONSTRATION.

Draw the Ordinate ¢/d near to CD, and to D and
A draw the Tangents Dt, and A8, meeting the Or-
dinate ¢d in ¢t and 0. Then, becaufe ¢d:cd :: Ca:
CD (per Hypothefis ) and the Tangents produced one
into another will meet the Axis in the fame Point P,
Whence by Reafon of fimilar Triangles CDP, and :tP
CaP; and (0P, it will be B:ct:: Ca:CD (::
ed per Hyp.) :: 88 (=cb—cd') to dt (=ct—cd. But
the Curvatures are in A and D, as the Conta& of
the Angle 844, and tDd; and becaufe #A and 4D co-
incide with ¢C, thefe Angles are as their Subtenfes 46,
and dt, that is (by the Analogy above found) as Ca,

" and CD ; wherefore, &'c, .
: QE.D.

LEMMma 2

In any Article of its Vibration, the firetch’d String .
between the Points A and B, takes the Form of every
, i Curve

AN
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Curve Apz B~ —7 R et 9
crement of '
leration arifin
as the Curvat

Suppofe thi
inﬁni‘:ely fma
the Perpendic co z
which meet \
a5, and ps in .
Prin., ﬂ/;cbania, .
ticles pP, and Pz, a ‘
Force of the Thread’s "x
of this Force, whereby the Particle pP alone is urged,
will be to the String’s Tenfion, as ¢t to #, that is (by
Reafon of fimilar Triangles czp, #R) as #p, or Pp to R#
or PR, Wherefore, by Reafon of the Tenfion’s given
Pp_
PR
But the generated Acceleration is in compound Ratio of
the Ratios of the abfolute Force dire@ly, and of the Matter-
to be moved inverfely ; and the Matter to be moved is the

Particle Pp : Wherefore the Acceleration is as I;R’ that

Force, the abfolute accelerating Power will be, as

is, as the Curvature in P. For the Curvature is reci-

procally, as the Radius of the Ofculatory Circle. .
‘ Q. E.D.
ProBrem 1. '

To define the Motion of a firech’d String.

In tiis Problem, and thofe that follow, I put the
String to be moved by the leaft Space from the Axis of
Motion, that the Increment of the Tenfion from its
Length being augmented, alfo the Obliquity of the Radii
of the Curve may fafely be negleQed ; wherefore the
String is extended between the Points A and B; and let
the Point z be brought to the String to the Diftance Cz

from the Axis AB (See Iix'g. 20.). ‘Then having moved Fig. zo0.
i2 ‘ the
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the String, by Reafon of its Flexure in the Point C only,
it will firft begin to be moved (per Lem. 2.). And im-
mediately the String being bent in the next Points ¢ and
d: Thefe Points likewife will begin to be moved, and
then E and ¢, and fo forwards. Likewife, by Reafon
the Flexure being great in C, that Point firft will be
moved with the greateft Velocity, and then augmenting
the Curvature in the next Points D, E, &¢c. that con--
tinually will be accelerated {wifter, and by the fame La-
bour, the Curvature in C being diminifhed, that Point
again will be accelerated the {lower.

" But that this may be manifeft, the String always muft
take the Form of the Curve ACDEB, whofe Curvature
in any Point ‘E, is, as its Diftance from the Axis En;
likewife the Velocities of the Points C, D, E, &'c. be-
ing made amongft themfelves in the Ratio of the Dif-
tances from the Axis.Cz, D%, En, &¢.- For in this
Cafe, the Spaces CX, Dd', E¢, &c. run over in the leaft
Time, will be amongft themfelves, as the Velocitiesy .
that is, as the Spaces. Cz, D¥, &¢. are to be run over;
whence the other Spaces xz, &3, e, &c. will be
amongft themfelves in the fame Ratio. Likewife (per
Lem. 2.) the. Accelerations will be amongft themfelves in
the fame Ratio. By which Means, . the Ratio of the
Velocities always being obferved to be the fame amongft
themfelves, as of their Spaces to be run over, all the
Points will come together to the -Axis, and will go to-

gether ; wherefore the Curve ABDEB is rightly de-
fined. . : Q. E.D.
Moreover, the two Curves ACDEB, and AxdsB,
being compared between themfelves ( per Lem. 1.) the
Curvatures will be in D and &, and the Diftances from
the Axis D3, and &'3: Wherefore (per Lem. 2.) the
Acceleration of any given Point in the String will be as
its Diftance from the Axis, When (per Phil. Nat.
Princ. Math. Sef?. 10. Prap. s1.) all the. Vibrations,
both the leaft and the greateft will be performed in the
fame Periodic Time, and the Motion of every Point will
be like the Ofcillation of a Funipendulous Body in the

Cycloid.
Q.E.IL

COROLLARY
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u
Vibration,

- -Let the String be. extended between the Points A and .
B (See Fig. 21.) by the Force of the Weight P, and let Fig. 21/
the Weight of the String be N, -and Length L. Like-
wife let the String be made in the Pofition of AFpCB,
and at the Middle Point C, ere& the Normal CS =
Radius of the Curvature in C, and mecting the Axis AB
in D; and having taken the Point p near to C, draw
the Normal pc, and the Tangent pt.

Therefore, as-in Lemma-2, it appears, that the abfo-. -
lute Force, whereby the Particle pC is accelerated, is to
the Force of the Weight P, as ¢z to pt; 7. e, aspC to
CS. But the Weight % is to the Weight of the Particle
2C, in a compound Ratio of the Ratios P to N, and N
to the Weight of the Particle pC, or as L to pC, that is,
as PxL to N xpC; wherefore thefe Ratios being com-
pounded, the accelerating Force is to the Force of Gra-
vity, as PxL to NxCS, Wherefore let a Pendulum
be denoted by the Length CD (then per Princip.
Math, Se&. X. Prob. 52.) the Periodic Time of the
String will be to the Periodic Time of the Pendulum, as

/N xCSto 4/ PxL. But(by the fame Prop.) the
Force of Gravity being given, the Lengths of Pendu-
Jums are in duplicate Ratio of the Periodic Times;

whéncg it will be ngi;CD', or (for CS having

wrote -é% per Cor. Prob. 1.) —l-}l)—}%“- to the Length
of
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of a Pendulum, whofe Vibrations are Ifochronical to the

Vibrations of the String, -
To find the Line a4, let the Abfciffz of the Curve be

AE ==z, and Ordinate EF —=x, and the Curve AF=

o, and CD = 4. Then (per Cor. Prab. i.) the Radius'

of the Curvature will be in F = -3:—.. But having

given v the Radius of the Curvature 2%, Whence

z
» : . * '
‘-;1"-.’-.',—'-.-‘ -?_“:. 5 wherefore aa% —-w:x, and talr.mgthc
N Z

Rluents aox ‘“"gf""“ﬂ‘ + vse ( where the given
Qxannty -— -—-—-I—vaq is added, that z may be

made = v in. the xmddle Pomt C). And hexe
. the . Calculus bcmg ordered, z will bc
.. a’x——b"x-l-'-*’x

arb* a’x%-;xh-r%b‘ 2"
reiped of a, that the Curve may coincide with the Axis, and

Now 4 and » vanifh in.

ax

:; wilI bc made = ——= __,  With the Centre C.

W bb—xx

| By 22, and Rad. CD=, defcribe a Quadrant DPE (See Fig. 22.)

gnd makn_ng CQ=wx, and gre&mg the Perpendicular
QP, and the Arch DP being y, y will be = =

. ‘Wbb—xx
b . n b a ,
= -~z Whence y = —~z, and z="7"y; andmak-

mg xz=b==CD (in which Cafe likewife makc y = Arxch
of the Qt_xadrant DPE, and g =. AD =3:L) ;L will

be =a x -CD" and ¢ = L x- —DE' Therefore let
CD



. Circum{

'wherefd:

{ 2471

CD be % Niameter of 2 Circle ta the _

of the
xL x:

Periodd

the Pe.. . ' *

"Periodic Times of Pendxlums are in half Ratno of tlmr

Lengths,

CoROLLARY, I,
The Number of Vibrations of a String in the Time

D

XT.

COROLLARY 2.

Becaufe —é_ x ¥ -;3- is given, the Periodic Time of

the String is, as / -I;— x L, and the Weight p be-

ing given, the Time is as VNxL.

Fig o2

of

of one Vibration-of 2 Pendulum D is—ﬁ- ; J —1‘%‘-

-
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Of the Laws of Centripetal

Force.

A
THEOREM

IF a Body be moved in any Curve urged by Centripetal
Force, that Force will be in any Point of the Curuwe,

ina Cm%mnd Ratio of the direc? Ratio of the Dif-
tance of the Body from the Centre of Force, and the Re-
ciprotal Ratio of the Cube of the Perpendicular let fall on
the Tangent in the fame Point, and drawn into the Radius
of the Curvature which the Curve there fball obtain.

Fig. 23. Let QAO be any Curve (See Fig. 23.) and let AO
e hed sntesmen

N

i

leaft Time, Pm its Tangent,
[ equal Curve, that is, the
Bry coincides with the Arch
fll perdendicularly from the
let OM be drawn Parallel
d Om exhibits the Force,
A is urged towards S. The
es perpendicularly from the
at 1s, the Force tending to-
’ ! Body to become moveable,
' furve to the Arch AO, by
ty it was firft brought, and
g towards S, whereby the

tve AO, as On to Om, or,
angles, as SP to SA. But
» Bodies brought into Circles
. Co " tlocities apply’d to the Radii,
per Cor. Theor. 4. 8. F. Newton’s Princip. But the

Velocity is reciprocally as SP, or, diretly as 5—’;, where-

. fore
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fore the Squares of the Welacities swill b~ —- - .
Therefore the Force as | '
Body may be moved in |

) ¢ .
m : Butit hasl'!
as the Force tending toj .
be moved in any equicu
ing towards S : But thc\ :

; wherefore w!

D vamrt -

——
dDr2x AR
SA
" SPix AR’
SA .
SPi x AR’

the Force t

G OR o'.. »n KX,
If the Curve QAO be a Circle (Sec Fig. 24.) the Cen- £, 34.

tripetal Force tending towards S will be as S;" i
Wherefore, if the Centripetal Force tend to the Point S,
fituated in the Circumference (per 32 E. 3.) the Angle
PAS will be equal to the Angle AQS. herefore by

Similar Triangles ASP, ASQ; it will be AQ_: AS::

. . Qp. . y __ - AS? _ ASS
AS :SP:; wh'ence SP = FOR and SP3 =g
Whence SA = w='—{-—(‘)\;,_that is, be-
) N /
caufe AQ, =
ASs, |
Let DAW 0~ 24

DB, Focil g ;
-to them in B

SA and K : : : |
SK :: (3. ’

being give—- G {
Lines SA, ) ’ §
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AL = ! Latas Reftum = :L (per Prop. 6. Parte st
Sect. Con. Milnsj). ‘
Moreover, becaufe KA is to the Parallel SP, the Arigle
ASP=KAL=TOA, becaufe the Angle TAO is the Com-
pliment of both at a right Angle: Whereforé¢ KA : AL : 3

SA:SP., Whence SP=—2% A Jiid KA = -1 x
2 KA 2
SA
sl °

Moreover, by Reafori of Equi-angular THamgles,
KM#, GPS, and OTA, SPA, it is
. KM:K#:: GP:GS:: AP: SK
Alo _Kl:AT w; . SK:"°
Alo AT: AOV s AP
It will be KM : AO: AP2: SA2::§
.o 2 L*xSA* . 2 .. 3,
.s SA W M SA b 4AK
whence L* : 4AK*:: {AO—KM : AC
S __ 4AK3
ax_:d its like Manner AR = T
very fame Reafoning is found the Rac
4AK3
Ln.
In the Parabola the Calculus is eafiet

Fig.26.0f the given Subnormal (See Fig. 26.
equal to AT, equal to the Fluxion of tl

Triangles KiM, ATO, SPA, AKL oma »
whence KM : K :: AP:SA; likewife AT, or K#:
AO:: AP:SA; whence KM : AO :: AP*:SA*;:
§A2—8P* : SA* :: whence it will be §Ps : SA2 :: AQ
— KM+ AO :: AK : AR; and therefore AR =
SAXAK | but AL =i Lamws Reéwm =3 L; ind

. AL -- .SP. P L _SA
i&K.AL..S‘.SP, wha'e{ore it vnllbe -;—XR

e ’ . BSP’

vature in the Hyperbola =
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= SP, and §Ps = L2XSAY o G erefore AR will be =

s 4AK*
LxSA:3
LY 2

From hence arifes a very eafy Conftruction for deter-
mining the Radius of the Curvature in any Conic Sec-
tion. For let AK be a Perpendicular in the Seftion
meeting the Axis in K, (See Fig. 27.) From K on Fig. 23,
AK, let the Perpendicular HK be erect i :
duced, meetingin H. From H let |
on AH, be ere&ted, AR will be t
Curvature ; in the Parabola the Conftr.
more fimple. For, becaufe of the Natur
SA=SK ; and the Angle AKH aright c
Centreof a Circle paffing thro’ AKH ; w
Radius of the Curvature by producing S | |
. SA, and by erecting the Perpendicula: i
R will be the Centre of the ofculating
rabola A, L
The Centripetal Force tending to '
Conic Se&ion, in which a Body is moy '
proportional to the Square of the Di

LxSA3 SA . !
AR = A
28P3 - 3PIxAR willbe SE3IXL Xdns
2 Y 2 . .
3 tha
sa’ that is, by Reafon 1 being given, the
centripetal Force will be, as -EIK. '

Let there be an Ellipis BAD (See Fig. 28.) which F, 55,
“the right Line GE touches in A, and let SP paffipg thro’
the Centre of the Ellipfis, and KA thro’ the Contact be
perpendicular on the Tangent. SP x KA will be = to
a fourth Part of the Figure of the Axis, or equal to the
Square of the lefler Semiaxis = B x DE. For by
Reafon of equi-angular Triangles, GBQ, GLA, GAK,

GPS, and GDE. .
. Kk 2 SP:
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SP : SG i BO : GO
8§G: DG :: BG:LG :: GO : GA
DG: DE s * GA : AK.

Whence SP: DE:: BO : AK, and SPxAK =DE x
BO = 3L xSB,
Hence, if a moveable Body be moved in the Ellipfis

bv thte centripetal Force tending to the Centre of the
Elipfis, that Force will be dxre&lv as the Diftance ; For

SP;XL";AK' = to a given Quantity. Becaufe SP x

AK is a given Quantity, Therefore, the Force, as

SP’SA R will be as SA the Diftance.
In Fig. 25. let fall the Perpendicular FI, from the

other Focus F, on the Tangent; then by Reafon of .
equi-angled Tnangles SAP, FAI, it will be

SA:SP:FA :Fl— SPXFA

SA
SP:xFA
xFl= —p—

whence, if the greater Axis be called &, and the lcﬂ'er

2d; then will P = FAS  nasp— AT
—SA i—SA

;s whence will SP

= Square of the leffer Semiaxis

d3A T
v 54SA
In the Parabola, SP = y/dSA ; its Latus Reffum be-

ing put = 44.
Becaufe TA* : TO*:: APs: SP*: SA'—---—SPz :SPs : :

But in the Hyperbola SP =

pSA—SA2—4* : d*; it will be
VBA—DA 4t : d:: TA: TO, when TA =SA,

TO will be = AL S—
VIASSAT—g

Now
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Now let QAO be any Curve, whofe leaft Arch let
be AO (See Fig. 29.) and AP, Op, Tangents in the Fig. 29.
Points’A and O ; Lex SP, Sf o ’ '_“j
Tangents, AR the Radius | g

SAxTA _AR, and the Per

let be SP, Sp. For by R&f(i
itis fP: AO:: PA:RA, a
whence ex eguo, it will bi

RA; but fP=S5P, wherefol

D e e

-

Hence, if the Diftance SA °
and be divided by the Fluxic
Radius of the Curvature will
m'n’ed the Curvature in Radial Curves is ealily deter-
mined. :

ExamprE,

Let AQ_be a Nautical Spiral, feeing the Angle SAP is
given, the Ratio SA to SP will be given alfo, let that Ratio

be as g to 5, SP willbe = -b—iA—, and SP=%‘}” and

AR = SASA _ @A | hence it will eafily appear;

SP.
that the Evolute of the Nautical Spiral is the fame in any

SASA _ SA  _un.
SP ’ SPixAR

other Pofition, fecing AR —

é__.w from the given Relation SA

o ZLig28
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Latus Restum = 3R ; and gt VaQ be another -Curve fo
related to this, that the Angle VSA be perpetually pro-
portional to the Angle V8a, and let Sa=5A. The Law
of contripetal Forge tending o S is fought, whmby '
Body may be moved in the Curve VaQ.

Seeing the Angle VSA is to VSs in a given Ratio;
the Increments of thefe Angles will bein the fame Ra-
tio; and Jet this Ratip be as wton, whcr\ce ot will bg

\

nxOT.‘BtOTr_—. ﬁA s
= ,/ﬁSA—SA*'.-—d""

—

o= ndSA . And feeing SA* -} SP*:
m &SARA'—Pd* . ',
3 .. 2 2. Q oo y #d"’SA’ )
SP*::ta* Aot : or2 :: SA2+4 - oy ey
n?d S* .. n*d>
m* b5A — SA* — d‘ ot + m? X 6SA—SA—g*
n2d?

i e m"bSA—-m‘SA"—mzd‘ +arar
n*d* ; whence xt wnll be Jm’&SA “MSA—m iyqi,,‘:‘ﬁ
t#d::SA:SP, and SP=x — ndSA_
: 4m*b‘A—m‘SA‘—m‘d‘+n‘d‘
+That the Fluxion of which may be had, let » be wrote
for m*6SA —m*SA*—m*d*4n*d* ; and SP will be =

ﬂ_SA__, and SP3 = n3dSA3

Wiy '—T—, and » = m*}SA —
nASAx

x3
reducing the Parts to the fame Denominator ; SP.will be
ndSAx—indSAx

x3

Place of x and x, by putting their Values, and ordering

1 —r? Y]
.the ﬁgm, is. mpde SP.= ___n{S:& ak M%A, ﬁ-’w dz

Xy
AR . bcnce

zm’SAS;\ and SP = #dSA x x— » and by

» and in the Numerator, in the
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sb . imiSA—mditmds
SPixSA -  nd*SAs . Bt

is, as the Centripetal Fgree; whercfore the

SPixSA o
o1y o, TMBSA—mididnids ;

Foroeynlljeas A (becaufe
n*d* will be in the Denominator) the Force will be as
EmSA SA"‘J:fjdj’d’ , of irftéad of & by puttiné
SR , the Force will be as %;"’QSA ;fR-H'"'bRi
or, (becaufe 2. is given) as mégﬁ;"*“"’ _
_3%’2.4. .‘.?’.;—TR"". All which exadly coincide
with thofe which Sir'Zfzac Newton delivered in Prop. 44.
of his Principia concerning the Centripetal Force of a
Body moving in the fame Curve.

Forafmuch 2s the Centripetal Forée tending to the
Point S, which being urged, a Body may be moved in

sp

s 3 hence . from
SPIxSA the

. given. Law of Centripetal Force the Relation of SA %o
§P may be found ; 2s therefore by the inverfe Method of
Tangents the Curve may be exhibited, which might be

defcribed-by ahy given Céntrigetal Force,

whenee

sP

—]

the Cugpe, iah,a'lwayt a

Examrrr
Let the Force be reciptocally @ any Power in of the

Diﬂanee,';hﬁi;,let b4 - = 4 5 &’
SPixSA _ aSA" 'SP

will be = :;i—‘}» , and taking the Fluents of thefe
' Fluxions
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. —3 _. __I8A e
Fluxions §SP ~ will be = — whence will
=T . ,
—2 ____=S5P%, and by multiplying both Numerator
A" .
and Denominator of the Fraion by SA..-'; and, in-
______.._JZSA i = SP ss

ftead of .

L o put 4 is
2

bESA™ "

’ ‘ WemaX
wherefore SP = —?¢-S—A———

But if ¢ be 2 conftant Quantity SP /sA il

—_—W
b

be equal to nothing.
Whercfore, if the Force be reciprocally as the Square

: . d*SA
of the Diftance; SP may be put = 4-/;/—‘_—-, and the
Curve .will be a Parabola, ‘whofe Latus Rearunm i
—4;:-, or you may put SP=dx 7‘;?_35-7\', and the
.Curve will be an Ellip,ﬁ;'; or finally, you may put SP
' vSA ' ’ :
d the Curve a H la.
T an u ppears an Hyperbo

If the Force be reciprocally, as the Cube of the Dif-

tance, it may be fuppofed, that SP =-"%A., and the

=dx

" . .y dSA
Curve be a Nautical Spiral; or SP= and the
: P . /b=—¢5A ? .
Curve will be the fame, whofe Conftru@ion Sir Jzac
Newton fought from the Seor of the Hyperbola, or
may
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4A | and Sic Jfaac gives the
J/b4-eSA*
Conftrution of the fame Curve hv Elliotical Seors,
Cor, 3. Prof~=—""

If the Ce
tance; the R

by an Algebs
a{.ogzrithmi
la; for SPis i ' A
Logarithm oi

Now, lel . vy vc moved 1n the Curve QAU,
(See Fig. 23.) by: the urging Centripetal Force. tending Fig. 23;
to S; and let the Celerity of a Body in A be called C; and i
the Cclerir( with which a Body,. with the fame urging
Centripetal Force, in the fame Diftance, moved in a
Circle be called ¢ It appears from the firft Theotem ;
that if SA exhibit the Centripetal Force tending to S
the “Centripetal Force, tending to R, will be exhibited
by SP, which being urged; the Body with the Celerity
C, will defcribe a Circle, whofe Radius is, AR ; and the
Centripetal Forces of Bodies defcribing Circles are as the
Squares of the Velocities applicate to the Radii of the

2 s
Circles ; wherefore it will be SP: SA :: 'ACT: -S‘A-;
whence it will be SPXx AR : SA*::C2:¢*, andC:¢::
+/SPxAR : SA.

If SP coincide with SA, as in the Vertices of the
Figures, it will beC:¢c:: ¥'AR : +/SA : But if the
Curve AR be a Conic Se&tion, the Radius of the Cur-
vature in its Vertex is equal to half the Latus Reftum
=3 L. And in like Maoner, the Velocity of a Body
in the Vertex of the Setien is to the Velocity of a
Body in the fame Diftance defcribing a Circle, in dimi-
diate Ratio of the Latus Reffum, to that duplicate Dif-

tance. Seemg AR = -S.%A_, it will be C*:c%::

L1 SP x

mybeasSP;:.
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SP::;)AxSA.: SA® ;- SPx.SA .5

SA x SP 3 therefore from the givm Relation SP to SA,
the Ratio of C to ¢ will be given.

A:: SP)?SA:

Examrre.

If the Force be recxpromlly as the Power = of the

Dnﬁanoe, that is, let ——SB—- = —b—;, andit will -

SP3xSA a*SA

be 5B : BPIXSA o efore it will be Cf: ¢ ::SP

a*SA"
. SPIxSA SA - ,
x SA :__f__’.‘___ 1 SA™ " L BSP: ; whence,
zSA '
#SATTT ML LA™t

ifweputSP’-:——-z—-—=Az 3 , it
will be C*:ct::asSA” ¢ 2L a‘SA : m—1

123 and morcoverC c: Vz : ,/m-—x.
#SATT I A
—ete ="2 —

—eSA" b—eSA

. T | "":“MSA
. n—1
it willbeC‘to:‘?asa’SA- " - —

. But ifw we put SPr =

that is, as b—eSA™ ’?_I

5—eSA™ " to ™2 x5, lefs than the Ratio bto T~ 4
2 2

or the Ratio 2 to m—1 ; whence will Cto ¢ bein a lef
Ratio, as 4.2 to W m—1,

Likewife
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. o a1

Likewife, if SP be taken = —%°2___ Cwillbe
‘ b4-eSA '
found to ¢ in a greater Ratio than 4/ 2 to o/m—I1.

CoROLLARY,

Ifa Bodybe moved in a Parabola, and the Centri-
petal Force tend to the Focus S, the Velocity of a Body
will be to the Velocity of a Body defcribing a Circle in
the fame Diftance every where, as &/ 2 to 1. For in
this Cafe m =2, and m—1=1. The Velocity of a
Body in an Ellipfis is to the Velocity of a Body miov-
ing in a Circle to the fame Diftance, in a lefler Ratio

than 4/ 2 to 1. And the Velocity in an Hyperbola

is to the Velocity in a Circle, in a greater Ratio than -

V2tor -

If a Body be carried in a Nautical Spiral, its Velocity is
every where equal to the Velocity of a Body, de-
fcribing a Circle in the fame Diftance, for m = 3, and
m—1=2.

ProBLEM,.

Granted, t. Force (whofe abfolute
Ruantity is kb ¥, as the Square of
the Diftance ; ¢ prejeéted according to’
a given right en Velocity, to find the

Curve in whi sme L (See Fig. 31.)

Let a Body be projected arcording to a given right
Line AB, with the given Velocity C. And feeing the
abfolute Quantity of the Centripetal Force is known ;
from thence will be given the Velocity, in which a Body
might defcribe a Circle to the Diftance SA, the fame
Force urging it ; for it is equal to that which is fought,
whilft a Body, with the fame applicate, urging Force,
uniformly falls through + SA.  Let that Velocity be «
From A in AB, eret the Perpendicular AK, and in it

take AR, a fourth Proportional to ¢* C?, and _SS}'\P:_’

and

Fig. 31.
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d AR will be the Radius of the Curvature in A.

rom R on AS let fall the Perpendicular RH, and from
H on AR, the Perpendicular HK, and having drawn
" the right Line SK, the Axis will give the -Polition.
Make the Angle FAK = Angle SAK; and if FA be
parallel to SK, the Figure in which a Body is moved
will be a Parabola, And if SK meet the Axis in F, and
the Points S and F fall on the fame Part of the Point K,
the Figure will be an Hyperbola ; but if the Points § and
K fall on contrary Parts, the Fig:rde will be an Ellipfis,
whence the Se&tion, in which a Body is moved, will be

defcribed by the Foci § and F, and the Axis=SA +
/

FA.

‘A Solution
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A Solution of the Inverfe Prob-
lem of Centripetal Forces.

L lé T VIle; any ((:s:?;‘ which a Body urging by
entripetal Force ig. 32.) defcribes, tending Fig. 32.

to-the Centre C: This Curt, the Righe Live 1501 & **

Kp, cut in two Poiz '

which from the Cei

Cf; alfo with the . :

draw CI. : - .

The Centripetal |

Theorem, altho’ w¢
another Demonftrati
Kn panallel to CI.

angles ICP, IKN, : *
Triangles IK#, and I

IporIP : IK :{
PC: IP :{ :
IN: IK :f . :

PC x IN : IK* | J

]
v

[
Moreover, the Timl __ ... ‘
is, as the Area, or the Triangle ICK, or its Duple
PCXIK; therefore, if the Time be given, PC x IK
will be a conftant Quantity. And havin% given the
Time, the Centripetal Force is, as the Linesla Kan,
which is defcribed by the urging Force; therefore the
Centripetal Force is, as the Lincola Kn drawn. into the

conftant Quantity 'F(:T!I'K‘;'" that is, the Centripetal
‘ V Force
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Force "‘“"“’FET;{RT x i},’é&:%:-,or,asthe
. P .
Quantity gl QED.

The Velocity of a Body in any Place is as the Force
" run over dicelly in any leaft Time, and, as that Time
inverfely ; and therefgre, as IK "‘RT:I_K’ that is,
the Velocity will be reciprocally, as the Perpendicular
from the Centre on the Tangent.

- If the Diftance of a Body from the Centre be called
x, and the Perpendicular on’ the Tangent be called p,

IN will bez=x, and Pp = p, and the Ceatripetal Forca
may be exhibited by :’:P_., by taking any Quantity

. pix
for f4, '
Wherefore let us call the Ceutripetal Fotce ¢, then

4 4 : 3 .
will ‘;i =9, and f;f =x¢, and by taking

. f4 .
their Fluents 7: = Fluent of L+1

And when the Velocity of a Body is reciprocally, as
the Perpendicular p its Square may be exhibited by
4 ]
"§p_= . Therefote, if the Velecity be called v, then will
4 . .
v? =,-£;7,== Fluent of sp. But.if A be the Placs,
from wlhich the Rodj & to “fall, that it may acquire the
Velocity o in D ¢r T, 4nd from the Place of the Body
D be erefed the Perpcnd'lc_ul?r DF=¢; then will the
ReQaagls :DE DF sz Now Jet BFG bea Curve
Line, whofr -Ordicateé: exhibit. the Centoipetal Forces,
2 the Quuntivicsp.. The Flukat of sy wilk by the Cus;

- vilinear
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vifinear Area ABFD = o= ;—.-21;;: But if the Velocity,

be that which is acquired by falling from an infinite Dif-
tance, v*, the Fluent of xp will be equal to the Area.

ODFO indefinitely protenfed.
Hence, will # be always given in finite Terms, when
the Curvilinear Area can be exprefled in finite Terms.

ExA_MPLn I.

Let the Centripetal Force be reciprocally as the Power

(m) of the Diftance, that is, let vo= 2% If the
m

. i . X
Velocity of a Body be that which is acquired, by falling
from an infinite Diftance ; then will v* = —

“We=—%
m—1X4

— .{;; 5 and, in all thefe Cafes, the Area indefinitely

protenfed is the finite Quantity. And a Body may be

revolved in a Traje@ory Velocity, whofe Square may

be made either greater or lefs than £E__ ;o
- m—1 Xx

m—=x
2p2 m—ri 2

equal to it. ..The'refore will o2 = _f_i_ - —f

e*, . o
Hence by thefe urging Forces thrée kinds of Curve,
may be defcribed according as e* is a pofitive Quantity
or Negative, or none at, all. - -
ExaMPLE 2. . :

If the Velocity be greater than. that which is ac-

quired by falling from an infinite Diftance, -5; is

. .
ade = —F 4 ¢*; but if the Velocity be

Lot
lefs,

m—1x
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lefsitwillbe-g;: g —¢*; if equal,

m—gy
m—xx

it will be L = £ .
) zpz m—3
m—Ix

. Let% f4be = a%?, and -’-n—t—l-xg=b'e‘. And if the
Velocity of a Body be that which is acquired by falling from

. m-——1
, m—I ax

aninfinite Diftance, ps= a; s orp = "7
But if the Velocity be greater or lefs than this Ve-
locity, it will be made as has been fhewn —-2%

—
—

. __1_ L, ;=1
£ - m—1 gi e )
=t 2= po— . Whence for §
m—Iix X

S* and ;—g:x_’ by putting their Values g%z, and 5%¢2,

m—3
it will be £2 = Boder =
. x . y 4
ay Mt . m—t
Li_”*':_’ then will p* = o ———. Confequently,
X ba..i. x .

if the Centripetal Force be reciprocally, as the Cube of
the Diftance, that is, if m — 3, and m—1 =12, p* will
a*x? ) 2402
be=_b‘-’ or p* = b_f-]{;:?’ ar finally pr =
alxi .
br—x

" In the firft Cafe it appears, that the Curve is a Lo-
garithmical Spiral, for p ='~:—'”., for b:a:: s 2

T, herefore
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T'herefore by Reafon of the conftant Ratio of ‘4 to dj
the Angle CIP will be every where conftant.

2 92
bsa_: 22
there arifes three diverfe Kinds of Curves; as 4, is greater,
lefs, or equal to 5.

And Firft, let @ be greater than 5. (See Fig. 33.) Fig. 33.
With the iven Diftance, defcribe

a Circle
duced,

1P, Pi
’ —— -

o [}

xt—g? ' ) }

IN:1 C ' ' ;

Let us put p* = and from this Suppofition

—_
i

ais gr
tity. :
Lct thc

e 0 areve e s

Ccy:'

YX=,

s ‘e »
LCt xX= g > WhQnCC -\':-"‘—v-z—;—’ and -———-x —

' 4 —c2z¥
——-—z—». Alfo x2smap? = .—‘f— —— r
3 z* 2
tﬁ
=X cr—x?; thnce Nrtt = —— X Aozt
hax

—

xVxl__‘S .

Which Values being fubftituted, it will be

Mm —bax
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'iaz__. Leta:e::ﬁ:t. that is, let 2 ==y
ot —zt L

then will XY, of == — sy, But
. J("—zti d‘,_zb

i
, 4s mbh to.c, that is, in a given Ratio,
Veor—z2
Confequently, therefore their Fluents, if they begin to-
gether, will be in the. faiie Ratio, that is. HY, or 3

is to

will bé-to the Fluent of <% s mnbtoc.
.. . ct—z? t
** But if with the Centr¢ C, and Radius CV =¢, 4
Circle VL be defcribed, and CG be =z, and mo=13
the Arch mn will be = —CZeey = to the Fluxion
- Ver—zt
of the Arch Qm,, when the Fluxion is a pofitive Quan.
tity ; but when it is negative, its Fluent is the Arc
Vm, Compliment -of the former. For the Compliment
of the fame Arc, hath the fame Quantity denoting the
Fluxion, only affeted with different Signs; becaufe,
whilft one increafethi, the other decreafeth. C
Hence is HY to Vm, as nb to ¢: but CV is to CH,
as Ve : HY, that is, c:b;:Ve: bXV:e = HY ;
I : <
hxVe
. &
Ve:Vm:in:1. - o :

Moreover, from the Nature of the Circle, it will be
CG:CV :: CV: €T, when T touches the TCircle,
that is, it will be z:¢c::¢: -;L=CT=x; hence
if the Angle VCe be taken to the Angle VCm, as
to 1; and Ce be produced to K, as CK may be =

Secant CT, the Point K will be in the Curve fought.
' Here

ﬁhereforc it will be

:Vm :: nbh: ¢; whence
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Here it is to-he noted, if » be a Number, that is, if
abetoc, or a to o/a*—4*, as Number to Number,
VI will become an Algebraic Curve; for in this Cafe,
the Relation #G to- the Sine of .the Angle VCe is de-
fined by an Equation, and thence will be had the Relation
of the Sing of the Angle VCe to CT, or CK, by a de-
terminate Equation ; and thence will be given an Equa-
tion, which will exprefs the Relation between the Or-
dinate intercepted beginning from the Point €. The
Ofders and Degrees of thefe Curves by an Algebraic Scale
of Equatioxis are different for the Magnitude of the Num-
ber n. Inall thefe Curves fo defcribed, the Pofition of
the Afymptote is determined by this Ratio. Let the
Angle’VCi be made to a right Angle, as #n to 1. In
that Angle the Diftance of a Body from the Centre ap-
pears infinite, Now the Square of the Perpendicular on
the Tangent PC = b—‘aTI—i:?-; where « it infinite, PC?
a’x , ofr PC=a, draw the Perpendicular CR to CL,

xl

and equal toa right Line @, and if thro’ R bedrawn RS, pa-
rallel to the Right Line CL, this will be a Tangent to
an infinite Diftance, or the Afymptote to the Curve.

If a Body in any of thefe Curves, by defcending come
to the lower Apfide ; hence again it will afcend in infinitum,
and will defcribe another Curve, like to the former,
or by afcending, will defcribe a Portion like the fame

- Curve..

Thefe Curves may be defcribed about the ‘Centre by
many Revolutions, before they begin to converge to the
Afymptote, and the Angular Motion of the Right Line
CK will be equal to as many Right Lines, as there are
Unities in .

ExampLe
- Let n =100, - twenty-five whole Revolutions will
be é:nde before the Diftance -from the Centre appears
infinite, '

Mm2 Having
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Having augmented #, 2 remaining the fame, ¢ is di-
minifhed : for -2 =, and -1:.— =c* =a*—}2;
n n: .

whence n*t—1 X a* =n*4*; and therefore it will be
at: bt :: n*: n*—1; wherefore, if 4* come to the Equa-

. lity of g2, n*~—1 will alfo come to the Ratio of the

Equality with #*; and ther¢fore # will be augmented,
and in the fame Ratio will ¢ be diminithed, Wherefore,
lec us put 5* to be almoft equal to 4*; therefore, as
when the Difference is infinitely fmall, # becomes an in-
finite great Number, and the Kadius of the Circle ¢ will
become infinitely fmall, or the Circle wlll be drawn into
its Centre. But ¢ vanifhing thus, CT does not vanifh
at the fame Time, if the Angle VCM is almoft a right
one : Forin every Circle, tho’ very fmall, the Secant of a
Right Angle is an infinite Quantity. Wherefore this
Curve, by Reafon 7 being infinite, will go round the
Centre in infinite Revolutions, before it will begin to
converge to the Aflymptote, '

And when ¢ vanithes, b=g, and p=—"%_  Andbe.

x*-gr

Fig. 34 caufeineveryCafe _;= LL, when ¢ vanifhes (See Fig.
il i, '

2

e

pking the Fluents y =
ntity,

i
.M Spiral, which hath
)y Radius be drawn to
hd the Periphery of the
be raifed the Perpendi-
tve in I, and the Right
S 'a conftant Right Line,
. t which Property it re-
. - " the Suhtangent of the

For
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For let the Radius of 2 Circle CE=4, and Arc VE
s=u, let CI be called #, and YV be y. Becaufe ha =

.ba_
)

bax

= y Moreover CY.

:~Cl::Y,X':. B . ) - . “

therefore is 4 ' N K
that is x: 4
If with th o
fcribed the Af )
tween the RE ' = C
{

and

be equal to t

ing VL xC

:CF:: VL«

If to CG froni‘

" or FG, or a ;
right Line C‘]

For MS is eqi

of the Curve’

whereby the 1 '

Diftance mcrq

minithed in 1

any Right. L .

Afymptote to p
Now let 5 be greater than a; and likewife (as in

the former Cafe) will be found KN = _‘_” N
v/ x*4-b>—a*
and feeing b exceeds a, it will be e2= b*—a*, a pofitive

Quantity, and KN = ?, and by putting the
x34-c2
Radms of ‘the Cuclc HY =5, will be found XY =

T b
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bax '

— Let us . putx....__., andwxllx e
sVefe z
etz ¥ z. . alfo 2 Y .
z,,andx = — ,aox:a—;;—,andx

22 .
bo=t pan fheR e L,

zz zl
wherce v/ ot = ‘;—'x ¥ ¢Fz*. Thefe Values bes

. hax ’ haz
—

2o/ g2 et cXc*zn\w
=— y For the Beginning of the Arc HY may be

———W_b%‘__; increafeth
. )

nbz
«—J and
c2+ zl‘ ? :

ing fubflituted, it becomes

.

B :er, that is, in

B the Solor CXY

ien Ratio Where~

g hnll be in the fame

RN, to begin. And the
Fluent of the Se&pr CXY is r.he Se&or -CVY, and the

Fluent of .is the. Se@or of the Hyperbala,

c‘-}-z 13
which is thus demonftrated. -
Wlts};e tl;: Centre C; and Senuax:s Tranfverfus bSV
. =c 1 defcnbe 0, equi eral H
Fig.35. and (from 51e35tv30 Po‘i'nts aDI ggd beypidrravlval:
the. Ordipates DB, EF, tao the Conjugate Axis 3
likewife
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likewife diaw CD, CF. ' And the Increment or Fluxion
of the Triangle BCD will be equal to BE % BD —
the Seftor DCF: Whence the Seor DCF (which .is
the Fluxion of. the SeQor CVD) . will be equal to BE x
BD - .the Increment of the Triangle BCD. And
if BC be called z, (by Reafon of the Hyperbola) BD*
= BC24-CVa=224c2; ‘whence BD = cq:z*\z, and
BEXBD = k& x 24275, But the Tmngie BCD is

3 oyt whofc Flaxion is £z x \/c‘+z: +

1Ex ===, T hxs fubtra&ed from zx’m_ and
P I

there will | remain the leaﬁ Se&or CDF of thc Hyper.

1. 1o xz?  faxcideziizxzt
bOh—;-zXﬂ-l—z ZEXZ 7 c+z zxz
¢ +z"’ ez

$ciz | ' .
= —_—, Whereforc the Fluent of the SeQor
FF==F 3
CDF is equal to the' Fluent of — 5 Wherefore
eq ¢ +z'\7
the Se@tor CVD will be. the Fluent of -, ,
. . c* +z: 2

Morcover DT is a Tangent to the Hyperbola, and
meets the Conjugate Axis in T. And from the Na-
ture of the Hyperbola it is BC: €V :: CV : CT;
that is z irte :-fz:- = CT 2= »; and from henge

arifes the following

CONSTRUCTION.

With the Centre C, and Semiaxis Tranfverfus CV
(See Fig. 36.) defcribe.an equilateral Hyperbola Vms $ Fig. 36.
and alfo a Circle Ve.. Let the circular Se@or CVe, be
taken to the Hyperbolical CVm, as # to 1. Let the

Line
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Line Tm touch the Hyperbola in.m, meeting the conjus
gate Axls in T; produce Ce to £, that C# may be =
CT; and the Point # will be in the Curve fought; to
wit, that Cutve is fuch, that if C# be called x; the Per-
pendicular from C let fall on the Tangent will always be

al . When is infinite, 4* vanifhes, and
equal to m en # s in te, cs,
the Perpendicular is made == 2; and then CR coincides
with CV. If therefore on the conjugate Axis, CR be
taken = 4, and RS be drawn parallel to CV, this will
be Afymptote to the Curve, ; ‘

If a be augmented, that bZ—g* become infinitely

fmall, then ¢* will vanifh,'and baw — becomes
¥xxi4-clr
hax  _ . ;' whence if the Fluents of thefe Quanti-

xl
ties be taken, we fhall have -b::— =y= and‘ba=,gy,

that is, the Re@angle under the circular Arch, and the
Diftance of the Curve from the Centre will always be a
given Quantity ; and by this Reafon, the Curve will be
an Hyperbolical Spiral. Wherefore that Hyperbolical
Spiral may be conceived to be formed, either by the
Sector of the Circle, or Ellipfis, or by the SeGor of the
Hyperbola, whofe Axis Tranfverfus is diminifhed in infi-
nitum, and in the fame Ratio is » augmented.

Hence come we to’ that Cafe, where a lefs Velocity
of a Body is that which is acquired by falling from an

infinite Diftance, and where p= -Z"_; and here by

the fame Method of Reafoning, as in the former Cafe,

will be found KN = ax ..
m; , where it is ne-

ceffary that &* be greater than 4*. Hence, if 42—a2
be
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ax

be called ¢2; then KN = ————; and confequenta

g 2
cl_xi)‘*
bax

Iy XY, or y = s,
x X *—x3)3
Let »= <, and —2 will be == = _ 2% of
= x %
Bax = — haz -y and ¢*—w will be = -t:— X
x z z
2* — ¢, which Values being fubfituted is made

—haz Pax : =

—

1 — e
€ X 2*— )T XXX —

ning of the Arch VX is

with the Fluent of ——
' X!

= +hy = Seftor CXY :
L 28 |
bz is to

P R

in a conftant Ratio.

But

fame Ratio, that is, tl
: Zi——c*3

.

1oz '
will be to the Fluent of —2-——_ as b to ¢*, And
zi—cit ’ )

the Fluent of %i)} = Seftor CVX; and the Fluent of

{2z
ey
zt—c*7

demonitrated,

is the Se@or of the Hyperbola, which is thus

Nn . DEMONSTRATION,

LT
.



[ 2741

DeMONSTRATION.

With the Centre C, and Semiaxis Tranfverfus CV =,
defcribe an equilateral Hyperbola ; and from two Points in-
finitely near to B and ¥), let the two right Lines BE,
DF be drawn as Ordinates to the Axis; alfo draw CB,
CD, and the Fluxion or Increment of the Triangle CBE

Fig. 37. = Triangle CBD +{- BE x EF (Sec Fig. 37.) whence
——ahe—TsianalaCR]), or the fmall Se€or CBD will he

- g stvrem o wondll .

o et W

ment of the Triangle CBE—BE x EF.
8E will be = z*—\%, and BE x EF
» Alfo the Triangle CBE = 2z x
Fluxion is £z x Jzi;-g' -M;
: N + zi—c3)
p fubtra& % x z‘——c’)‘,. the fmall SeGor
- —izx z‘;-:ﬁlft = e paxet ¢t

& —

Vhence it appears, that the Se@or CBE

fc

| — e

= Moreover, if BT, the
‘Hyperbola, meet the Tranferfe Axis
Nature of the Hyperbola it is CE : CV
that is

tl -
R:¢:¢6:— =CT = &,
b4

Hence we have deduced the following

CoNSTRUCTION..

With the Centre C, and Semi-T7 ranfverfus CV = ¢,
deftribe an Equilateral Hyperbola VB, and a Cirdle C.G-
from
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from the Centre C (See Fig. 38.) draw the right Line Fy. 5.
CB to the Hyperbola, and let the Tangent of the Hy-
perbola, BT, meet the Axis Tranfverfus in T. Let
the Se&or of the Circle CVe, which is to the Hyperbo-
lical Se&or, CVB, be as n to 1. In Celet CK=CT,
and K will be the Point in the Curve fought, whofe
Perpendicular from the Centre C, let fall on the Tangent

K, if CK be called x, is equal to 7£—
e D
* Ahd in this Curve, by the urging Centripetal Force,
which is reciprocally a8 the Cube of the Diftance, the
Body will be moved, if according to the Diretion of
the Tangent it go off with a juft Velocity.
When the Velocity, with which a Body inany trajeéto-
ry is moved, be reciprocally as p, by affluming any conftant

Quantity 4, it may be exhibited by }‘f_ ; and if right
Lines be drawn as Ordinates to the Axis CV, which are
reciprocally as the Cubes of théir Diftances from the

Centre, or, as the Centripetal Forces; and by this Ra-
tio are formed the Curvilinear Figure, its Area inde-

finitely extended may always be exhibited by —z:—, asap- .

pears from the Quadratures. But that Area is as
the Square of the Velocity, which is acquired, by falling
from an infinite Diftance, and the Velocity fought in

this Cafe will be as _:L. Hence, if that Velocity be

called y, and the Velocity with. which a Body is moved
in a TrajeQory be called 9, and aand & be taken fuch,

as in any one Diftance from the Centre y: v :: L

X
.%.., every where it will be in all Diftances y:v::
—i—: -_;—::p:-%’-’—; whence, if y=uv, p will be
Nn 2 = 2%

'
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- _”bi and the Curve will bea Nautical Spiral defcribed by

this Velacity ; or Circle, p being — x, and a = 5.
If y be greater than v, then p will be greater than

.f;—, and it will be (as appear from the preceding) =

ax - . <
— And ‘the Curve will be conftruted by the
Hyperbolical Se&tor, as was fhewn in the laft Cafe,
where the Diftance of a Body from the Centre per Con-
curfum of the Tangent of the Hyperbola, with the Tranf-
verfe Axis is determined, If y be lefs than v, but in fo
{mall a Ratio that 4 may be greater than 4, the Curve
will be formed by the fame Hyperbolical Seftor : But
the Diftance of a Body from the Gentre is taken from
the Concourfe of the Tangent with the conjugate
Axis. ' ' ‘

If y:v::p: x, it will then be @ 5= 5, and the Curve
LA
a4 x7)3
if from any Place be projeCted a Body, according to a
given right Line with that Velocity, which is to the
"Velocjty fought by falling infinitely, as the Diftance of
2 Body from the Centre to the Perpendicular from the
Centre to the Line of Direfion let fall, that Body will
be moved in an Hyperbolical Spiral.

Laftly, if v be fo much the greater than y; as like-
wife a greater than b, the Curve will be conftruted by
Circular Se@ors, and by this Ratio having the Velocity
given, the Relation of @ and 4 might always be deter-
mined, as the Curve will be defcribed, in which, a Body
will be moved with that Velocity ; and again having
the Curve given, or 4, and 4, the Velocity will be found
wherein the Curve is defcribed. ’

~The Areas of all Curves (except the Circle ) which
by this urging Centripetal Force may be defcribed, are
per¥& quadrable. For Firft in the Logarithmical Spiral ;

. t

is an Hyperbolical Spiral, where p = Hence

ax — ax
é""-‘ﬂ_.)% ¢

by

becauls p = 135—, KN will be =
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by putting.$*—az = 2 (See Fig, 32.) therefore wnlll‘,’,sz

2 axx

the Triangle CKI = — whofe

= Area of the Curve, * ~ ~

If p be = Z-'—T—:%-’-,' and a greater than 5, ‘it has
2 £
been ﬂ:ern, that KN = sz j v —— 23— —

KT {

1Cl = -ﬂii-, whofe Fluent is 4
K*—c2\z :
Area of the Curve.

But if a be lefs than b, KN = —

EL
x CI = . faxx , its Fluent = g x
D
= Area of the Curve. Put x =o, and
~Q=0. Whence Q =+Lac, and t} :

Curve is made = 32 X x’+c"l; — 3ac.
In the Hyperbohcal Spiral, ¢ vamfhcs,
of the Curve is Lax. ,

If p = —2X __ it has been fhewq
= -

ax — 3 whence $CI x KN = —_j v .
:3——3-1'? . 1
Fluent is Q—-—ax: %"\ = Area. Make ¥ =09, and
will Q—3ac =0, or Q._.—ac Whence the Area of

the Curve will be always equal to 3 ac— FaXc pa—" %
Make c’—x" 0, or ¢ = x, and the Area of the Curve .

is 3 ac.

Whence, if the Beginning of the Area is not taken
from the Begmmng of x, or where ¥ —o; but when
x=2c, it is a Maximum, that is, if Area begin from V

(See
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Fig. 38. (See Fig. 38.) the Area will always be equal to & «

¥ e—xt,
PrROBLEM 1.

Fig.39: Upon the right Line AG, as the Axis (See. Fig.Ag.)
from the Point A to draw infinite CGurves, fuch as ABD
of that Nature, as the- contal? Radii, and cvery where
drawn in all the Points B, may be cut by BO of the Axis
AG in C, in a given Ratio, viz. let BO be to BC, as
1 to m, , ’

Then to confirult the Trajecteries EBF, cutting the fitft

Curyes normally.

Draw the Ordinate BH normally to the Axis AG,
let the Abfciffa. AH =z, Ordinate HB =, the Curve
AB=wv. Then by the dire® Method of Fluxions BC

will bé = ——x, and v flowing: miiérmly, BO =
z :

Y% Whence by the Condition of the Problem BO

.z | - '
( i:—-) : BC ( '—?—'—ix): T 1:m; confequently z x
z -

—né.;r =o0.

‘This Equation being compared with the fecond Form
of Fluxions according to Dr. Taylor’s, at the End of
Propofition 6. of the Method of Increments, is

found z & = ve _ & being the given Line, by whofe
Value A3D may be accommodated. to any Problem.
For v writing its Value x»—z43, the Equation be-
. -—n —n ‘. . R ;, x’
comesz ¥ = vz Inthis z =
2z a3 -
; - L a —x
Whence » being given, z becomes known alfo by the
Quadrature
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Quadrature of the Curve, whofe Abfiffa being z, its

X

Ordinate is - %
a —x

Let ¢ and 7 be whole Numbers, either Affirmative or Ne-
gative, fuch as it may be the moft fimple of Curves coming
out in this Manner, whofe Abiffa is y, and Ordinate is

1—n~-20n T3 '

y 28 x a—y) 3 then that will be the moft
Simple of all Curves, by whofe Quadrature is given the
Abkifla z from the given Ordinate ».

*The Curve ABD is Geometrical ; as often as the Re-
ciprocal of any unequal Number is taken for ».

In the preceding we have confider’d the Curve ABD,
as Concave towards the Axis AG, where x, the greateft
Ordinate, is equal to the given Line «, which let us
call the Parameter of the Curve. And in this Cafe, the
Curve meets she Axis, Ay, Whence if the Fluent of

e s
x x

as 28 f

-

a4 —x
may vanifh together, the Curve will pafs thro’ the given
Point A, as the Problem requires.

But if the Curve ABD be fought, which is convex
towards the Axis, after the fame Manner, we get this

a ¥ s
__x”_._z.ai, which likewife may be
—a

derived from the former Equation by changing the Sign
of n. And in this Cafe, the Curve ABD is Geometrical,
as often as the reciprocal of any even Number is taken
for n. And in this Cafe, the Ordinate » being the leaft
of all is equal to the Parameter « ; and therefore the
Curve no where meets the Axis, Wherefore the Prob-
lem is limited to the former Cafe.

From, what has been faid it is eafy to gather, that
all the Curves ABD are fimilar among themfelves, and
fimilarly

be duly taken, that is, that z and x

Equation z,=
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fimilarly glaoed about the given Poiht A, their Ho-
mologous Sides being proportional to the Parameters ¢,

Hence it is v:z i « : x+ But BC: BH o
v : z, whenceit s BC : BH :: « : x'. But from
the Condition of the Problem BC' is 2 Tangent to the
Curve EBF fought. Wherefore, if now we take AH
(z) and BH (x) for the Co-ordinates of the Curve EBF,
the Curve EB being r ; then by the dire@ Method of

Fluxions 7 : —z :: (BC:BH::) « 1%, Whence

\ = : V
x —_—
——__
» .
[ r

In the Curve ABD fuppofe the Equation z =

- s A
uld to be transformed into this Equation not
T
@& e
L ]
- . X -
affeted with Radical Signs z= A & — <4+ B
e
3 :
x” + &c. Then by’ taking their Fluents x
“ Al
: =1 3nfer
I x I :
—_—— A B e,
= n+l “n + 3n+1 ¢33 + ¢

by introducing no new Co-efficient, becaufe by the
Condition of the Problem z and « is to increafe to-
n

gether.  Hence, inftead of -Z — by fubftituting its

o

—_— - I — I
Value -:— Then will z = by Ax TW

Bx =5 + &

r
¢ Now
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Now let. » flow. uniformly,. and & being a permas
pent ‘Quantity,. let: :—— = _1’_.-. The Valus of
. r a

:-\—f—‘, being fubftituted in the Equation laft found,
,

and drawing .the Equation into -:—, it becomes -i:'-—-
' e ‘ 341
= I A d m + - !L’—— p B H = —‘d

. nd-1 ' 3n--1 i
8. which in Fluxions is :zx-l-:za:-—":z.x = A .
X
A. . 3. L
e 4B L o === Which laftisma-
‘om A Y 2n an)z
) a . a =3
. | . 7
nifeft from the Analogy of the Series A% T p&e. Ad
. " a

$ o . .
—— 4 hence for s and s having fubftituted their
a , .

. ]

Values, being collated from the Equation = = ...."” ’
. ' r a

the Equat, is -ni{ﬁz—;x'éé—na:x Zra i w¥ = o; which
is reduced into firft Fluxions after the following Man-
ner. »

'In the laft Term — & 7x2, inflead of * », write its
Yalue_~— z z, then the Equation applied to z is made
iz == xez —-nivx 4 #xz = 0, which Equation drawn
into &~ is the Fluxion of —:;.v*'. %+ Xz

. “e oLt . 3ol
P DU S Qo P
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é@ r; (a and r not being Fluents.) ‘Therefore —
T - 1—n - B n—3 e n
Z4x 2z =a. r O ZTrITX X g == xx .
The Fluxionary Equation of the firft Step is to the
Curve fought EBF.
But in this Equation, @ is the Value of the Ordinate
BH, when the Point H falls on the Point A.

.. - . y—_— «

. It is not eafy, that sy—zx X a' x_——‘m',n remain-
ing in general Terms, to reduce it to an Equation in-
volving only the Fluents, or ad guadraturam Curvarum.
But the Points of the Curve EBF, may- eafily be found
by the Defcription of the Curve ABDy and of any Geo-
metrical Curve, Here by 2 Geometrical Curve, I mean,
whofe Equation is not in. Fluxipns, nor Fluents in the
Indices of the Powers. For let the Curve ABD be cut
in B, whofe Parameter let be «, from the Geometrical

3

. .. s =z s .
Curve, whofe Equation is g2 ¥ —gs ¥ = xm x

: a”-—x”‘?, and that Point of Interfe@ion B will be to

one of the Trajelteries fought, to wit, which pafleth
through the Point E, AE being =4, and to the Nor-
mal AG. Confequently, if ABD be a Geometrical
*Curve, then EBF will bea Geometrical Curve alfo.

ScHoOLIUM,

A - ) g L C - anane 4
" Alfo by any other ‘Method may be feund 2x—zx
X & =ra. Forbyacestiin Anslyle, T mades—

I . Which being compared with. -i'- .-:..-
‘zztxx - . T

) .
b S —————

'f‘:’f » by rejefting « aﬁd @ 5 then we gt zs =-":".
ae r . - ’

e, .- ExaMpPrLe .
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ExampisE,
.“Let n == 1, in.yhich Cafe ABD is 2 Semicircle dd-
fcribed by the Diameter AG, and likewife EBF s a
Semicircle defcribed by thc' Diameter AE ; and in this

xXx XX * XX
'C‘re X . ; ~? wm z = uu—-———‘.
an 2n i;. 41-_,,1-'1' P YL ) li

& ——y

- Coafequently
a .Cirdé de(cti}

 Likewlfe, wri | L
rx is made r.a
r by the Help'

= —x ; confeq

N ) i v ¢ ’
x+4a, which Equition s to a Citcle defcribed by the_

Diameter AE =4, which was to be done.

Co2 of

-—
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Of the Length of Curve Lines.

. LemwMmA.
T O divide the Sum of two Squares; into two ether

Squares,
Let z*, s* be the two given Squares, whofe Sum
zt -5t is to be divided into two other Squares 3*, y;
and let m and # be any two Numbers taken at Pleafure,
Now from the Condition of the Problem ity =
z"-]-;t, whence (it is manifeft ex Diaghonty) » will be =
mm—nn x z--amns
© am--an

: _ nn—mm X ;+zmu'z
- mm-}-nn *

Q.E. 1

Prosrem 1,

7o fnd innumerable Curves, which may be of the fams
Length, with any propofed Curve, whether it be Alge-
braical or Tranfcendental,

Let 2, s denote the Co.ordinates of the.propofcd
Curve ; and #, y, the Co-ordinates of the Curve fought,
which let be of the fame Length with the propofed ; whence
from the Elements of Curves .;z+'y‘ = Qt-.‘.}a, ‘T here~
fore by the preceding Lemma, '

. MMeeennt % % -+ 2mns
x = -
mm-f-nn

nn—anm. X s 4 2mme
mm—-nn *

Y

Whafe
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Who{e Integ%gls are

_ mr—n*xg-hamns _ . .

- mm~-nn foewe

nr—m® X 5 =20tz e
mm-~}-nn T ro-

-7 =

And thus becomes known ‘the’ Co-ordinates, ¥, y,
of one of the Curves fought; likewife from this
One will be feund a Sesond, from the Second, az Third,
and fo will innumerable Curves be found.

" —m. . QE.L
PROBEEM 2, '

Suppofe x: =5ooo§ Quere » and y #
y = 3000
SoruTION. .

Put 5000 =a; 3000=16; it is evident » is fome- -
thing above 4, but under 5, and y fomething under 6,
but more than 5. ¢ = Hyperbolical Logarithm of 5000
. =8.517193; d = Hyperbolical Logarithm of 3000 =
8.0061. m = Hyperbolical Logarithm of 4 = 1.3863;
n = Hyperholical Logarithm of 5= 1.609436; then
by the Quettion, )

4+ 5=x, 5+ v=y, from what has been faid above;

then(Log.fg,-}-:z---)m-h4 - + 192
4+ =, &c. x54v=c.

1024 5120 . s
v v v
- — n m—— g—— ——— ——
(Log- s+v =) »+ — 5o 3751
L v 4z =d. Hence ——
—;;)-Q. + 15625 9 &c. % 4+Z d. ence 4+‘
. vr . L3 o4 s

5 50 | 375 2500 15625
Put
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Put g = 4—4"..(—-'--;":—'3-. =

375 ’
and" then KI”" :ﬂf_—tbv‘-i— kg b o p5, &ic.
;nd bybgRev-:i;on offﬁmé we have v = -.ﬁ}—_:!_%
gr—20gn% ntz
Ty X Cquucntly by the firft
. i e . z;-
s““’"*;:";g*f 4’,";;'{‘;’7‘.’ fi‘: » . x
20/3+50%+- g —/> gt —2hbgnz 12 —

LR e T =

and reducing all, and tranfpofing the Terms, we have
in Numbers, viz .1740z—.0320z*—-01822’4-002524,
&c. =.1043, "Now, -if we revert the Series, the Va-
lue of z will be = .7001, nealy; beace = 4.7001;
and y=35.51. g

: e  QEL
- Pn&étim 3.
S’npppk x = 123;.56789,, qunc x!

St -SorvTION.
Let: 4-e-v£-'- x, ther then By the Nature of Exponentials,
we fhall have /: 4—=z x 16 =8z 2% = /: 123456789
= 18 631400 3 whence by Reverfion of Scnes z .-.24655.
mi -coequently. » = 375345 |
QE L

L4

Pnon;zn 4.

- +~. -r~~~1" sl g

Suppofe x +x = 100. Qgerex?

- ) ‘ P - -

Put n-|-z;=x, then : per Que&non“‘@"*'” +

n

K

+ \+z = xoo._b ToﬁndaSenes that will ex-
- -~ Fcﬁ
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prefs the Valae of @H'zm nea, put—n) =d,

m_l n, a:m-{-!,mdhtd%z \himw
the Naq:reof Logtdthms xt mll be - )
. 23

"+ZXI ﬂ-z.—ﬂm+cz+ “ W, &c.

yﬂ
j-——,l:d+7f + ad‘
. ,_5___.;"?’., gc. A_.,:z-.-{- .—2-”-_ = s Sic. and

tacidpd. ., -
—5 ot

—_ &c. Here mn 1s _,Id. .

by reverting the Series ‘vis da -}
" 6nrcyd 4- mdu—o zS"Séc.' . :

6n? I
JRR T T e

Stcmdly Tq ﬁnda&:mthat will expefs&eV;.

i

1(10 0‘ l+z’ P“tn =& m—l n, 6= m—1I,
b 4

~ and let g+~u—n+zizf; ’ 'theri' per Log. n+42z

""'*“""‘“‘""’“’ rviad sl
b g xR S e
"—*3**”&C'=1:+ +-r—--, &c. hetg

2%, &c. And by reverting the Series, asabove, it will be

r

) 9::.... g’” '+ mq_‘;n!—*-g’ zi &c. © Lo

R Y
PN AR
. [

PO

€ f"ﬁ"-" n+z —‘g-- grz i LM Agmase zﬂg-[-e

yey &EAL
' Now
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. Lot
Now if for n+;'+‘, and 712 "t 2 their Values
are fubftituted in the above Equation, it will be
dtgt dtn'—-ge . +zc’u4d+dp3+2mng—3ng+e’g

: 2nt
» -"-'i‘f‘—"ﬁ’if'-’-f %, &c. =5, Put bomgemd=y,

and let az—l—bx’-l—czs &e. = q', then by reverting the

Series, it will be » = .'.L—_T.l.. .’.‘.b.;.s__‘fgs &c.
a -

If be affumed nearly = x, the above Series will con-

verge very fwift, if not, fo very flow as mot to be fit

for Ufe. I find in the above Equation, that it is impoffi-

ble for x* 10 be greater, or fo greatas2. Wherefore

I put & =g8, by which x is nearly = 3.59 ==,

then the above Series converges fo very fwift, that

the two firft Terms will gwe %=,00098 *.° x—3 59098
Prosnt g.u 5.

_ : |
Quere the Value of &, when x * isa Maximam.
It is evident from the Nature of the Problem,. that

i :
the Fluxion of x # being.== o. the Fluxion of its

Logarithm, viz, —*. — _ ¥ x {: z is alfo =o.
’ XX XX

Whence ( dividing by _—;E—) 1—1; x..—_o,'and l:

x =1, which in Brigg’s’ Form is .43429, &¢. and
the Number anfwenng therctms 2:71828 = &.
—=«.. QEL

ProsLENM

-
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ProsLEM 6.

. * .

Given x —«x =y§ Quere x and y ?

. .
and y 4y==x

Put 14 z=x; and 1—v=y; then by Tranfpoﬁtion

—_——

:[-[-zl-]l'z =2-4z—wv, and 1'3"‘"” = z 4 o
Now by Sir Ifaac Newton’s Univerfal Theorem
»

BQ +

m——n

PFPQ " =P o + S AQ+ 57
7= cQ4 Z—3 DQ, e
3" #

; 3 4
Hence iT% 1= tbatat 4 2 2t

12

: 6
-13:-:- +—-3£—-, &e. =et+z—wv. And 1—v

¥3 X z-}-z* VI Z—23 .
=1—uv—2zv -} 2 + 3 4+

vixaz— 2 2 I o - sdy. By the firft

24
23 o4
— n— i_ —
Step, v =1—% 2

2 3 &c,

3 12 40°

v* X 24 22 I
2

and by the fecond Step, 1—20—2zv}

¥3XZ—2’ v4x 2 z—2zt—223}-24
3 2 4. Py &C. = Z.

Then if for v, and its feveral Powers in the fourth
Step, we fubftitute its Value found in the third Step,
and reduce the Co-efficients to one Denomination, we
fhall have ~ : '

5922 =z} 1324 655
——ir T ‘ 36+

And by Tranfpofition and Subftitution, (Sixth Step)

az—bz? 423 4-dz4, &c. =1, And by the Method
: Pp _ of

2726
ZS , &e, = z.
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of Reverfion of Series — .%- + —aé’— —
abc—-a;d+563 , &c. = 2, Hence 2 =.748 hearly;
a

and confequently » = 1.748, and y=.90s8.
QE.L

2b*4-ac

as

ProBLEM 7.

l Y
» —
Lt + % —x  Jxtx® =200, Querex?
SoruTionN, !

Let ¥ = a, then by a Ttyal or two, « is eafily found
to be more than 2, and les than 3. Therefore put x=
2-}y, and m = Hyperbolical Logarithm thereof ; then

2m -} my = Hyperbolical Logarithm of ¥ . ‘Therefore
by the Nature of Hyperbolical Logarithms 1-}-2m —}-my-{-
2m* 4= 4m*y 4 m?y2 + 2m3-4-10m3y--6miy*~+-miy3 &c

T 2 6 >

x

=x. .
Now mis =132 14y | 143+ 34y
2ty 8+8y--2y* ' 24+4-36y4-18y* -3y}
&c. And by w;iting this, inftead of m, in the above
Equation, and reducing the Fra&ions, &¢. we have
5-4819-1 2.6498y 4-2.8333y* + .55903y3—.35245%

&e. = x’, which multiplied by m, gives the Hyperbow

x
lical Logarithm of % = 4.0018644.105y-}2.1916y*
vt-1.4837y* —.339y4—.1666y5+-.1056y6—.058y7, &c.

which put =z, Then 14z 4 .’il.{- +

z3
2.3
»

e L o
2.3.4° &c. =wx. . But as this will not converge,

let 4.00186 = Hyperbolical Loga.uithm' of 54.677,&: de-
. . ' duted
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@uled from z; and then we have 4.105y-42.1916y%s
&c. = z—4.00186, which put=n. Then by the

" Nature of Hyperbalical Logarithms, 14-n-- —”-;—- +

.ﬁ:‘
n3 nt _ X .
6 + - &c. = --—-—54“ TR and reftoring », and

writing the Value thereof in the Series, &c. we have
1-4-4.10966y 4 10.2677y* 4 19.8534y* -+ 33.054 3¢ 4
. »*

-
45.173y5+61.80455, &ec. ==-;f%—ﬁ-, and by Mul-
tiplication, 54.677-+224.7049+561.347y*+1085.0525°

. . ) ]
- 1807. 311yt + 2470. 092ys — 3379.27° = A .
* I

% 19
*

eafily found = .1824—.08818y— 0516652} .05199y*
—.0007 85y4— .0265y5 4 .00577y5, . .and by -changa
. —

ing the Signs, becomes —x .
Again,. (m being = the Hyperbolical Logarithm of ¥)
. : Sl

'Np_w ‘ being already found as"above, x = -

—:—:—— = Logarithm of x_;‘_, and (¥ being_ =2+4y,) 1+

m3
, &
T oot e

m_y S
2ty - 848+*
I
= x” , that is, reftoring m, and involving it, &e.
1.50686-— .g086y -}-".18442y* — .1510y° + 104434~
N ’

0667y 4051595, &c. =x " . |
And now we have four Series expreffing the feveral,
= L
Values of o @ 5 —x 5 and x* , theSum of which
+ 24y = a, thatis, 63.66564228.045y + 564.365y*
+10854593+41807.7 6811; +2470.14975+ 3379'3275{6’
P2 c.
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&c. = 200. Hence y comes out — +2681045—, there-
fore x = 2.2681045. QE.I

! Prosrem 8.

Let Q"4 Rz"T" 5.t L pmban o
of + 511H-’ + af+zr + dzf{_"'r, &c. Quere the

Value of z in Terms only affe@ed with v, and known
Co-cfficients, a, 5, ¢, &c. being given Quantities ; and
Q. R. S, &e. either known Co-efficients, or any Powers,
or Sums of Powers of the Quantity v ?

: Put cv’-l— bv’-*-r-l-:ﬁ”-l- dﬁz'r, &c. = Qx;
o Szm+z” sz-‘-',’”

then will » = z”-—]— Rzm-*-” s
o Q QT Q

S O L L
&c. Aflume z==x"4{Bx ” 4Cx ® 4Dx ™

- L 2 = EN
&c. or x” x14Bx” 4Cx™ 4 Dx™ , &e.
” n

—
a—

And there will be 2" =+x134mBx™ 4 mCx ™

A

~-mDax &,
2 : LA
' mx—,”—’;—_,-—}B’x m,-]-mxﬁl:l BCx * , &,
. LA
Fmx I xZ 25, ™ g,
2 3
e 2 27
zm+" = xl+”x 1--m~4-nBx " m—~+4nCx # s &c,
8
i VY i it 3 Y Y
p ¢ 2 :
&ec.

zm—{-zi
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. an ”
i T x+m+znlem s &e.
&ec,
.- z”"+”= "*_'."fxr,&c.
. & = &e. .-

And by fubﬁltutmg thefe feveral Valués in z ” 4

Bz’”+ - &c, = x tranfpofing x, and dividing the whole
'Equanon thereby, we fhall have

- -

2 e
™ 4+mCx ® 4-mDx " , &,
2n ' . 3,, <o , R
mx '"-%{B’x +m x —T—-BCx S&e. E
mx'f._lx’"s‘znsx”',&c 1!
= 21 = .}
+m+nRBx m +m-|—nRCx m &
¢ TR g ) S
ﬂf;l-ﬂx m-{—:—:x R(l;x m &,
' ' &ec.
Zﬂ ._3_1 '
% Ea + +2nBSx m , & J{'
S .-’_'.”. s
4+ B’ " s &c.
- &e, J

Whence
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Whence by comparin'g the homologous Terms, we have

B=—2R  Comx "‘“’B’Q+’"+"BR+S;. D

- mQ __
. s mQ -
m xZIBCQf-mx 2 p—1 , m— 72 BiQl- "’+" RC .1
"'Q
m-n m+n—1 B*R+ m+2n BS +T
=X » &c, where

mQ

the Law of Continuation is manifeft,
S ui-'l‘ ' T 2ader
———Q—'—-I-m-i-l +24RR—2mSQxx *

zmz% R
2 ‘+' 9”'”+9"”+3"’+6"+‘ x"RiJ_‘ 1 374-mXRS—mTQ_
b omiQ: - . . w&
E Ly uld o

m
xz s &c.-

Which may be radny reduced into Simpte Terms of vy
wh'cnthc Values Q, R, S, &¢. are afligned.

_CororLrary.

Notw from the above general Expréﬂion a Series more
fi mply, exprefling the Value of », in any particular
Cafe, ‘may be very eafily determined. For Inftance,

Let z+6z’~+:z’j-—dz4 &c.. = , then by com-
g

ring this Series with 2"~ » &c. =«

we fhall have m=1, =1, Q=1, R=5, S=¢, &ec.

and by fubftituting thefe Values, in the Jaft general Ex-

preflion, it will become z=wx—bx* 4-25*—¢ x 3 4

sbe—5bi—d X x4, &c. But if z4-baif-cz54 da7, &c.

-_—x
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= #; then will m=1, n =2, the reft.as before, and
confequently z = x——bx3-4-3bb—c X x5 4 8cb— 1263—d
x x7, &c. ' ‘
Likewife, if z* 4523 4 cz¢ 4 dz5, &c. = x; then
. . s W — 26 — 2
will z = a¥— -—bzi--]-ibi-‘%——‘*fx:? + 3‘;‘...__2__._.:d
x x2, &c.

Alfo, if z*+- bz4t-cz6 4 d28, &c. = 5x, then will

L b e LTI

3z v
x 5%, &c. the like of any other.
QE.L

ProsrLeM o
Suppofe an Equation of a Curve be & xemats ¥ —

a*x 4% xy> =0, and (a) the Radius of Evolution
at the Vertex = 100, to find the Value of x.

By affuming » = Ay ; x =nAy 5 ¥ = n X a—r
A f—'; .x. = n X n—IXn—2 Ay'—"., and fubﬁituﬁng
thefe feveral Values in the given Equation, it will becomes

B Xn—1Xn—2 Aa’yﬂm3 —n* X n—1 A24* y”—3

—n X n—1 X n—2 A?* a* y” ’+ nA’y"” *=o0. But
becaufe the Exponent of the Power of y in the firft Term,
is lefs than in any other Term in this Equation the Va-
lue of # cannot here be had by comparing the Exponents.
1 therefore make the Co-efficient of that Term = o0, and
find = 2 ; which muft be the firft Exponent of the
Power of y, in our required Series; and becaufe the
common Difference of the firft Exponents is now found
to be 2, we fhall by adding that Number continually ta
the Value of #, have 4, 6, 8, &'¢, for the reft of the Ex-
ponents. a

Therefore



e

~

e

Ay

.o

s

*

B

L

© ose

%)

' Terms, there will come out B =
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N
e

- ;'I;he.rcfoi'c 'gﬁ‘umik‘ng x = Ay* 4 Byt 4 Cy5 - Dys,

. Ee. =s‘.,.¢ =—l.),« wé fhall bave.x.= sz + 4_B’3 + 6C,5
;" W’ &c, ;" = "A+ lsz:’ &c. and by Writing

‘thefe Valies in the given Equation, making A = 4 .
(according to the Data) and comparing the Homologous

; : -
4.6a3 »C= 5.6.6a5"

I 2
= , and thc fore ¥ = _7
D —-—-——,7.9. = &c : refore x ,;;-]-T‘Jéas
6 .
. ' — . .
+5-0- 6as ' 7.9.10a7 ’ &c. when y = 40, will be

come 8.10905 = Value fought,

QE.IL
PrRoBLEM 10,

Required the Value of v, in Terms only affofted with

- %, and known Co-efficients, in' the following infinitg,

Equation, viz, —b—20-4-v* 4 l:-.i—-—q;—-,&c. —42v

3 4 o
—f e e _zz_—ﬁo.., &c. = 0. with a Methoﬂ of

Inveftigation, when in the firft Term 3, neither of the
unknown Quantities v, z are concerned, '

Let v = A+4B=z}-Cz>-4 D=z4, &c. and fubflitute in
the given Equation, and compare the Co-efficients, and
we fhall have :

—_py &2 _ B 17 __ 8Ad2z
’A lb+ 8 '-"'"—‘8 +?b4, &C- B-_—-3A1+4A—4’
o 2+8B—2B? __1-4:8C—B3—6BCA—4BC
4A—4--3A*3B*° 3A*4A—g
: QE.L

. N. B. Ifb be greater than the Co-efficient of the 2d
Term (i. e. here—2) a different Equation muft be af-
fumed from that above; or (which may in fome Cafes
happen as well) find the Value of % and v, and then re.
vert the Series, )
B ProBLEM



PROBLEM II.

A Gentleman meeting a Company of young Mes; d'r'“i‘virig' ,'.,'

their Sheep, ask’d them, how many Sheep there was,. one.
of whom anfwered ; if you'll divide the Nunibsr of Shecp,

amongft us equally, ’twill be double the Number we are

but if to the firf} Man you count ine Sheep, the fecond,

two 5 the third, four; the fourth, eight; and fo on till

the laft Man, the Sum will be the Number' of our Sheep. -
RQueré the Number of each ?

~ Let y=Number Sheep, ¥ = Number of young Men,
then, per Quettion, -xL =— 2x, and y=2xx. But in

" a Series of Geometrical Proportionals, wherein tite firt
Term is = 1; common Ratio = 2; laft Térm =j;

L) .
Number of Terms = x; 1 X 2 =y, Or 2xx =

zﬁ—x, by putting for y its equal 2xx. Now by the Na~

ture of Logarithms, the Logarithm of the Power of any
Number is equal to the Logarithm of the Root multiplied
by the Index of the Powet. - ’ :

Suppofe 64-y = x; and the abové Equation becomes
(mﬁmd of 2xx = ?.x-') 2 X 64yt = zﬂ.s 5 oxm‘

—
—

Now to find the Hyperbolical Logarighm of 645, we

muft find the Fluent of 3% = y x ?:;T, this will |

ety g - v
be y X 5 +.i.73 ';"27,‘5':*"1‘4""7770 , &c. and to
it add the Hyperbolical Logarithm of & = 1.791756 = -

The Fluent of this is m + -gi- - ;T + __,61;._' —

..%—-l— ‘3—8%;#" Put n=Hyperi>olical i.ogaritbm
5184 oo .- ‘ . .

Qa B

S ee—
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' of 2=.693146 ; “then by thé above Rule 2m +_§ -

Lyl g S |
3% Vi a5 T s — e 1o
2m—4n =gq; n—; =a, and tranfpofe the Terms,
Th S S LS WO L AU . =

Bt e T T s Tierne”
¢ or putting Letters for 36 324° 392 T9ds0"
©e. ayt-byr—cy3t-dyt—fys, &e.=¢, and by Reverfion
of Series, y —-.-—La —it I;,z 2 a:—acq;_azd-—séb;+sabc
g%, &c. = 2, when carried on to a fufficient Number of
Places ; confequently x=8, the Number of young Men,
and the Number of Sheep is = 128. - :

QE.L

PrRoBLEM 12, .

Given tbe Paramtter of the Semi-parabola ACB (8se

Fig. 40. ¥ig. 40.) = 88 Chains, and in the fame is infcribed a
Right-angled Trignolip Qubukf the angular Puints o

. the other at.the bound-
W Angle is at the parabo-
iTriangle is equal to half
\equired the [evewa] Sides
@ and Ordinate of the

|
folved without Flux-

4a = 88; and let Fg

».and where 3 Perpen-

EOF the Triangle on the

Abicita) =a'; tnen a-+x — Ag, and per Property of
the Parabola ga<-x x 44)7.—=Cq. Now per E. 6. 8.
as x: Vatxx4al:: Yafxxga): a-l-x.xu =4 D.

X
Confequently FD = -24%% :f* : whenee S22 z
y atxX 4a)

kY
.
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Va-Jxx4a\= twice Area of the Triangle, which is equal
to the Semi-parabola, which is equal g £ 1825+ 44*
. . . - x

= ‘ , '
= S

- Confequently AD the Abfciffa = 232.72g, and DB the
Semiordinate 143.109; FC = 148.14; and CD =
139.87 ; required. o

, QEI -

PrRoBLEM 13

Let DAB be a Parabola AC = b, Parameter = d, and
let CE = ¢, and drawing AG parallel to BE, and EG
parallel to AC 5 then upon G as Centre, let a Circle be
deferibed with the Radius GE : It is required to find the
Jongeft Line, as SK, that .can be drawn through both .
Curves, parallel to BE ; as alfo (mn) the neareft Approach '
of the twe Curves to each other, (See Fig. 41.) ' Fig. 41

Inthe Figr"" +°—2T—1..00 _Ow__ .

==¢, Param ‘
eft Line, as] : k '
Nature of »
Nature of tl" ‘ t

Quantity 3 ; '
in Fluxions

ab*

we have »34 -i— Xt =

Now for the neareft Approach of the Curves, nm, or
which is the fame to find Gz, Let xGW = AQ; then

On = Jdx) and aW = c—+/@r) Confequently per 47.
E.t. G =V dx+:t+xx—-2q/?:ais- a Minimum. In

Fluxions is.drt-2e%— <% — 6. Reduced is .

v dx)
43t 4dxer - dix—cd = o, QE.L

*  PrROBLEM




Fig. 42.
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'PR_OB'L.EM 14.

* There. is a Tree within the Arétic Circle 20,157 Yards
high, that with its Shadow, on a certain Day of t;: Year,
defcribes an- Ellipfis, containing ‘g " Acres, and anothep
Tree 40 Foot bigh, in the Latitude 36° 52'N. that on
the fame Day, with the Shadow of its Summit, traces out
Juch an Hyperbolay as being turned about its Axis will
generate a_Conoid, containing 840372 Solid Feet, be-
twixt its Vertex, and its Depth of 40 Foot 3 bence it is
required to find the Sun’s Declination, and the firft Trees
Latitude 2 R

' This Problem contains two, for the two T'rees ; and
the latter muft ‘be- folved firft, to get the Sun’s Decli-
pation. - ¢ . T - =

I

Let GAH be the Cone of Rays defcribed by the Sun
in his Parallel (See Fig. 42.) whofe Vertex is A the Top
of the Tree, let the Plane of the Horizon CDB cut it
in the Hyperbola BF, whofe Tranfverfe is BC, let AF
be the Axis of the Cone, draw Bl, CE, AD, Perpen-
dicular to AF, and BW Perpendicular to EC, and AP
Perpendicular toCB, and AP will reprefent the Height
of the Tree ; then, becaufe its Latitude is given, there
is given the Angle FAP (its Co. Lat.). which it makes
with the Axis of the Cone; and its Comp. PAD,
Therefore in the right-angled Triangle PAD, we have
AP =120.157 Yards, and the Angle PAD; hence is
found by Trigonometry,” PD, AD, and the Angle PDA.
And in the Triangle BAC, here is AD bifeting BAC,
and the Angle ADB given. Now to determine the Tri-
angle BAC. It is known from the Property of Conics
delivered in this Bomk,. that IB x EC — Square of
the Conjugate, whofe Tranfverfe is BC; but EW =
L, and BOP = BB CB*—2CEXEW — BB®

—BIx CE; therefore BIXEC = BE'—BC)* — Square
of the Conjugate, ‘which call 25, . But BE =




{

BA + AC

= a, an¢
proved, \'.11'I
éf the Hypl: ' .
this Equzlt;L

thele Datas"
and thence, .

- The ather ..P'r;)bl«:m is manag’d the fame Way,"

- camen—

Let BC be the Tranfverfe Axis (See Fig. 43.) AP the Fig. 43«

Height of che Tree, AD the Axis of the Cone.

" Then, becaufe. we .have now the Sun’s Declination,
therefore in the Triangle BAC, we have given AP, Pers
pendicular to the Bafe, and the Angle BAC, twice the
Compliment.of the Sun’s Declination ; and confequently
from this we can find another -Equation fiom the given
Area of the Ellipfis CFB ; for if we put y = BA—AC,
BC =4, we fhall find (the fame Way as before) the

Conjugate b = vaa—yy\; but .7854ab or .7854a x

V aa=—yy)= s, the given Area of the Ellipfis ; whence we.

have enoughto_determine all its Sides, and confequently
the Angle-DAR, thec Compliment of the firft Trees La-
gitude, - QE.L
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ProsrEM XV.

Ule of 'aomparizzg Curves and
-+ Fluents, &Pc.

I Shall here exhibit 2 new Inveftigation of the firft Cafe
* in the yth Propofition of Sir /fzac Newton’s Quadra-
tures, apphed to find the Length of an Arch of the Ellipfis,

by comparing it with the correfpondent Arch of the cir~
) mmfcnbed Cu-clc

Put R=r4-fa' +ga° 4+ bz?", &c. and let A, B,
C, D, &¢. denote the Areas of Curvs, whofe Ordn-

nates are'zo—'Rk" ’ 0-"'"«"’117‘“t °+"*'

R, %3'—', , &c, rcﬁ:e&we!y, then from

the PﬂnCIPICS of andratures, we get the following
Series,

.And let us aﬂ'mne,
P Bt - Ay zo R
A=z 2R A= )

e A ' O oy At
B=r* =i R,

04-n
¢ H—zu-—x R C— zo+z"RA—'__‘_
- G-zn

p = zﬂ-[—_;n—g AR LHigr—t

- Ther




[ 3031

Then it follows that, |  And confequently
a.-— 1;':“ a RA_ZR \ l;z” == m i
b= A—I OHRA—zR * 22 gj-rz_n .

o ?

Hence, boesse & = 2= 2" R**R, o (will be)==
2=t IR*'R, in which for R in the firft Part, and
R in the fecond, put their Values effz" + gz =*
23 e w2t 2t T 2 b 2 b,
and we get. .u-l-;gfz“+;gz“, &e, = 'Gl X A—I

x fz0+n—x ;RA—‘-:X +2g'zﬂ-zn—l ;Ra—x +3 bzﬂ-i-z,»—t

R &

For az", az” s az" s &c put their Equals from
the Fourth Series, and multxply the whole Equationby 0 ;

then we have. this Equation, wviz. Oeat-TFn x
FE+TFan x ge+ 030 x b3 &c =1 XA—I X

sz-u—-lé R +2¢ W-’an + bz 8—|—3n——l
R 5 &c,. the Fluent of which . may aﬁly be found-

from the firft Series; then Bea+04n x fb 40421 x

gé+ 0 31 x b, &e. = nxa—1 x fB+26C+ 3bD,
&c, .

~ For,
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For a, b, ¢, d, &c. put their Values from the fecond
Scries; which gives the followmg Equatnon e R M
—efA +fza+" R — —fB x E:F—-I-gze-{-z" R
—gCxTFn bR be 3 - & =
# x A—I X fB4-24C+-34D, &c. but ez R +f Ot
R““‘+ bbon =t e = A R R = !
R*; hence z*R —gBA—fo A4 —gC xTFen—sbD
x9+3n &c. = xa—1XfB4260 4 361D, &c. or
laﬁly, 2 RA——egA-—fB X An4-0—2C x 2A 4y 4 0—5

Dx 3antb, &c. = o; from whence the Propofition is
sanifeft. QE.O.

Therefore, if the Curves are e of the Bmomlal Kind,
or R...a+fz 3 then g, b, &c. are equal to no-

thing, and z R eOA-fBXAn-{-O:o, or B =
LR —aA;

ﬁs of two Bino+
bz‘fl RA—', and
”n

] then =
) thn Q=

'fr. Demoivre’s fix
!
. 278, are eafily de-

~To come to the Thing propofed; let ABG ( Seé

Fig. 44. Fig. 44.) be 2 Semi-ellipfis, whofe Tranfverfe Axe AG
is =2, Semi-conjugate Axe BN = ¢, any Ordinate to

the
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the Tranferfe ML =y, and its Abfifs MD =z; lat
AHG be half of the circumfcrib’d Circle, which is cut by
ML produced in F ; call the elliptical Arch MB, E ; and
the circular Arch HF C.
From the Property of the Ellipfe r*y* = r*ct—ce—

‘-1z50 J——tzz andy —&z’z‘-—t’z"z" but

ry : - riyt r*-—rzz"
E=v¥zi4yV = Vz* 4 22°2*), and therefore E =
. r&__rzzz

. - . A ‘
z ’/H—-z’xr ’-—'f”, put ¢* =" : ; then we hdve
. ré—ry223, .r i

'=z'4/r—¢’z=i ; but whenr..-:c,. or e=0o, the

r‘-—a‘ \

Ellxpfe becomes a Circle, therefore ‘make ¢* =0 thence

C = ra. 6 3.8
et ezt 36020 3.50°%
But /o =r-- o 2. 4,; 8.675 Grs 48. 8r7

&c. which being put for /ra—cz*) in the Expreﬁion of

2%t prapry
E we have E. =
,.z_zj-,- 2r4 Pzl 2.47% rrooz®
6 .6 2 828+ -
e 2 z°Z
3¢ = 3 3¢ &c. Now let us

TRerip— I )’
pute, 8, %, &, ¢ &c. for the Fluents of -the ift, 2d,
3d, 4th, &c. Terms of the laft Series, and (make

gx=—1) let a,ﬁ B,-y y,J‘ 4, ¢, &c. be compared with the
Ordinates pz LR g2 +—1 g *' ;| From

-whence we get 1=2, A=i, &'=r% =/ and -the

Values of 6 are fucceffively 1. 357 &ec. thofe of p

e e 3 ¢6 _3.5¢6
AN T o 2.473" 8. br‘ "~ 48 8rs &c.and

refpeQively fubftitwted in the Theorem (Q::-_-—% X
Rrx - bz
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RA-:-—B:) S : S .
_E_____._) we have the following Values of
a4 f . S '

e? t/rzﬁil—-r’a__ e2zRL 22

ar%, 2X==—1 - zi‘xr—_ﬂ‘ '
S e etz3 RL | 3e24

Y =-4£'_" X=X =Ri—3rp = 3 ¥X 2r3 ik
e g
= |
where the Law «
C+a+r+4+
< Since R=;+

and E is a fourtl

. Cafe «=C, B=

%7.;2, &e. an

¥ =

. Purpofe. Q.1

Fig. 4s.
Fig. 45.

ProBLEM 16.

" "'Lef A H be a Horizontal Line AZ = 100, and Z B

perpendicular to AZ ; and, if we fuppofe an infinite Num-
ber of Circles pafling thro” A, and having their Centres in
the Line AH, it is required to find that, along which an
heavy Body, defcending by the Force of Gravisy, fhall
reach the given Perpendicular Z B in the fhotteft T'ime 2

(See Fig. 45.)
SoruTioN,

Let PLgn be a Semicircle ( fee Fig. 46) whofe Radius
PO=1. CallPSO, Om, x5 Lg,z; and let PQEt:c
C



he Arch requircdiz
~Then 14x%:0%: )
PQE, whofe Fluxict |
Quettion, we get 2 y

equal to %__ unive : -
x .- l -
—xy ¥ into 4 ' 48 T Zg1 %

whence y—x+3—"'—3—+37x’,& ' i
feribing L g bya Body a]ready defoenda i

of its own Gravity from the Point P,
2.62221, the Time of defcribing PL,

2.62221 4 x +&":+3__§ &ec. =y )
Subftitution above, Tranfpofition, &c. !

3x" 5x3 7. 9x5 —
+ + +32 8.10° 'c. )
we have *=. 35018.

The Radius =74 fere, or =73.¢
69 .234. QE.L ,
{

ProsrE M1z ’
- Sappofe an .invariable Line (a ) =64 (oxc rig.4y7) © g i7~
the Relation of the Ordmam and Abfcifla be determined - 47

by this Equation, a x =yl its required to invefti-
gate the Area ABCDA, and the Length of the Curve
ABC, when the Abfiffa AD=4.

SoruTION.

Make CD perpendicular to the Middle of the given Fig. 48.
Line AF (Sec Fig. 48.) and fuppofe m n to move uni-
formly from the fame towards EF, puty=mr, or 4 4
y=mn; and 2-{-x=An: Then, by the given Equanon

of the Cugve we have 64xm ..._)} 4 }'
oc in Logarithms 24~ xL: 24 #}L: 64= 4-|-yL
- Rrz 4'+.7;
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. x* X3 x4
1y, thatis, x4-nedt ‘1.2c—2.3c‘+ Ty &c. =

2 3 .
y+ my 4 .’;1-;—-2’-—3&-1_—, &c. by putting c=2, b=

4, n = hyp. Log. of 2. m =hyp. Log. 4. wherefore y=
.7066x 4 .0765x* ~— .0214x3 4 .0058x%, &c.

confequently the Fluent of y xr =.3533%* .02585%3—"

t. which when y=2 w
lerein we write —x for - ,
fz5 x3, &c. == Area DBgD.
BDgB = 16 4 .o51x3 4
he required Area ABEFA.
there is the Value of y found

.0961354 - .or44x=x‘, &c.

' p48s* —.0048x3, &c. when

' being doubled, and all the
Powers of x, rejeted, will

}. = 4.921=BDE.

_ LLARY, .
The Area of any Exponential Curve whofe Nature
is exprefled by this exponential Equation,
. & =y (making 1 4+ v =x) will be
o, I S S ! I s
orz +o.x.2.3 v 0.1.2.3.4 o.x.2.3.4.5”

25, &e,

-

0.1.2.3.4.5:0

Prosrem 18

If, at the Time of the Earth’s Arrival at her greateft
Diftance from the Sun, the Law of Attraltion fhould be
changed from the Square, to become as the Cube of the
Diftance reciprocally ; but fo that the Centripetal Force
at that Diftance fhould fill continue the fame : I dd{::o to

' . w
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know how long, after that Change, the Earth would be
before fhe fell into the Sun’s Body, fuppofing the Eccen-
trigi’;hy of her prefent Orbit to be 173 fuch Parts, whereof
the Tranfverfe Diameter is 20000? -

SorvuTION,

In order to give a compleat Solution to this Problem, it
will be requifite to premife the following Lemma, becaufe
of its Ufe in all Queftions of this Nature, The Invefti-
Ftion may be feen in that acute Analyft, Mr, Simp/fon’s

uxions, .
LEMMA.

If the Velocity of a Projeile at any Point A, at a given
Diftance A@ (2) from ® the Centre of Force, be to
the Velocity, that it.ought to have to defcribe the Circle
ACD at the fame Diftance as » to 1, and the Centripe-
tal Force be every where as the m Power of the Diftance,
then the Velocity at any other Diftance @B (#) will beas

R 2\ m—j-x__ m1 i
"FtaR* =2 ) Let the Dirclion of

m4-1 Pt
the Proje&tile at the Point A (fee. the 49 Fig.) be what
it will. Moreover, if the Curve AB be drawn to denote
the Path of the Proje&ile, and theSpace ® AB® be put
=S, the Circular Arch AC=A, the Sine of the Angle
BA® = s, and Radius 1'; then will .

¥ naxx

L 2 e s 23
Jn +m+lxx—”‘a_mxa’”+l
na® xx ! : .ué’
3
Vit xweweem 20 1
mFi1xa™t1 _

.

Fig. 49.

— e
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Now to “apply thefe Theortms to our prefeat Purpofe, -

let ABHRA reprefent the Earth’s prefent Elliptical Orbit,
A the Aphelion, ‘and ABGS the Path which :fhe will be
compelled to defcribe, after the Law of Centripetal Force
is changed. Then, becaufe the Angle ® AB is a right
one, and the Law of Attra&ion is firft as the Square, and
afterwards as the Cube of ‘the Diftance, inverfely ; by
. writing 1 fors, and for m, — 2, and — 3 fucceflively,

the Value of S, will be found,

N . .
T ;3
Tnaxx )

.,‘lzfa.w-—rz"az +nn—2 x xa., and

C Inaxx

refpeively.

- I —AnT X a* — x0\F

Now it is evident, that, whenever a rightLine, drawn
from a Projedtile to-the Centre of Force; comes to make
right Angles with the TrajeQary, the Value of § will

then become infinite in refpe&@ to x, or, which is the
fame, its Divifor will then be == ¢. Therefore, if

2ux1-—n‘a"+nn—-z+® lf, the Divifor of the Value of

$.in our firft Cafe, bemade = 0; x will be found to have
two Values, viz. 2 = A@®, and 2% =Hg@, theSum
. 2—nn :

of which = —2% — 20000 = 2b = AH, muft be e-
2——mst .
qual to the Tranfverfe Diameter of the Ellipfis, and half
their Difference = I—"" X &
e 2=~=——Nnn

=E®= l73=d, its

given Ec&nujc&x; whence = 1— %

and 2an =

, b2 ¥ 2—nn)
ER, the Semi-Conjugate : Therefore the Area of the
- Ellipfis
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Eipfis will be = - ’:_‘”:m 5> p being the, Area of a Cir-

cle Whofg'Semin'mheiér is Unit};. In l.ikc'Ma'nne;, if
a*—x*):, the Divilor of the Value of S, “in our fecond
Cafe, be made = o, x will have only one Value {2) ; and

L

- therefore the TrajeCtory . can no where make right An-

gles with a_right Line’ drawn fromthe Centre of Force,
but at-the Point A : Confequentlyy-the ‘Earth, in this
Cafe, would be continually carried on in a Spiral ABGS,
*till at laft fhe fell inte the Sun’s Body,

- .
28a - a*nmx

Now, becaufe A is =—am = ——;
. > L LT xx :'I_”a-} Xval_x;’

will be found = —ZZ8— x Log, 2t ve—=_ac,

) 11— nn . N a—“al—xl Cy
from which the Earth’s new Osbit, ABGS, may be rea-
dily conftruéted. .

naxx

Moreover, becaufe 'S is = s
¢ e ——————

. o .vsq/L_--miliag.--xx

na . - - :
will bc_:xz‘/ == Xa—1y/ 45— xx)» Or when x=
a = (22 the Area defcribed about the Centre
24/ 1—nn)

of Force, from the Alteration of the Law of Attraction,

~ to the Time that the Earth would fall to the Sun ; which

is to 241 , the Area of the Ellipfis before found, as
2—nnls

2—nn} to 2py/1—nn: And becaufe the Areas defcribed

are as the Times of their Defcription, the Times of de-

feribing thofe Areas will be in that fame Ratio. Whence

" we have as 2p,/1—an ) to T, the Time of one Revo-

'3
. . . . e— —nnl; X T
lution in the prefent Orbit, fo is 2—nn % to 2 i o

2p4/ 1—n%

Vamn
= 2 4 L X T (by fubftituting for #* its
2p6 b
‘ Equal,
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Equal, n—- before found) = 1 Year, 87 Days, 22

. Hours, mrl and fo long would it be, after the Altera-
- tion of the w of Centripetal Force, before the Eaxth
would fall into t.he Sun’s Body.

ScHoLIUM.

1. Altho’ the Sun in this Solution is confidered as ab-
folutely“at Reft, the Error thence arifing is very inconfide-
rable, and will not amount to one hundredth Part of a
Day, Reafon of the very great Proportion which tbe

fy the Sun bears to that of the Earth.

2 If the Velocity at the Aphelion was to be mmely
deﬁroyed the Earth would then’fall dire@ly along-the

nght Line A@, and 2— nnls X T, the Time . of Def-

. 2py/ 1—nn .
oent, would then become ‘/——? X ——E— =— Years (be-

24/2) 2?
cuufen ...a,andT = —-;) or §9 Days nmly.
S . s . QE r

. .
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re&t and inverfe Met
Variety of exponentia
other abftruce Problen
on the Mathematics ;
Bound 6.

3. The Thort Hiftory ot the regal Succeition, Oftava. rrice 47

4... The Shepherd’s Kalender,
portionably to the twelve Months; and a.Cut fuitable
Month, per F. Spemcer. Price 55,

- 8. Nefoc Delphin®, Olavo.

or. Supplement to the Gentleman’s Djgre. for the Vears ----
1742, and 1943, Oftavo. Pri '

1. The Companion to the |
Prayers. of all Sizes. Ditto.

" g. Englith Exercife for S¢

. Price 14.

10. Eutropii Hiftoriz Roman® Breviarium,

lan’

cénnining twelye Eglogues, pro-

',,f)



B OOKS Prmted Sor Joun FULLER, in
. Ave—Mary—Lane London, '

.
. -

iR Allems Alarm to the Unconvcrted Slnnerp, umo.

RIS W el

12. The Do&rmc of Vulgar Fra&lone aftgr an" eafier manné?
than any of the Kind, for the Ut of Schaol Matters and Scholars,
and thofe that would learn Algebra,’ per 7 Kolidgy. 12mo.

13. The Church ‘Catechifm, with ﬁngk Proofs, and Ggam
gd Prayérs, by Mr. Buntbury. 12ma. Price 2 a' or 12 5 pep
. undred, )

14 Thacker’s Mifcellany of 'Maahemaziql’ Proialems, Otavo,

15" Calvigo Lutheranifimus, or an Eﬁ%y on Predeftination,
Odavo.

" 16. Prayers and Offices of Pevotion {or Famlhes, and for
particalar Perfons, upon moft Occalions, by B. Fenks. late Redtor
of Harlgy in Shropfhire, and Cha;:lam to thc Right Honourable
the Earl of Bm:_i/‘vrd 12mo.

. 19. Reading made completely ca(y 3 oran Introdu&xon to read-
ing the Holy Bible, that the Learner is lead on with Pleafure from
fimple ard eafy, td compound and difficult Words; which is al-

. Jow’d by all to be the moft regular, {peedy and rational Way of
teaching, by y Dick, School-Mafter in Lazdm 12mo. Price 6 4.

18, Jackey Nory's Slory Book-for all htt}e Matters and Miffes,

to be told to them by their Nurfes till they gcan tell them them-

e felve:. By Nurfe L«mluld Printed: by Amhomy of A&t of Par-
lumcnt Price 6d

Lnkew;fe may be had all Sorts of Bibles, Common'
: ers of different Sizes for Churches and Families,
: tg Cuts or without neatly bound in all kind of
’ " Binding. Teftaments, Plalters, Primmers, &c. All
Sorts of Modern Books in Divinity, Law, Phyfick,
- Poetry, Mathematxcs, Hlﬁory, in Englifp or other
- Languages, ‘
Nate, Chapmens Books, Burtm s Books, wholefale or
ge;a}e Where is kept the PAsTE-BoarRD Ware-
oufe. - . .
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